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Abstract

This paper studies the features of a novel family of functions called Strongly *( §r;,) - continuous functions and

perfectly *( gry,) -continuous functions. We also compare and relate these functions to other functions in hexa

topological domains.
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1.Introduction

The aims of semi-open sets and their properties were
initiated by Levine [5] in 1963.During this period the
single topology is extended to bi-topological space,
The bi-topological space idea was first presented by
Kelly [7], Tri-topological space was first started by
Kovar [9], Quad topological space was researched by
Mukundan [6] and “Penta topological space by Khan
and G. A. Khan [8] and hexa - topological space by
Chandra and Pushpalatha [3], introduced and
researched the idea of h - open sets in h -topological
spaces, h - continuous. *( §ry,) - closed and *( gry,) -
continuous was introduced by J. Sathya Malar et.al
[10,11].

2. Preliminaries

Definition 2.1 A map topological space ( Y’', o) is
called f: X' — Y’ from a topological space (X', T) into
a topological space (Y', o) is called

(1) Continuous if the inverse image of every closed set
(or open set) in Y is closed (or open) in X' .

(i1) generalized continuous [1] (g -continuous) if the
inverse image of every closed set in Y’ is g-closed in
X'

(iv) strongly g-continuous[1] if the inverse image of
every g -open set in Y’ open in X'. (v)perfectly g -
continuous[1] if the inverse image of every g -open set
in Y’ is both open and closed in X".

Definition 2.2 A subset A of a hexa topological space
(X', ™) is called a hexa star generalized cap regular
closed set [briefly "(&r)n -closed set], [10] if rcly(A) €
U whenever A € U and U is gn-open subset of X'.
Definition 2.3 A function f : (X', ) — (Y, on) is
called “(&r)n -continuous [11] if £~1(V) is "(&r) -closed
set in (X', ) for every hexa closed set V in (Y', on).

Remark 2.4 (i) every hexa closed set is “(&r)n -closed
and

(i) every gn-closed set is *(&r)n -closed.
3. Strongly “(&r)»— Continuous Functions
Definition 3.1
A function f: (X', tn) — (Y’, on) is called Strongly “(&r)n
-continuous functions if f~' (V) is (&) - closed in (Y’,
on) is hexa closed in (X', )
Theorem 3.2 Every strongly *(&)s- continuous
function is strongly gn- continuous .
Proof: Let V be a subset of (Y, on). since f is strongly
*(&r)n -continuous, then £ (V) is *(&h closed in (Y’,
o). Since every (& is closed set is gn -closed, [10]
f1(V)is g closed in X'. Hence f is strongly gn-
continuous.
The converse of the above theorem need not be true as
seen from the following example.
Example 3.3
Let X'=Y'={a,b,c},n1=15={X',0,{b}},n=1
={X', 0 .{a,b}}, u={ X', 0,{b},{a,b}}, 6 ={X", D
twith = {@,{b}, {a,b }, X'} and o= { @, {b}, {a,
c }, Y’ }.Let the function f: (X', t) — (Y', on) be
defined by f(a) = c, f(b) = a, f(c) =b then f is strongly
gn-continuous but not strongly *(&r) -continuous. Since
for the hexa closed set { b} in Y’, f~1 ({b}) = {c} is
gn—closed, but not *(&r)n -closed set in (X', h).
Theorem 3.4 Every strongly *(&)n - continuous
function is strongly gsh- continuous .
Proof: Let V be a subset of (Y, on). since f is strongly
*(&r)n -continuous, then £~ (V) is *(&r) - closed in (Y’
o). Since every “(&r)n is closed set is gsh -closed, f!
(V) is gsn closed in (X', tn). Hence f is strongly gsn -
continuous.
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The converse of the above theorem need not be true as
seen from the following example.

Example3.5

Let X' =Y ={a,b,c},u=15={X', 0,{b}},12={
X',0.,{a,c}}, n=1u={X,0, {b}, {a,c,}}, 16 ={X,
@ twith = {@,{ b}, {a,c}, X'} and ov={ @, {b},{b,
c}, Y' }.Let the function f: (X', m) — (Y’, on) be
defined by f(a) =b, f(b) =c, f(c) =a then fis strongly
gsh-continuous but not strongly *(&r)» -continuous.
Since for the hexa closed set {a } in Y’, f~1 ({a}) = {
c} is gsn —closed, but not *(&r)i -closed set in (X', h).
Theorem 3.6 Every strongly “(&r)» - continuous
function is strongly gpn- continuous .

