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ABSTRACT

we investigate several new results, including the presence of a solution to a fractional order prototype that confirms that
the effect of immigration on the spread of the most recent COVID-19 outbreak has been underestimated. It has been
proven that the fixed point theory approach is the subject of this in-depth examination. We discovered several series type
results after applying the Elzaki transformation to the qualitative result, which was considered as a prototype. The result
discussion includes the predicted results of the solution of the prototype data with different scenarios.
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1. INTRODUCTION

The COVID-19 epidemic has recently touched around
two-thirds of the world's population in one manner or
another. In December 2019, the sickness first appeared
in Wuhan, China. So far, around four million individuals
have been infected with this epidemic, with over
fourteen lakh deaths [1]. The noteworthy feature is that
a sizable proportion of the human population has
recovered from this ailment. Every country and
government is working to build management-specific
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policies. Every country on the planet should take
safeguards and practice caring behaviors.

As a result, several nations throughout the world have
implemented lockdowns or limited needless travel and
crowded activities. Understanding pandemic behavior
requires statistical data and certain mathematical
formulation notions. By applying statistical data to
various ailments, we will be able to create mathematical
formulas.
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Different researchers have evaluated the current
coronavirus epidemic using various techniques of study,
as seen in [2]-[4]. Some used mathematical models to
forecast future facts about the condition. The facts about
the epidemic's past, present, and future can help
policymakers develop effective control policies.
Because of the relevance of modeling, the condition
mentioned above has been studied in a number of

du

research papers [5]. The mathematical model's
development includes several factors based on particular
assumptions, such as the notion that immigration is the
most significant driver of disease transmission, thus it
will be included as a model term. Because COVID-19
spreads swiftly in social situations, various scientists
have investigated the dynamics of this type of sickness
for transmission due to immigration, as follows:

= = #(®a -y (On(Ob +x(e

dt
dy
d_t; =
K(O) = Ho,

For analyzing predator-prey interactions, we used
mathematical models informed by the classic Lotka-
Volterra model [6]-[7]. The mortality rate is denoted by
d, whereas the treatment rate is represented by e. This
model simply depicts what happens in a community
when individual immigration has no influence over it.

d™x(t)
dte

d"y'(t)
dte

1(0) = n,,

where y, and %, are the initial densities of healthy and
diseased persons in percentage. Furthermore, the total
population X = % + ¥y holds true. Also, a,b, c,d, e, §,
and f all exceed zero.

Fractional calculus allows fractional global operators to
describe physical and biological issues pertaining to
real-world events with a high degree of freedom. several
phenomena, such as the qualitative and numerical
analysis of non-integer order differential and integral
equations, have been discussed in several books and
monographs [7]-[11]. Modern calculus extended the
classical calculus of integer order differentiation and
integration to rational or complex numbers, expressing
the relationship between two integers as in [12],[13].
Furthermore, the scientists changed these equations to an
arbitrary set of differential equations, yielding a
considerably more genuine solution [12]-[16]. They
examined these equations for existence and uniqueness
using some of the fixed point theory features and
theorems described in [17]. FDEs have also shown to be
useful for getting analytical and numerical solutions for
many academics and researchers. Finding an exact
solution is a tough undertaking; hence, most researchers
studying FDEs use current approaches to optimize and
estimate solutions. They used Taylor's series approach,
Modified Euler techniques, Adams Bash-Forth
techniques, predictor-corrector method, and other
integral transforms, as well as wavelets methods, as
described in [8], [18]-[20].

d™x(t)
e

(1.1)

= (=d—e+ 9y (®) +n()by(t)
y(0) =Y,

Keeping the aforementioned principles in mind, we must
investigate the modified model given in (1.1) by
involving birth rate  and natural death rate 6 for non-
integer order of derivative with 0 <n <1 is given by

= B +n®a -y ®Obu() + (e = &)n(t)

(1.2)

