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1. INTRODUCTION

In topological topology, continuous mappings are the
key to retaining all the basic properties including
convergence, compactness, and structural stability. They
preserve the fundamental relationships in a space, which
allows us to study invariants during transformation.
Continuity thus constitutes a building block of classical
topological theory, and forms the basis of various
applications in mathematics and applied science fields.
As fuzzy topological spaces developed, the classical
idea of continuity was widely generalized in order to
provide a treatment of uncertainty and imprecision.
These fuzzy frameworks favor graded membership over
crisp classification, leading to broader and more
accurate mathematical models [9], [16]. Many
extensions of continuity, including fuzzy
continuity, pre-continuity, weak continuity, and almost
continuity in this generalized context, have been
developed to better mimic even subtle transitions in the
structure. Some examples are Azad [1], Bin Shahna [2],
and Mukherjee and Sinha [3] who have proposed and
investigated weaker forms of fuzzy continuous
mappings. Further work included work on interrelations
among different sorts of fuzzy continuity by Thakur and
Saraf [4], [5] and Allam [6] that gave a better picture
about their structural behavior. Such general mappings
provide further power for the modeling of gradual
transition and can be particularly helpful in the face of

semi-

uncertainty, for example in the domain of decision-
making and control. The analysis of fuzzy bi-
topological spaces builds on this framework and
considers two fuzzy topologies on a common object,
thus allowing simultaneous consideration of different
concepts of openness and continuity. Proposed by
Kandil, this framework offers a more enriched
environment for the analysis of interactions among the
competing fuzzy topological entities. In this kind of
space, all the types of continuity (both pairwise
continuity and generalized continuity) are possible to be
treated together [14], [17]. This two-stage approach
allows for capturing systems where the approximation
or convergence criteria can overlap, making this method
an especially useful one in complex and multi-
dimensional systems. In this broad approach, somewhat
generalized fuzzy continuous maps appear as a natural
These
mappings serve as an intermediate framework between a
rigid continuity and a weaker generalized version,
covering a more fine grained relationship among fuzzy
topological structures. The theoretical basis for this kind
of generalization is largely related to the theory of
generalized topologies first introduced by Csaszar [11],
[12] which codified general notions of openness and
continuity more generally.

extension of the current continuum notions.

Moreover, intermediate
concepts of fuzzy weakly continuous mappings [15] and
pairwise fuzzy continuity [17] have been added as well.
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Hence, exploration of somewhat generalized fuzzy
continuous maps is also needed for developing fuzzy
topological theory. Not only does this provide a
theoretical enrichment to the work of generalized
continuity, but it extends the scope of fuzzy topological
models on practical issues. This paper will thus continue
in this direction by defining and describing these
mappings within a well-defined fuzzy topological
framework with evidence of rigorous results and
examples.
2. PRELIMINARIES
Definition 2.1: Let X be a non-empty universal crisp
set. A fuzzy topology on X is a non-empty collection T
of fuzzy sets on X satisfying the following conditions
i)  Fuzzysets 0 and 1 belong to t
ii)  Any arbitrary union of members of Tisin T
iii) A finite intersection of members of T isin T
Here 0 and 1 represent the Zero Fuzzy Set and the
Whole Fuzzy set on X, defined as, 0(x)=0,V x € X
Ix)=1,vx €X and the pair (X,t) is called Fuzzy
Topological Space on X. For Convenience, we shall
denote the fuzzy topological space simply as X.
Definition 2.2: Let X be a crisp set and let "T™" be a
collection of fuzzy sets on X. Then "T™" is called Gz —
topologyon X if it satisfies following conditions
i) The fuzzy sets 0 and 1 are in ‘T’ where 0,1: X —
I are defined as 0(x)=0 and 1(x) =
1 forallx €X
ii) If {A;}, j €] is any family of fuzzy sets on X
where A; € T then Ujg; Ay €T
The pair (X, T) is called G — topological space
Definition 2.3: Let (X,77) be G# —topological space.
The members of the collection ‘T are called Gr —open
sets in Gg —topological space. The complement of
G# —open set in X is called G — close set.
Definition 2.4: Let (X,7) be G& —topological space.
For a fuzzy set A in X the Closure of A is defined as
Cly(A) =inf{K: A € K,K® € T'}. Thus Cl;(A) is the
smallest closed set in X containing the fuzzy G —open
set A. From the definition, if follows that Cl-(A) is the
intersection of all Gz —closed sets in X containing A.
Definition 2.5: Let (X,7) be G& —topological space.
For a fuzzy set A in X, the interior of A, is defined as
Ir(A) =Sup{Q :Q<S A Qe T} Thus I;(A) is the
largest Gz —open set in X contained in the fuzzy set A.