Proof: Let V be a subset of (Y, on). since f is strongly
*(&r)n -continuous, then f! (V) is *(&rn closed in (Y',
o). Since every “(&r)n is closed set is gpn -closed, f~!
(V) is gpn closed in (X', ). Hence f is strongly gpn -
continuous.

The converse of the above theorem need not be true as
seen from the following example.

Example 3.7

Let X'=Y"={a,b,c,d},u=15={X',0,{a}},12={
X', 0,b,c}},n=wu={X",0,{a},{b,c}},6={X",0
‘with o= {@,{a}, {b,c}, X'} and ov= { @, {a}, {a,
b}, Y' }.Let the function f: (X, ) — (Y’, on) be
defined by f(a) = c, f(b) = b, f(c) = a then f'is strongly
gph-continuous but not strongly (&) -continuous.
Since for the hexa closed set { ¢ } in Y’, f~1 ({c})={
a } is gpn —closed, but not “(&r)n -closed set in (X', ).
Theorem 3.8 Ifamapf : X' — Y’ is strongly “(&r)n
-continuous andamap g :Y'— Z is *(&r)n -continuous
then the composition fo g: X' — Z' is strongly “(&r)n
-continuous.

Proof: Let G be any gn-closed set in Z’'. Since g is
*(&r)n -continuous, g "'(G) is “(&r)n -closed in Y’. Since
fis strongly *(&n)n -continuous, f'(g "'(G)) is gr-closed
in X’. But (go f) ™! (G) = f g "(G)). Therefore,
g o f is strongly “(&r)n -continuous.

Theorem 3.9 If amap f : X' — Y’ is strongly “(&r)n -
continuous andamap g : Y'— Z' is “(gr)» -continuous

then the composition f o g : X' — Z' is "(&h -
continuous.
Proof: Let G be any gn-closed set in Z' . Since g is

*(&r)n -continuous, (g~(G)) is “(&r)n -closed in Y.
Since f is strongly “(&r)n -continuous, f~*(g~1(G)) is
gn-closed in X’. By Remark 2.4, f~1(g~(G)) is "(&r)n
—closed. But f~1(g71(6)) = (g o f) ~* (G). Therefore,
g o f is “(&r)n -continuous.

4. Perfectly “(8r)n -continuous functions

Definition 4.1

A function f: (X', ;) — (Y’, 03,) is called Perfectly
*(&r)n -continuous functions if £~ (V) is “(&r)n - open
in (Y, on) is both h- open and h-closed in (X', ) .
Theorem 4.2 Every perfectly “(&n)n
functions is perfectly gsn - continuous .
Proof: Let V be a subset of (Y', on). since f'is perfectly
*(&r)n -continuous, then f~t (V)is “(&r)n -open in (Y’,
on). Since every “(gr)n is h-closed set is gsn -closed,
f~1(V)is gnclosed in (X', ). Hence fis perfectly gsh
-continuous.

The converse of the above theorem need not be true as
seen from the following example.

Example :4.3

Let X' =Y ={a,b,c},u=1={X",0.,{b}},n=13
={X',0,{b,c}}, u={X',0,{b},{b,c}}, 6={X", 0
twith = {@,{b}, {b,c}, X'} and ow={ 0, {b}, { a,
c }, Y’ }.Let the function f: (X', t) — (Y', on) be
defined by f(a) = c, f(b) = a, f(c) =b then f is perfectly
gsh-continuous but not perfectly “(&r)n -continuous.
Since for the hexa closed set { b} in¥’, f~1 ({b}) = {c}
is gsn— open and closed, but not “(&r)n -open set in (Y’,
Oh).

Theorem 4.4 Every Perfectly “(&rn
function is Perfectly gpn- continuous .
Proof: Let V be a subset of (Y, on). since f'is Perfectly
*(&r)n -continuous, then f~1 (V)is “(&r)n open in (Y’,
on). Since every “(gr)n is closed set is gpn -closed,
f~1(V)) is gpn closed in (X', ). Hence f is Perfectly
gpn -continuous.

The converse of the above theorem need not be true as
seen from the following example.

Example 4.5

Let X'=Y'={a,b,c,d},11=15={X',0,{c}},12=
wu={X,0,{ab}}, u={X,0,{c}{a b}}, 6 ={X,
@ ywith = {@,{c}, {a,b}, X'} and on={ D, {c},
{a, c},Y' }.Let the function f: (X', ) — (Y’, on) be
defined by identity function f(a) = a, f(b) = b, f(c) = ¢
then f is Perfectly gpn-continuous but not Perfectly
*(&r)n -continuous. Since for the hexa closed set {b } in
Y’, f~1 ({b}) = { b} is gpn —open and closed, but not
*(&r)n -open set in (Y', on).

