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ABSTRACT

This paper presents weighted intuitionistic fuzzy distance metrics with applications in pattern recognition and
medical diagnosis. Intuitionistic fuzzy sets (IFSs), characterised by membership, non-membership, and hesitation
degrees, provide a rich framework for modelling uncertainty in decision-making. We propose a family of weighted
distance metrics that systematically account for varying attribute importance. Rigorous proofs establish that each
proposed metric satisfies all four metric space axioms: non-negativity, identity of indiscernibles, symmetry, and
the triangle inequality. A generalised weighted Minkowski distance is introduced that subsumes the weighted
Hamming and weighted Euclidean distances as special cases. Three principled weight-determination strategies
are developed, combining domain expert knowledge, information-theoretic entropy, and variance analysis.
Extensive validation across 500 medical cases demonstrates classification accuracy improvements of 8.5%—15.3%
over traditional unweighted methods; the weighted Euclidean distance achieves 91.3% accuracy in disease
classification. Ten comprehensive graphs and a comparative benchmark illustrate superior performance in
cardiovascular, diabetes, and respiratory disease diagnosis. Statistical validation through 10-fold cross validation
(p <0.001) confirms robustness. This research bridges theoretical fuzzy mathematics with healthcare informatics,

providing foundations for intelligent medical decision-support systems.
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1 Introduction

Managing uncertainty in real-world
decision-making remains a central challenge in
artificial intelligence [1]. Classical set theory’s
binary membership approach proves inadequate for
human reasoning involving vagueness and
ambiguity [2]. Fuzzy set theory, pioneered by Zadeh
[3], introduced partial membership with degrees
ranging continuously in [0, 1]. However, fuzzy sets
cannot explicitly model hesitation in membership
assessment [4]. In medical diagnosis and pattern
recognition, experts often face genuine uncertainty,
creating an observable gap between membership and
non-membership degrees [5]. To address this,
Atanassov [6] introduced intuitionistic fuzzy sets
(IFSs), which augment classical fuzzy sets with an
explicit hesitation degree m(x) = 1 — u(x) —
v(x).

Distance metrics provide quantitative
dissimilarity measures that are crucial for pattern
recognition and classification [7]. While several IFS
distance measures appear in the literature [8, 9],
most assign equal importance to every attribute, an
assumption that is unrealistic in practice [10]. In
medical diagnosis, clinical parameters carry
different diagnostic significance [11]: blood glucose
levels are more critical for diabetes classification
than peripheral symptoms, for instance. Ignoring
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attribute  importance leads to  suboptimal
performance and potential misdiagnosis.

Weighted distance metrics address this
limitation by incorporating importance weights [ 12].
Although weighting has been studied within
classical fuzzy sets [13], its rigorous treatment in the
intuitionistic fuzzy setting is less complete [ 14].

1.1 Contributions

This paper makes the following contributions.

C1. Theoretical. We propose a family of weighted
IFS distance metrics and furnish complete proofs
that they satisfy all metric space axioms. A
generalised weighted Minkowski distance is
introduced, with tight boundedness results.

C2. Methodological. We develop three systematic
weight-determination frameworks: expert-assigned,
information-theoretic entropy-based, and variance-
based.

C3. Practical. Comprehensive medical diagnosis
case studies demonstrate 8.5%-15.3% accuracy
improvements over unweighted approaches across
five disease categories.

C4. Comparative. Extensive benchmarks against
recent state-of-the-art metrics, validated through
paired t-tests and 10-fold cross-validation, confirm
statistical significance.

C5. Computational. Complexity  analysis
establishes O(n) time complexity, enabling real-time
diagnostic deployment.
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The remainder of the paper is organised as
follows. Section 2 reviews IFS fundamentals.
Section 3 presents the weighted distance metrics
together with their theoretical
properties. Section 4 describes numerical case
studies. Section 5 reports experimental results and
graphical analysis. Section 6 concludes with future
research directions.

2 Preliminaries

2.1 Intuitionistic Fuzzy Sets

Definition 2.1 (Intuitionistic Fuzzy Set [6]). Let X

be a nonempty universe of discourse. An

intuitionistic fuzzy set (IFS) A over X is defined as
A = (x, pp (%), va(x) | xeX )

where the membership function p,: X — [0, 1] and

the non-membership function v,: X — [0, 1] satisfy

0 < pu(x) + vy(x) < 1V xeX.

The collection of all IFSs over Xis denoted [FS(X).
Definition 2.2 (Hesitation Degree). For an
IFSA € IFS(X) and x € X, the intuitionistic
fuzzy hesitation degree (or index of incompetence)
is

ma(x) = 1 — pa(x) — valx) € [0,1].
Observe that m,(x) reduces A to an ordinary fuzzy
set.
Remark 2.3. Throughout the paper we work on a
finite universe X = {xy,x,,...,%,}. An IFS A is
therefore represented by the triple of vectors
(Ua,va,ma) € [0,1]™ X [0,1]™ x [0,1]™ satisfying
Ua + vy + my = 1 component-wise.
2.2 Classical IFS Distance Metrics
Definition 2.4 (Metric on IFS(X)). A function d :
IFS(X) x IFS(X) — [0,00) is a distance metric
if, for all A,B,C € IFS(X), it satisfies:
(M1) Non-negativity: d(4,B) = 0;
(M2) Identity of indiscernibles: d(4,B) = 0 <
= A = B;
(M3) Symmetry: d(4,B) = d(B,A);
(M4) Triangle inequality: d(4,C) < d(4,B) +
d(B,C).
The following two metrics, due to Szmidt and
Kacprzyk [8], serve as the unweighted baselines.
Definition 2.5 (Hamming Distance on IFS(X)).
For A,B € IFS(X) with X = {x{,x;,...,%,},

1 n
Ay (4,B) =5 > () = s x|
i=1

+ (v () — va (x|
+ ma(x;) — ma(x)1)
Definition 2.6 (Euclidean Distance on IFS(X)).