From the definition, if follows that I-(A) is the union of
all Gz —open set in X contained in A.
Remark 2.1:
Then:

i)  Oand 1 are fuzzy G —closed sets in X.

Let (X,7) beGg —topological space.

ii)  Arbitrary intersection of Gz —closed sets in X is
G# —closed set in X.

Definition 2.6: Let (X,7) be G# —topological space.
Then a fuzzy set A in X is called Gy — o —open set if
Acly (CIM(IT (A))). The fuzzy set A in X is called
Gy — a —closed set if A is Gy — a —open set in X.
Definition 2.7: Let (X,7) be Gy — topological space.
Then a fuzzy set A in X is called G —semi open set if
A € Cly(I-(A)). The fuzzy set X in X is called G —semi

closed setif A° is Gr —semi open set in X.

Definition 2.8: Let (X,7) be G — topological space.
Then a fuzzy Set A in X is called Gk —pre-open set if
A € 17 (Clr(A)). The fuzzy set A in X is called G — B —
open set if A € Cly(I-(Cly-(A))).

Definition 2.9: Let(X,7;) and (Y,7;,) be
Gy —topological spaces and let F:X — Y be a mapping

two

from set X to set Y. Then f is called G —continuous
mapping if f71(}) is Gy —open in (X,7;) for each
Gy —open set A in (Y, T3).

Remark 2.2: Let (X,73) and (Y,7,) be
Gy —topological spaces and let F:X — Y be a mapping
from set X to set Y. Then following statements are all

two

equivalent:

i) F is fuzzy continuous.

ii) For each fuzzy closed set A in Y, F~1(Q) is

fuzzy closed set in X.

Remark 2.3: Let (X,73) and (Y,7,) be
Gy —topological spaces and let F:X — Y be a mapping
from set X to set Y. Let B be a basis for 7, if for each
Gg — basic open set p in B, F~1(y) is fuzzy open in X,

two

then F: X = Y is Gy —continuous.

Remark 2.4: Let (X,7;) and (Y,7;) and (Z,7;) be
Gy —topological spaces and F:X—->Y, G:Y—>Z, be
maps. If ‘F’ and ‘G’ are Gy —continuous maps,
then GoF: X — Y is also GF —continuous map.
3. SOMEWHAT GENERALIZED
CONTINUOUS MAPS (SWGFCM)
Definition 3.1: Suppose (4,t,) and (2,t,) be GFTS
and suppose F:(4,t,) = (2,t,) be a map from (4,1,)
to (0,t,). Then F: (A,t,) = (2, 1t,) is called somewhat

FUZZY
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generalized fuzzy continuous map (SWGFCM) if a #
0, is GFOS on "Q" and F~1(a) # 0,4, then 3 "GFOS"
B + 04 0n"A" such that B € F~1(a)

Definition 3.2: Suppose (4,t,) and (2,t;) be GFTS
and suppose F:(4,t,) = (2,t,) be a map from (4,1,)
to (0,t,). Then F: (A,t,) = (2, 1t,) is called somewhat
generalized fuzzy pre-continuous map (SWGFPCM) if
a+ 0, is GFOS on "Q" and F~(a) # 0,, then 3
"GFPOS" B #+ 0, on "A" such that § € F~1(a)
Proposition 3.1: GFCM =& SWGFPCM