=y(®bn() + (c—d—e—-8)y(®)
y(0) =Yy,

The Elzaki transform is a useful tool in COVID-19
mathematical modeling because it simplifies and solves
complicated differential equations that characterize the
virus's propagation. It aids in the analysis of disease
dynamics, such as infection rates and recovery patterns,
by translating time-domain functions into a more
manageable algebraic form. The transform can enhance
computing efficiency and produce exact answers, aiding
in forecasting outbreak trajectories, evaluating
intervention tactics, and assisting policymakers in
making educated pandemic control decisions. We will
now study our chosen topic for qualitative and numerical
analysis utilizing the principles of fixed point theory and
Elzaki transform, as well as various decomposition
strategies. We will also look into the influence of
immigration on pandemic transmission in society,
utilizing different fractional or arbitrary ordering to
inform future policy.

2. QUALITATIVE ANALYSIS

In this part, we shall examine the qualitative features of
the fractional order model under consideration. Fixed
point theory is well-suited to handling such features. We
will utilize some fundamental theorems such as Banach
contraction and Schauder theorems to obtain our desired
conclusion as

=@, (n(0),y(®), )
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dD
2L = 0,605,
WO = YO =yo 0] e

Upon integration for 0 < n < 1 to the equation (2.1), we get the given system as:

1
H(®) =%+ f (b= )1, (5, 1(5), y(s))ds

1 t 2.2
y®) =yo+ mfo (t— )" 1D, (s, 1(s), y(s))ds 22

Now, we will define oo > T > t > 0 and define Banach space as E; = C((0, T] X R+,R,), then E = E; X E, will also
be the Banach space having the norm ||(, y)|| = maXejo,)|%(8)| + maxeepo 1j|y(t)|. Expressing the system (2.2) as

1 [t 23
) =2, + o) f (t— 9" (s, 2(5))dsg 23
where,
_(n(® _ {o(® _ (1 (t(®),y(®, 0 (2.4)

By taking conditions; ¢: [0, T] X R4 - R, as:
(A1) 3 a constant Ly, > 0; VZ(1),Z(t) € RXR;

(621 — d(6Z®)|< Ly|Z® - 7|

(A2) 3 constants C¢, > 0 & My, > 0;
(6 20)] < ColZl + M,

Theorem 2.1: “Under the continuity of together with the assumption (A2), system (2.1) has at least one solution”.

Proof. We have taken “Schauder fixed point theorem”, to derive our result. By taking bounded subset B of E as
B={Z€E:|lZI| <RR>0}

By this take a function A: B — B and applying (2.3) as

_ L (2.5)
AD = 2,0+ f (6— 0" 1b(22(D)dC

At any Z € B, follows

t
A1 = (2] + 1 [ 6= 0(6.2@)d8

1
T(n)
1t
= |Zo| +m[ t- ZH_I[C¢|Z| + M¢]ds,

|Z |+ ——— [C¢||Z|| + Mg,

™
n+1)
Which implies that

IA@I| <1z, |+F( T [CollZl] + M.
<R (2.6)

From (2.6), one has implied that Z € B.Thus A(B) € B.From this, we say that the operator A is closed and bounded. Next,
we go ahead to prove the result for a completely continuous operator: Let t, > t; lies in [0, T],and take

1 t
|A(Z)(t) — A@D)(t)] = ( 2 — O™ L (s, 2(Q)dl - (t, — O™ (3, 2(D)dg,
I'(n) ) F( ) Jo
< m[ (t,—Q ' - f (t; — Z)“_l] (C¢R + M¢)dC.
CoR + M, 2.7)
*Te+D [t3 — 1]

Now from (2.7), we got that as t; approaches tot,,then right side also vanishes. So one concludes that
[A(D)(t,) — A(Z)(t,)]| tends to 0, as t; tends to t, So A is an “equi-continuous operator”. By using “Arzela-Ascoli
theorem, the operator A is the completely continuous operator and also uniformly bounded proved already. By “Schauder’s
fixed point theorem” model (2.2) one or more than one solution. Further we proceeds for uniqueness as:

Theorem 2.2: “Using (A1), system has unique or one solution 1f L¢ <1”.
Proof: Take A:E — E, consider Z and Z € E as
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6
1A@ ~ A@)I| = ¢ 1o, |F( ) f 6= Z(Z))di—r(n) f (5= 0" (5 20) g

(2.8)

<t@arplella-7l

From (2.8), follows
_ 27" _ 2.9)
[1A(Z) —A(D)|| < mL¢“Z‘ Zl|

Hence, F is contraction. From the “Banach contraction theorem” system has one solution.

