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ABSTRACT:

Nano topology is an emerging area of topology derived from rough set theory, focusing on the concept
of nano open sets and their characteristics. This research investigates the properties of nano-o-open sets and
nano closures within nano topological spaces, and presents corresponding definitions and theorems for clarity.
The practical application of nano a-open sets in medical decision-making is illustrated through two case studies
related to kidney failure diagnosis. The findings show that the application of nano open sets enhances diagnostic
accuracy, sensitivity, and specificity. Moreover, an algorithm has been designed to support healthcare
professionals in identifying kidney failure. The primary aim of this work is to assist physicians in making well-
informed decisions and improving patient care outcomes.
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I-Introduction optimization techniques play a crucial role in
improving system performance across engineering

Topology is a branch of mathematics that applications. For instance, Particle Swarm

studies properties of spaces preserved under Optimization (PSO), a nature-inspired
continuous transformations, often described as compqtat.ional method, has been effectively appl.ied
“rubber-sheet geometry.” It has significant to optimize process parameters in manufacturing
applications in computer science and applied systems. In the context of surface grinding
mathematics, including extensions such as rough operations, PSO has been used to determine
and soft topology. Rough set theory, introduced in optimal combinations of machining parameters
1982[1,2,3], addresses uncertainty by using lower such as wheel speed, feed rate, and depth of cut in
and upper approximations of sets. The boundary order to enhance surface quality and material
region represents imprecision, and minimizing it removal rate. One such extension is nano topology
improves accuracy. This theory is widely applied in which is a branch of topology developed from
data analysis, artificial intelligence, and other real- rough set theory[4-9], focusing on nano open sets
world domain. In addition to handling uncertainty, in finite universes. It defines basic notions such as
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nano interior, nano closure, and different types of
generalized open sets. This approach helps in
studying problems involving uncertainty and
incomplete information[10]. It has practical uses in
areas like pattern recognition, decision-making, and
data analysis, often in combination with fuzzy and
soft set methods.

Motivated by these developments, the
present work focuses on the study of nano a-open
sets and aims to establish new properties associated
with them. The study also introduces additional
concepts in nano topological spaces based on nano
closure. Special attention is given to examining the
relationships between these concepts and exploring
their fundamental characteristics[11-16].
Furthermore, the applicability of nano a-open sets
in medical decision-making is investigated[18-30],
particularly in the context of breast cancer
diagnosis using patient data.The paper is organized
as follows. The preliminary concepts required for
this study are presented in Section 2. Section 3 is
devoted to the definition and properties of nano a-
open sets, supported by suitable examples. In
Section 4, a new concept related to nano closure is
introduced and analyzed. We discusses an
application of nano topology in medical diagnosis.

II-Preliminaries

This section contains important definitions
and notions that are useful for establishing the
results of this paper.

Definition 2.1

Let R an equivalence relation on §

known as the Indiscernibility relation. Let  be a
non-empty finite set of things called the universe.
After that, { is separated into classes with disjoint

equivalencies. It is argued that elements that are
indistinguishable from one another belong to the
same equivalency class.

Definition 2.2

Let { be a non-empty finite set of
objects called the wuniverse and R be an
equivalence relation on {  names as

indiscernibility relation. Then ¢ is divided into

disjoint equivalence classes. Elements belonging to
the same equivalence class are said to be

indiscernible with one another. The pair (§ ,R) is
said to be the approximation space.
Let XE £ .Then

® The lower approximation of X with
respect to R is the set of all the objects

which can be for certainly classified as X
with respect to R is denoted by Lr(X).

L x=J

xed
{ROX):R(X)SX}

® The upper approximation of X with
respect to R is the set of all objects which
can be possibly classified as X with
respect to R and is denoted by Ur(X).
ux=J
xed
{RX)RX)NX#p}
® The boundary region of X with respect to
R is the set of all objects which can be
classified either as X nor as not-X with
respect to R and is denoted by Br(X).
Br(X)=Ur(X)-Lr(X)
Definition 2.3
Let £ be the universe, R be an

equivalence relation on § andtr(X)={¢
,0,Lr(X),Ur(X),Br(X)} where XE { . Thentr(X)
satisfies the following axioms:
o [ anddpewr(X).
®  The union of the elements of any sub
collection of Tr(X) is in Tr(X).