Example 3.1: Suppose A ={A;,A,} and Q =

{Q;,Q,} such that alz{(ﬁ),(ﬁ)}’azz

0.3 0.6

(@) G s ={G) G} e
A A A A

(@) G as ={(E) G2} o =
{(ﬁ)(;‘—;)} Then t, = {0,1,0;, 0y, a3} and tq =
{0,1, oy, s, 04 } GFTSon A and Q
respectively. Now, consider the map F: (A t,) -
(Q,tq) defined by F(A;) =Q; and F(A,) = Q,.

arc

We observe that o = {(%),(3—26)} # 0qis GFOS on
"Q)" therefore 3 "GFPOS" B = {(OA—;) , (OA—Z)} # 0,, such

that B S F~1(a), Therefore, F:(At)) — (Qty) is
SWGFPCM but not GFCM,

{(2_—2) , (2—2)} is not GFOS on "Q

Definition 3.3: Suppose (4,t,) and (2,t,) be GFTS
and suppose F:(4,t,) = (2,t,) be a map from (4,1,)
to (0,t,). Then F: (A,t,) = (2, 1t,) is called somewhat
generalized fuzzy semi-continuous map (SWGFPCM)
if @ # 0, is GFOS on "Q" and F~1(a) # 0,, then 3
"GFSOS" B # 0, on "A" such that B € F~1(a)
Proposition 3.2: GFCM =& SWGFSCM

Example 3.2: We observe from 3.1, example that the
F:(Aty) = (Qtg) is SWGFPCM but not GFCM,
reason is already mention there.

Definition 3.4: Suppose (4,t,) and (2,t,) be GFTS
and suppose F:(4,t,) = (2,t,) be a map from (4,1,)
to (0,t,). Then F: (A,t,) = (2, 1t,) is called somewhat
generalized fuzzy beta-continuous map (SWGFLCM)
if a; # 0, is GFOS on "" and F~1(a;) # 0,, then 3
"GFBOS" a, + 04 on "A" such that ¢, € F~1(a,)
Proposition 3.3: GFCM =< SWGFLCM

Example 3.3: We observe from 3.1, example that, the
F:(Aty) » (Qtg) is SWGFFCM but not GFCM,
reason is already mention there.

because a =

Definition 3.5: Suppose (4,t,) and (2,t,) be GFTS
and suppose F:(4,t,) = (2,t,) be a map from (4,1,)
to (0,t,). Then F: (A,t,) = (2, 1t,) is called somewhat
generalized fuzzy alpha-continuous map (SWGFaCM)
if a; # 0, is GFOS on "" and F~1(a;) # 0,, then 3
"GFBOS" a, + 04 on "A" such that &, € F~1(a,)
Remark 3.4: GFCM =< SWGFaCM

Example 3.4: We observe from 3.1, example that, the
F:(Aty) » (Qtg) is SWGFaCM but not GFCM,
reason is already mention there.

4. SOMEWHAT PAIRWISE GENERALIZED
FUZZY CONTINUOUS MAPS (SWPWGFCM)
4.1: F:(Atp, ta,) =
(Q,tq,,tq,) is called somewhat pairwise generalized
fuzzy continuous map (SWPWGFCM) if 3 t, —
GFOS for (i=1,2), a# 0, on (A1, ts,), such that
F~1(B) # 04 for any to, — GFOS for (i = 1,2), B # 0q
Example 4.1: Suppose A ={A;,A,} and Q =

{Q4,Q,}, such that oy = {(ﬁ) ) (ﬁ)},

Definition A mapping

04/’ \os
a: ={(53) G)p oo ={G) G} =
{(3).(2)})  Then ty,={0La} t,=
{0,1,a,},tq, = {0,1, a3}, tg, = {0,1, 0y} are
GFTSon A and Q. Then the mapping

F: (A ta,ta,) > (Qtg,, tg,) defined as F(A;) = Q, ,
F(A,) = Q, is SWPWGFCM

Definition 4.2: The FS "a" of GFBTS, (A1), tg) is
called pairwise dense generalized fuzzy set
(PWDGFS) if 3 t,, — GFCS, (i=1,2), "p" such that
acpfc1
Definition 4.3: A mapping F:(Aty,1y,) -
(Q,tq,,tq,) is called somewhat pairwise generalized
fuzzy pre-irresolute map (SWPWGFIM) if 3 t,, —
GFOS for (i=1,2), a# 0, on (A1, ts,), such that
a € FH(B) # 0, for any to — GFPOS for (i = 1,2),
B # 0q on (Q,tg,,tg,)