Theorem 4.6 Every Perfectly “(&r)n
functions is perfectly gspn - continuous .
Proof: Let V be a subset of (Y', on). since f'is perfectly
*(&r)n -continuous, then £~ (V) is “(&r)n - openin (Y’,
on). Since every “(&r)n is closed set is gspn -closed,
f~1(V)is gnclosed in (X', ). Hence fis perfectly gspn
-continuous.

The converse of the above theorem need not be true as
seen from the following examples.

Examples 4.7

-continuous

- continuous

-continuous
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Let X' =Y' = {a,b,c,d},ti=15={X',0,{b}} 2 =
u={X,0.,bc}},u={X,0,{b}{bcl}} =X,
@ ywith = {@,{b}, {b,c}, X'} and on={ @, {b},
{a, c},Y’ }.Let the function f: (X', T) — (Y, on) be
defined by f(a) =c, f(b) =a, f(c) =b then fis Perfectly
gsph-continuous but not Perfectly “(&r)n -continuous.
Since for the hexa closed set {b } inY’, f~1 ({b}) = {
c } is gspn —open and closed, but not “(&r), -open set in
(Y', on).

Theorem 4.8 If f: X' > Y ' and g: Y' —> Z' be two
perfectly “(&r)n -continuous functions, then g o f: X' —
Z' is perfectly "(&r)n -continuous.

Proof: Let G be a “(&r)n -open set in Z. Then g~*(G) is
both h-open and h-closed in Y’ as g is perfectly “(&r)n -
continuous. So g~*(G) is *(&r)n open in Y’. Since f is
perfectly “(&r)n -continuous, f~1(g~1(G)) is both h-
open and h-closed in X'. That is f~1(g~1(G)) =
(g o ) ~X(G) is both h-open and h-closed in X'. Hence
g o f is perfectly *(&r) -continuous.

Theorem 4.9 If £ X' — Y’ is perfectly “(&r)n -
continuous and g: Y’ — Z’ is *(gr) -irresolute, then
gof: X' — Z' is perfectly *(&r) -continuous.

Proof: Let G be a "(&r)n -open set in Z'. Then g~1(G)
is"(&r)n -open in Y'as g is “(&r)n -irresolute. Since f is
perfectly “(&r)n -continuous, f~1(g~1(G)) is both h-
open and h-closed in X'. But f~1(g71(G)) =
(gof)~! (G) is both h-open and h-closed in X'.
Hence g o f is perfectly *(&r) -continuous.

References

[1] K.Balachandran, P.Sundaram and J.Maki, On
generalized continuous maps in topological spaces,
Mem. Fac. Sci. Kochi Univ. (Math.) 12 (1991), 5-13.
[2] M. Caldas, S. Jafari, T. Noiri, M. Simeos, A new
generalization of contra-continuity via Levines g-

closed sets,Chaos Solitons Fractals 42 (2007), 1595—

1603.

[3] Chandra.R.V and Pushpalatha V , “Introduction to
Hexa Topological Space (6-Tuple Topology) ~,
International Journal of Management, Technology And
Engineering ISSN NO : 2249-7455 , Volume X, Issue
I, ,16-18, 2020.

[4]J. Dontchev, Contra-continuous functions and
strongly S-closed spaces, Internat. J.Math. Math. Sci.
19 (1996),303-310.

[5] Levine N, “Semi-open sets and semi continuity in
topological spaces”, Amer. Math. Monthly,70:36-
41.1963.

[6] Mukundan D. V, ” Introduction to Quad topological
spaces (4 — tuple topology) ” International Journal of
Scientwhenic & Engineering Research, Volume 4,
Issue 7, 2483-2485.2013
[71 KellyJ.C, “Bitopological Spaces”, Proc. London
Math. Thusc.,3,17-89. 1963
[8] Khan M. S and Khan G. A, “p-Continuity and p-
Homeomorphism in Penta Topological Spaces”
,European  International Journal of Science and
Technology, Vol. 7 No. 5, ISSN: 2304-9693.2018
[9] Kovar.M. , “On 3-Topological Version Of Theta-
Regularity”, Internet . J. Math.

Math. Sci., Vol., 23, No.6, 393-398.2000
[10]Sathya Malar .J, Dhanapakyam .C ” *(gr)n -Closed
Sets In Hexa Topological Spaces”, International
conference on Mathematical Science and Artificial
Intelligence (ICMSAI-2025).

[11] Sathya Malar .J, Dhanapakyam .C “A new classes
of continuous functions in hexa topological spaces” in
Journal of transportation systems engineering and
information technology vol-13, Issue-2 ,Feb 2025.

1JDDT, Volume 16 Issue 21s, 2026

Page 193