3. GENERAL SERIES SOLUTION OF THE CONSIDER SYSTEM (1.2)

To produce a semi-analytical solution to the considered model, we first generate a general algorithm by using system (2.1).

We apply Elzaki Transform to (2.1) on both sides as

B [LH0] = B, e,y 0,0 -
B [T = B, (e 0,y 0, 0]

On using initial conditions, follows

B0 — womsy + By 0,y (9, 0] 62
EV QL oonyy 4+ B, 9,y (©),0)]

Or
E[x(§)] = v?uy + v E[d, (D), y (1), 1]
E[y(©] = v2y, + v E[d, (2(1), y (), )] 3-3)

Let, needed solution as:

[oe]

#(O) = D e (®), () = i Yo®

n=0

And the term due nonlinearity as »y’ may be expressed as xy" = Yoro h’n (1) X0, ¥Vu (1), then (3.3) becomes
E[¥5201,(0)] = v25o + v"E[d1 (6 Too #a(8) , Xozo Y (D))
EIE0 Yo ®] = v2yo + 0Bl (6 Zi %0 (D), X ¥ (0] SR
On comparison, we have
E[Ho(@] =%,
Ely (D] = v?y,

E[}fl ®] = UD€[¢1 (o (8, Yo (D), D]
€[ 1] = Un€[¢2 (D), Yo (), D]
g[KZ ®] = v E[¢; (1 (D), y1 (D), D]
Ely,(®)] = v E[ ]

= yf b, (11 (1), y1(5), 1)

s 1 (O] = 0By G20 (), Y (), D]
[ as1 (O] = v"E [y en (0, Y (D, D]

”0(132_? o, Yolt) =¥

[soN h1>

Taking Elzaki inverse both sides:

1, () = ETPE [ 0t (1), Yo (), D]
yi(t) = £ [ n@[‘f’z(”o(g)'}/o(g)' 9]
(1) = 5_1[ n€[¢1(}f1(§)' Y1 (D), 9]
Va(t) = E7 wPE[¢, (e, (0), y1 (D), D]

M (®) = E 0 B[y (0 (0, Y (0, D)

V1 (©) = BT E[ (060 (0, Y (9, D] (35
Therefore, the required series solution of the model (1.2) is given as follows:
#() = x1o(t) + 1D +2,(0) + -
(3.6)

Y®) =yot) +y1(t) +y2(t) + -

4. APPROXIMATE RESULTS AND DISCUSSION
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Now we take some values for (1.1) parameters in fractional order to find the estimated outcomes. Considering a
community in which the healthy population is at the starting stage s, and the infected population is y,. Using various

rates, we will analyze specific situations below:

LoD+ () = bH(OY(O + (e —
. 41
d%@ = bu(y®) + (c —d —e — &)y(®) @
#(0) = xp, ¥(0) = ¥o
Using the proposed algorithm to (4.1) as constructed in (3.5), analogously one has
1o (L) = x, Yo® =Y
1 (8) = [B + axg — by + (e — 8)x,] ﬁ
1) = oy + (e = d—e = Oyl s
~ {2 r@n+1)\ ¢
w®=[f+@+te— 6)H11]—F(2n i [b311Y14] (1"2(1) n 1)>p(3n +1)
r2n+1 3 o
Y2 = [brasy ] (ri(ﬁ m 13) rerm R RIE D oy
B 3n r@n+1) t*
n3(t) = B + aniny rGo+D Y™ T2y O)Tn+ 1) (4.2)
) r(sn+1) 6 _p r(4n+1) 5n
Y e D FGar DI+ D Y2 T2 n y DIiGo + D)
Y 5 r:2n+1) o0 4 b 5n
+ (}/111) I_.4(n + 1)1—.2(3n + 1) t_; + }/111}/22 I—vz(n + 1)1—v(3n + 1)1.-1
rey r@n+1) 4 oy o
e Y22 1y
111 (I + 1))2(F(4n +1)) 2r(3n+1)
., r(sn+1) _— r(4n+1) 5n
Ys(®) = by e D Ga s Do+ D ° Y 2 2 4 DI G+ 1)
, ,  I@n+1) oy, 50
— (Y111) 1—v4(n + 1)['2(3n + 1)'; - }/111}/22 Fz(n + 1)['(1'2 + 1)§
r2n+ 1) - er
+(c—d—e—6)y111r2(n+1)r(4n+ 1)1; + (C—d—e—5)}/22m