Example 4.2: Suppose A = {A;,A;, A3} and Q =
{Q.,9,,05} such that o =

{6 G) G e ={() (G2 G} oo =

Ay Ay Ag Aq Az Ag
{(52). @) ()b «a=1{() (2).(53)} Then
tAl = {011' al}a tAZ = {0,1, 0(2}9 tﬂl = {0,1,&3},
to, = {0,1, a,}

are GFTSon A and Q. Then the mapping
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F:(Mta, ta,ta,) = (Qto, t, to,)  defined  as

FA)=Q, , Fh)=Q, FA3)=Q; is
SWPWGFIM
Definition 4.4: A mapping F:(Aty,1y,) -

(Q,tq,,tq,) is called pairwise generalized fuzzy almost
continuous map (PWGFACM) if F~'(a) is ty, —
GFOS for (i=1,2) in (Aty,,ta,) for every (i,j) —
GFROS in (Q,tg,,tq,)

Example 4.3: Suppose A ={A;,A,} and Q

{Q,,9,}, such that o, = {(OA—;),(;\—;)}, o, =
()G s={EEr
(@) G} oo ={() G} Then b=
{0,1, a4, a3}, ty, ={0,1,a;}, to, = {0,1, a3}, tg, =
{0,1, 04,05} are GFTSon A and Q. Then the
mapping F: (A, tAl’tAZ) - (Qtq,,tg,) defined as
FA) =01, F(A2) = Q,

is PWGFACM, because 0,1, a; are (1,2) — GFROS
in (Q,tg,,tg,). Also F71(0), F~1(1) and F~*(a3) =
o, are ty, — GFOS in (A, 1y, ta,)

4.5:
Q,tq,,tq,) is called pairwise* generalized fuzzy
continuous map (PW*GFCM) if F~'(a) is t, —
GFOS for (i=1,2) in (Aty,,ta,) for every (i,j) —
GFOS in (O, tq,,ta,)

Theorem 4.1: PWGFCM =< PW*GFCM

Proof: Suppose F:(Aty,ty,) > (Qtg, tg,) is
PWGFCM. Then for every "a" in to, , F~'(a) lies in
ty, ® F (@) is a ty, —GFOS or ty, — GFOS on
(At t,) for any any to, — GFOS or t, — GFOS
"' on (Qtig,tg,).  Thus F:(Aty,ta,) —
(Qtq,, tg,) is PW*GFCM

Example 4.4': Suppose A = {A;,A,,A;} and Q =
(0,020} sueh that, oo ={(32). (5%). (55)):
o ={(52) (%) G} @ ={(2)-G2) G}
a ={(5) @) G}« ={G) G2 G}
Then t), ={0,1,05,0,}, ty, ={0,1,03}, to, =
{0,1, a4}, tq, ={0,1,a5} are GFTSon A and Q.
Then consider, the mapping F: (A, tAl,tAz) -
(Qtg,,tq,) defined as, F(A;) = Q;, F(A) =Q, ,
F(A3) = Qg. Implies F~'(a,) €1y, and

Definition A mapping F:(Aty,ty,) >

such

F~1(as) €ty, . Implies F:(Atp,ta,) =

(Qto,te,) is PW'GFCM but not PWGFCM,
because F 1 (a5) € ty,
Definition 4.6: A mapping F:(Aty,1,,) -

(Q,tq,,tq,) is called pairwise* generalized fuzzy
completely continuous map (PW*GFCCM) if F~1(a)
is ty, — GFROS for (i =1,2) in (A t,,,ta,) for every
(i,)) — GFOS in (Q,tq,,tg,)