® The intersection of the elements of any
finite sub collection of Tr(X) is in
Tr(X). Thentr(X) is called the Nano

topology on U with respect to X, (&

,R(X)) is called the Nano topological
space.

Definition 2.4
If ( é’ , Tr(X)) is a Nano topological
space with respect to X where XS § and if AS £

, then, Nano interior of a set A is defined as the
union of all the Nano open sets contained A and it
is denoted by N-int(A).

Definition 2.5
If (¢, (X)) is a Nano topological
space with respect to X where X< C and if AC C

, then Nano closure of a set A is defined as the
intersection of all nano closed sets containing A
and it is denoted by N-cl(A).

Definition 2.6

A subset 4 of a NTS (£, Tr(X))is nano
a -openin ¢ if E < Nint(Ncl(Nint(A))).
The set of all nano & -open of ¢ is denoted by

a"0(¢).
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Definition 2.7

Let X be a binary relation on { :D - C
the preliminary lower and preliminary upper
approximations of AC U are defined respectively

as £;(D) ={a@ €¢:x,(y) S D}and Uy(D) = {
aed:x,(»)ND£g)}

Definition 2.8

Consider that R is a binary relation upon
universe § . The preliminary-positive,
preliminary-negative and preliminary-boundary
regions along with the precision of initial
approximations for a subset D & Uare provided
respectively by,

posi(D) = Li(D), Neg;(D) = U —
U;(D), Bnd; (D) = U;(D) — L;(D)and

L;(D)
K;(A) = ui oL where U (D) # ¢

Definition: 2.9

Let U be the universe and R be a binary
relation. For any element x in U, the right
neighborhood of x is

X, (x)=yeUl(x,y) e R}

Definition: 2.10
The initial right neighborhood of an
element alpha in U is defined as

X(a)=BeUIX, (@) X, (B)}

Example: 2.11

U={a,b,c.d}, R={(a,b), (a,c), (b,c), (b,d),
(c.d), (d.d)}
The Right Neighborhoods are, X(a)={b,c},
Xi(b)={c.d}, X(c)={d}, X(d)={d}.
The Intial right neighborhoods are, Xi(a)={a},
Xi(b)={b}, Xi(c)={b,c.d}, Xi(d)={b,c.d}.

Definition 2.12

Consider U  constitute the finite set,
L;(D) and U;(D) be the lower and upper
approximations of D C U . The collection

7O _ {¢& @, Li(D), Uy(D), Bnd(D)}is a

topology on ¢ if L;(D)and U;(D) fulfill the
rough set properties defined by Pawlak, where
Bnd; (D) is the boundary region of D U.

Definition 2.13
Let a quaternion (, A, V, f) represent an
information system where ={x;, X2 , X3,.....Xn}, 18

the universe 4 =1{a,,a,,....a,} denotes a non-

empty infinite set of attributes, V' = UVa denotes

acd

the set of all attribute values a, consider
f:¢xA—V denotes the mapping function for

al x,€d , ae€A f(x,a)eV, . This
information system is called a decision system (&,

B, D) if the set of attributes in the information
system above satisfies A=BUD=¢ and

B(\D = ¢ where B is the condition attribute set
and D is the decision attribute set.

I1I - Nano alpha Topological Space

In this section, we presented the
properties of the alpha open set. Including the outer
boundary set and the boundary point set of the beta
type. We studied the properties of these concepts
and provided examples for more illustrations

Definition: 3.1
If (£,7x(X)) is a NTS concerning X

and A C ¢ then A is called
(1) Nano « -closure is the intersection of all nano
a -closed subsets of { containing A and it is

denoted by N-cl(A). In Short,Na — cl(A) = { —
Na —int({ — A).

(i) Nano « -interior is the union of all nano & -
open subsets of £ contained in A and it is denoted

by N-int(eA). In Short, Na —int(A) = { — (&
_C’q)Na-
Example: 3.2

(1 Let ¢ =1a,b,c,d} )
U/R={{a},{c},{b,d}} . X={ab}
T, (X)=1{¢,¢ {a},1b,d},{a,b,d}} . Nano
a0(&) =

9.¢.1a},1b,d},{a,b},{a.d} {a,c,d}, b,c,d} {a,b,d} }

. Let A=fbel.  Na—int({ —A)={
#,{a},{a,d}}y = Na-—cl(A)=¢( —Na-—
int({ —A) = Na-cl(A) ={ab,cd}—
{pla}fa,d}} . = Aye= ey,

(ii)) Na—int(A) = ¢ —(§ —A)ya -
= ({ — Ay ={ad} = Na—int(A) =
{a,b,c,d} — {a,d}= Na — int(A)={b,c}.