Similarly next terms can be calculate by same method. The unknown values in (4.2) are given as:

%y = B+ an, — brgyy,
n = (@+e—8)ny,

Case I: First of all, we present the graphical presentation
for steady state solution at integer order and taking a =
0.001,b = 0.0003,c = 0.0001,d = 0.001,e =

0.05,6 = 0.5, = 0.0089.

In Figure 1, we plotted the steady-state solution of the
integer order model (1.2) against the supplied date.
Clearly, in the face of very low immigration rates a, c,
the number of the healthy class grows while the infected

Y11 =bugyo + (c—d—e—98)y,,
Y111 = bry ¥y,

Y2 =(c—d—e—-98)yy;

population declines. Figure 2 shows the numerical
solution using MATLAB for non-integer order up to the
first 10 terms of the series using the same variables a =
0.001b = 0.0003,c = 0.001, d =0.001,e =

0.05,6 = 0.5, = 0.0089. We can observe that when
the immigration rate is very low, the drop in infected
population occurs at a tiny fractional order, while the
growth in healthy population occurs at a lower order.
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Figure 1: Graph illustrating population dynamics at integer order for Model (1.2) with provided parameter values.

Case II: We simulate the aforementioned findings with = 0.0089,a = 0.05,b = 0.03,c = 0.05,d = 0.02,e =
0.05,8 = 0.5. As illustrated in Figure 3, when both infected and healthy immigration rates are somewhat lower than in
Case-I, the dynamics of the corresponding population show themselves at various fractional orders. Here, population
dynamics cause oscillations, and the oscillations are different at various arbitrary orders.
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Figure 2: Graph illustrating population dynamics at different fractional orders for system (1.2) with the supplied parameter
values.

Case I11: The simulation is presented for considering § = 0.0089; a = 0.06,b = 0.0003,c
0.05,8 = 0.5. (days

Figure 4 depicts the behavior of the estimated solutions up to the first 10 terms representing different fractional orders.
Because of the rise in immigration rates, the oscillation is quite rapid.
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Figure 4: Population dynamics in the context of immigration exhibit distinct fractional orders of behavior.

5. CONCLUSION

Using various experimental values from [20] for a, b, c,
d, and e, we may achieve the necessary comparable
result for the integer order system of (1.1). We can see
that by raising the rate of protection and cure while
reducing the pace of immigration, we may gradually
reduce the number of diseased people to a minimum or
toward stability. By analyzing such a dynamic model, a
person may readily learn how to prevent healthy people
from infection and discourage diseased individuals from
immigrating. This concept may be used to any
population that has social events, whether locally or
worldwide.  Furthermore, fixed point theory
demonstrates that such models exist in the actual world

or represent real-world situations. However the rate of
decay and increase has been demonstrated using
fractional differentiation in global terms. Thus,
fractional calculus may be utilized to fully describe the
prototype. If the recover class is included, we can expand
this model to examine the influence of immigration on
the cured population as well. The simulation depicts the
dynamics of healthy and sick people, as well as some
near-term predictions in fractional form. This prototype
is only an illustration of how the mentioned
characteristics influence the transmission dynamics of
the current new coronavirus-19 illness.
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