Theorem 4.2: PW*GFCCM =< PW*GFCM

Proof: Suppose F:(Aty,,th,) = (Qtg, tq,) is
PW*GFCCM . Then for every "a" in ty, , F~'(a) lies
inty,, = F'(a)isaty, —GFROS or ty, — GFROS
on (A, tAl,tAZ) for any any to, —GFOS or tqo, —
GFOS "a" on (Qtq,,tg,). Thus F:(Aty,1y,) -
(Qtg,, tq,) is PW*GFCM

Example 4.5: Suppose A = {A;,A,, A3} and Q

(0,,0,,9,} such that a ={(%2),(22),(2)}.
e ={(52). (G2 G ={(G). () (2}
a={(52) G2 G} «={G) G2 G}
a={(52) (52 G} = ={() G2) G}

Then t), ={0,1,0,a,}, ty, ={0,1, 3,04}, to,
{0,1, a5, a6}, tg, = {0,1,a,} are GFTS on A and Q.
Then consider, the mapping F: (A, tAl,tAz) -
(Qtg,,tg,) defined as F(A;) = Q;, F(Ay) =Q,,
F(A3) = Q5. Implies F~1(as), F~1(ag) € ta,
and F~1(a,) € ty,. Implies F:(Atp, ta,) =
Qtg,,tg,) is PW'GFCM but not PW*GFCCM,
because F ' (ag) isnot ty, — GFROS for (i = 1,2)
4.7:
(Q,tq,,tq,) is called somewhat pairwise* generalized
fuzzy pre-irresolute map (SWPW*GFIM) if 3 t5, —
GFROS for (i =1,2), a # 0, on (A, ty,,1,,), such that
a € FH(B) # 0, for any to — GFPOS for (i = 1,2),
B # 0q on (Q,tg,,tg,)

Theorem 4.3: PW*GFCCM =< SWPWGFCM
Proof: Suppose F:(Aty,,th,) = (Qtg, tq,) is
PW*GFCCM. Then for every "a# 0q" is to —
GFOS or tg, — GFOS in (Q,tg,,tg,) and F~'(a) #
0, = F'(a)isaty, —GFROS or ty, — GFROS on

Definition A mapping  F:(Aty,ty,) -
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(Ata,ty,). Taking B=F () it follows that
F: (A ta,ta,) » Qtg,,tg,) is SWPWGFEM
Example 4.6: Suppose A = {A;,A;, A3} and Q =
(0,05,05) sueh that, e = {(53). (53) (5)):
ar ={(53). (52)- )} o ={(52)- (). ()}
a ={(52) () ()} o ={() () @)}
ac={(5) (53 G2)}  Then &, =0 La),
ty, ={0,1, 05}, tg, ={0,1, 04, a5}, tq, ={0,1,a}
are GFTS on A and (). Then consider, the mapping
F: (A ta, ta,) & (Qtg,, tg,) defined as, F(A,) = Qy,
FA,)=Q,, F(A;) =Q5. Thus we have a, C
F () = as, oy S F 7 (as) = oy, a &
F1(ag) = a, . Implies F:(Atp,ta,) =
QL tg,,tg,) is SWPWGFCM but not PW*GFCCM,
because F~*(a,) and F~* (o) is not ty, — GFROS for
i=12)

5. CONCLUSION

We have investigated pairwise generalized fuzzy
completely continuous maps and their structural
properties in fuzzy bi-topological spaces. First, a
somewhat pairwise fuzzy completely continuous map is
introduced. Here are main findings and examples, with

their examples and counter-examples provided through
a discussion. The connection among the differences

such

1)

between several threads of continuity is reported and
there is a need for exploring them (continuity,
compactness, and discontinuities in complex mappings).
These were significant progress which lay the
groundwork for future work that may be employed in
functional analysis and applied mathematics.

Somewhat Generalized Fuzzy
Continuous Maps

Unified, adaptable fuzzy mappings

Traditional Fuzzy
Continuity

Generalizations of Fuzzy
Continuity

fEd i

Standard fuzzy mapping
properties

Broader, more flexible fuzzy
mappings

The results discussed in this paper are concluded as follows:

PWGFCM =< PWGFSCM

PWGFCM =& PWGFPCM

PWGFCM =& PW'GFCM

PWGFCCM =& SWPWGFCM
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