Definition: 3.3
If (§,7,(X)) is a NTS with respect to

X and if A C é’ then the nano a-boundary of
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A (briefly BV*(A)) is BV*(A)=Na — cl(A) N
mmx‘

A point @ € BN* (A) is termed as a-
boundary point of A it is clear that BN¥(A) C
BN(A), where BY(A) is the boundary of A.

The reverse might not hold as the
following example illustrates.

Example : 3.4

In the above example 3.2, we can have
that BN*(A) = @ and BY(A)={b,c,d}.
= @ c {b,c,d}. Therefore BN*(A) C BN (A).

Theorem: 3.5

If (£,7,(X)) is a NTS and if A = &
be nano subsets then X € Na — cl(A) if and only
if foreach § € @0({), x€ 8,6V A% ¢.
Proof:

Suppose that X€ Na —cl(A) and

x€0,0() A#¢. Thisimplies that A< ¢ — G
where x —0 mnano & closed comprising x. Since
X € Na — cl(A) that is a contradiction.
Thus O[) A# @ . Conversely , let each nano &
open set containing x intersects A. Suppose X &
Na — cl(A). In such case, there is a nano &
closed setY < é’ in a manner such that Yy 2 A
and x¢ Y. Hence { —NaO({),xe{ - Y
and é’ — NA = @which implies a contradiction,
therefore X € Na — cl(A).

Theorem: 3.6
If (,74(X)) isa NTS on X and X

C ¢ be nano subset of & so that the subsequent
conditions are valid.
(i) SinceBN*(A) is a a closed set.
(i) BY*(A) = BY({ - A).
(iii) BN*(A) = Na — cl(A) — NaO(A).
(iv) BV*(A) N NaO(A) = 9.
(v) BY"(A) U NaO(A) = Na — cl(A).
Proof:
(i) SinceBV¥(cA) is the intersection of a
closed sets, thus it is a @ closed set.
(i) BN*({ - A) = Na—cl(A)n (¢
-  Na
- (- (-4 =B"A.
(i) B"* (A ) = cn({ —AN* =
Na —cl(A) N (§ — AYC ) = Na —cl(A) —
Na — cl(A) N AV = Na — cl(A) — AN,
(iv) BY® ( A) N NaO = (Na — cl(A) —
NaO(A)NNaO(A) = NaO(A)- NaO(A) = 0.
(v) It is obviously proved by 3 and 4.

Theorem: 3.7
If (§,74(X)) isaNTS onX, and D
C ¢ be nano subset of ¢ then,
(i) D is nano & -open set if and only if B¥*(D) N
D =0.
(i) D is nano & -closed set if and only if
BV (D) € D.
(iii) D is nano & -open set if and only if
BV (D) = 0.

Proof:

(1) Let © be nano & -open set, thus from
(theorem 3.6), © =DV%% | we deduce that
BV (D) N ANV =BN¥(D)N D = @. Conversely,
let BY* ( D)NDV*° =@ , then DNDY* -
DNaO) =Dni_)N“— CDﬂCDN“O ZD_DNaO —
@, thus © = DV,

(i) Let® be a nano & -closed set,
consequently D = DV¥* . Since BN (A)=DVY —
PNe0 | BNE (D)= A —DV*0 | and hence
BN (D) €D, consequently, by using (theorem
3.5) AN® = D0 y BNE(D) c AN YD =D C
DN, thus A = AM* and consequently D is nano
o -closed set.

(i) Let D be both nano & -closed set
and nano & -open set, then® = DV¥O=PN* Thus
BN(Z ( CD) — 51\]“—@1\]“0:@—@:(2)
Conversely, let BV* (D)= @ then DV¥ — DN0 =
@, this implies that D = DV* = DO Therefore
D is both nano & -closed set and nano & -open
set.

Theorem:3.8
Let x € BNY(A) if and only if

MNA#@ and M N (U— A)# @ foreach M €

NaOU),x € M.
Proof: ~
Let x€BV* ( A) , then € (A"*n

(=AY . Now by (theorem 3.5), every
nano ¢ -open set M containing x intersects A and
U — A. Conversely,Let M € NaO(W), M N (U —

A)#@P AN (A)# G which implies that x €

A% n (T=A" %) = BYe(A).

Definition: 3.9

If (§,7x(X)) isaNTS and X &, the
nano ¢ _ exterior of X is denoted by aNext(A) is
defined as Next(A) = aNint(A°) .

Example: 3.10
From the above example 3.2, we have

aNint(A°) = {9,¢,{a},{a,d},{a,c,d}}.
Therefore ext(A) = {

$.¢.1a}.a,d} {a,c.d}}.
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Theorem: 3.11
If (§,7,(X)) is anano space, AC &

be nano subsets then,

(i) aNext(X) =(& - X)"*
(ii) aNext(X) is nano ¢ -open sets.
(iii) aNext(®) =¢ .
(iv) aNext (é’ ) = 0.
(v) aNext(X) U BN({ )=0.

Na
(vi) aNext(X) N BVN*({ )= - X
Proof:

(1) Itis obvious from theorem 3.6

(i) Itis obvious from (i)

(ii1), (iv)&(vi) It obvious from the
definition of nano alpha interior and nano alpha
closure.

Na —
(v) Since aNext(X) n BY*(X) =

(¢ = X)M NBYe(X) = BV%(X) — BN(X) = @.

IV- Applications of Nano Topology in Medical
Diagnosis Using Attribute Reduction

We use the knowledge framework above
to simplify characteristics and identify noteworthy
indications of kidney failure in females in this
segment, using the nano alpha open sets that are
represent in the tabular column.

Consider that U is a set of objectives such
that Y={1,2,3,4,5,6} denotes six listed patients.
The attributes are B= {S, F, U, V, B} represented
Swelling, Fatigue, Change in Urination, Vomiting
or Nausea, Shortness of Breathe respectively. Table
-1 outlines how patients seek medical advice from a
doctor when experiencing one or multiple
indicators of kidney failure.

From Table -1 we deduce the
symptoms of each patient as follows,

Having
.. ... pang|disturb
Swe| Fatig Urinati |Vomiti e of |ed sleep
Perso| .. on [ng
[ling ue Bre| /not
ns
athe
Ll v|v | v v |v]| v
2 x x x x x | Mo
3 *1 v | v v | v | Ye
4 x x v x x | Y€
5 x x x x x no
6 x x x x x no

Discussion:

Now based on the information we
encountered two cases as follows,
Here the set of persons denoted by 1,2,3,4,5,6 and
B = {Swelling, Fatigue, Change in Urination,
Vomiting or Nausea, Shortness of Breathe }. « v'»
and v'referred as attribute values.

C={S,F, U V,B} and D =

{Yes/No}. V/IR'(C) = {{1},{3},{4},{2,5,6}}.

Casel: (Individuals affected with kidney failure)

Let Y={1,3,4} the set of persons who are having
disturbed sleep. Then (Y)={1,3,4},

Uc(Y) ={1,3,4}and Bc(Y) = Uc(Y) —Lc(Y) =0
Then 7¢(Y)={V, 0,{1,3,4}}.Then the NaO= {V,
0, {2,5.6}}.

Step1:

1. Eliminating “Swelling” from C, V/R'(C—
S)={{1,3},{4},{2,5,6}} then
1e—mcy(V)={V.0,{1.3,4}} and the N a0 -
closed sets of C—{MC}={V,0,{2.5,61
=N a0 -closed sets of C.
2. Eliminating “Fatigue” from C,V/R'(C-
F)={{1},{3}.{4},{2,5,6} } then
e (Ns)YV)={V.0,{1,3,4}} and the N O
sets of C—{NS}={V.0,{2,5.6}}
=N O -closed sets of C.
3. Eliminating “Change of Urination” from
C, V/IR(C-U)={{11,43},{2,4,5,6}} then
to—gpy V)= {V.0,{1,3}1,{2,4,5.6}} and the N
aO sets of C— {JP}:{V,O,
{1,3},12,4,5,6} }FN O - closed sets of C.
4. Eliminating “Vomiting” from C,V/R'(C—
V)={{1},{3},{4},{2,5,6} } then
te—wey(V)=1V,0,{1,3,4} Jand the N 2O
sets of C—{WG}={V.,0,
{2,5,6} =N O - sets of C.
5. Eliminating “Shortness of Breathe” from
C,V/IR(C-B)={{1},{3},{4},{2,5,6} }then
c—(p)V)={V.0, {1,3.4}} and the N 0O -
sets of C— {IP} ={V. 0, {2,5,6}}
=N aO sets of C.

Step 2:

If R=C - {S, F, V, B} = {U}, then
v, 0, {1,3},{2.4,56}} and theN @O sets of R'=
v, 0, {1,3},{2,4,5,6}} =N aOsets of C.

From step 1, NaO sets of C — {S},
NaOsets of C — {B}, NaOsets of C — {V}, N
aO'sets of C — {F} #N aO sets of C.

From these steps, N aO sets of R'=N
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aO sets of C and N aO sets of CFNaOsets of
C-{r} foreveryrinR'.
“+CORE = {Change of Urination}

Case 2: (Patients do not harbor kidney failure)

Let Y= {2,5,6},the set of persons who are not
having disturbed sleep. Then (YV)=

(Y) = {2,5,6} and Be(Y) = Uc(Y) — Le(Y) =0.
Then 7¢(Y) = {V,0,{2,5,6}}. Then the

N aO -closed sets = {V, 0,{1,3,4}}.

Stepl:

1. Eliminating “Swelling” from C,
V/R(C-S) = {{1,3},{4},{2,5.6}}
thent¢— MC}(Y)={V,@,{2,5,6}}and the N
aO sets of Cf{MC}={V,0,{173,4}}
=NaO sets of C.

2. Eliminating “Fatigue” from C, V/R'(C—
F)={{1},{3},{4},{2,5.6} } then

- NSy (V)=1V, 0,{2,5,6}} and the N
0O sets of C—{NS}={V,0,{1,3.4}}

=N O sets of C.

3. Eliminating “Change of Urination”
from C, V/R(C-
U):{{1}5{3}5 {2a4a556} }then TC7UP}:{V’
0, {2,4,5,6}} and the N O sets of C —
0P}y =V, 0, {13}}%N aOsets of C.

4. Eliminating ‘“Vomiting” from C,
V/IR(C-V)={{1},{3},{4},{2,5,6} }then
te—we)(Y)={V.0.12.56}} and the N
a0 sets of Cf{WG}={V,®,

{1,3,4}}=N aO sets of C.

5. Eliminating “Shortness of Breathe”
from C, V/R'(C-
B)={{1},{3},{4},{2,5,6} jthen
te—gpy(V)={V.0, {2.5.6}} and the N
aO'sets of C— {IP} ={V,0, {1,341

=N O sets of C.

Step2:

IfR=C—{S, F, V, B} = {U}, then {V,

0,{2,5,6)} and the N ¢O'sets of R= {V, 0, {1,3,4}}
=N aOsets of C.

From step 1, NaO sets of C — {S},
NaOsets of C — {B}, NaOsets of C — {F}, N
aO sets of C— {V} = NaO sets of C.

From these steps, N a0 sets of R=N
aOsets of C and NaO sets of CFN aO sets of
C-{r} for everyrin R’

“CORE = {Change of Urination}.

From the core of the above two
cases, the key symptom for having disturbed sleep

at the time of menopause is “Change of
Urination”.

V- Conclusion:

Our research introduces a promising novel
method for medical decision-making through the
incorporation of nano o-open sets. The
effectiveness of this approach was demonstrated in
diagnosing kidney failure using a patient dataset.
Results indicated that utilizing nano a-open sets
enhanced the accuracy, sensitivity, and specificity
of diagnosis, outperforming traditional
classification techniques. These findings highlight
the significant potential of nano a-open sets in
medical diagnosis and therapy, particularly in
kidney-related diseases. This innovative approach
can assist physicians in making optimal decisions,
addressing challenges related to data ambiguity,
and improving the diagnostic process for kidney
failure. Furthermore, this method is expected to
result in notable improvements in patient outcomes
and overall healthcare quality. Continued research
in this area is likely to yield further advancements
and practical benefits
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