1 n
dp(4,B) = (520;@(:@ — s (x)?

T vaCe) —vp(x)I? 1

+ Ima () — nB(xi)|2)>

2.3 Attribute Weight Vector
Definition 2.7 (Normalised Attribute Weight
Vector). A vector w = (W, W,,...,w,) €
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[0, 1]™ is called a normalised attribute weight vector
if
row;=1andw; 20 Vi
Each w; quantifies the relative importance
of attribute xi in the decision problem. When w; =

%for all i, the weight vector is uniform and the

weighted metrics reduce to their unweighted
counterparts.

3 Weighted Distance Metrics and Theoretical
Properties

3.1 Proposed Metrics

Definition 3.1 (Weighted Hamming Distance). Let
A,B € IFS(X) and let w be a normalised weight
vector as in Theorem 2.7. The weighted Hamming
distance is

dwn (A, B) =30, wi(lia () — pp ()| +
[VaCxi) = vax)l + lma () —ma ) (1)
Definition 3.2 (Weighted Euclidean Distance).
dy(4,B) = (FZIy(1aCx) — s ()12 +

1
Iva ) = v ()| + |ma () — . (x)12) )
Definition 3.3 (Generalised Weighted Minkowski
Distance). Forp = 1,

s (4 B) = (51 (1aCe) — pp(R)IP +

1

[va(xi) = vg ()P + |ma(x;) — 75 (xi)l”))p(3)
Note that dWM(l) = dyy and dWM(Z) =dyg-
3.2 Main Theoretical Results
Theorem 3.4 (Weighted Hamming Distance is a
Metric). Let X = {xq,x5,...,%,},
be a finite universe and w = (wy,w,,...,w,) a
normalised attribute weight vector with w; > 0 for
at least one index i. Then dyy: IFS(X) X
IFS(X) — [0,00) as defined in (1) is a metric on
IFS(X).
Proof. We verify each axiom in Theorem 2.4 in turn.
(M1) Non-negativity. For every i, the factors w; >
0 and lpea (i) — g ()|, [va () —
v (x|, |14 (x;) — g (x;)] = 0 by the definition of
the absolute value. Consequently, every summand in
(1) is nonnegative, so dy 5 (4, B) = 0.
(M2) Identity of indiscernibles. (=) If A = B, then
pa(x) = pp(x;) and v4(x;) = vp(x;) for every i,
which implies 74(x;)—= (x;). Hence every
summand vanishes and dy, (4,B) = 0.
(<) Suppose dyyy (4, B) = 0. Because w; > 0 and
each absolute-value term is nonnegative,
a vanishing sum forces

wi(lpa () — pp (x| + [va(x;) —
Va(x)| + |ma(x) —ma(x)) =0V i
For every index i with w; > 0 (at least one such
index exists by hypothesis), each absolute value
factor must equal zero, giving py(x;) = pug(x;) and
vu(x;) = vg(x;). For indices with w; = 0  the
weight contributes nothing to the classification; if
the practitioner requires that A = B also at those
indices, it suffices to restrict to strictly positive
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weight vectors, which is standard in applications.
Under the standing assumption that w; > 0  for
every i, we therefore conclude A = B.

(M3) Symmetry. Since |[a — b| = |b — a| forall
real numbers a, b, we have

dun(4,B) =5 Zwl(m(xl) e

+ |VA(xl) VB(xl)l
+ |ms (%) — e (X))
= dwu(B,A)
(M4) Triangle inequality. Let A4,B,C € IFS(X).
For each i, the standard triangle inequality for
absolute values gives
lpaCe) — up ()| < lpa() — pup ()| +
s () — pe ()1
and similarly for the v — and m —components.
Multiplying by w; > 0, summing over i, and
dividing by 2 yields dyy(4,C) < dyy(4,B) +
dwy(B,C).
Theorem 3.5 (Weighted Euclidean Distance is a
Metric). Under the same hypotheses as Theorem
34,dyg + IFS(X) X IFS(X) — [0, o) defined in
(2) is a metric on IFS(X).
Proof. (M1) and (M3) follow by identical arguments
to those in Theorem 3.4 (nonnegativity of squares;
symmetry of the square function).
(M2) The squared terms (u,(x;) — up(x;))? = 0
imply (with the same weight argument as before)
that dyyz(4,B) = 0 = A = B. The converse is
immediate.
(M4) Foreachi € {1,...,n}, define the vector
ta () — up(x;)
Ui = \/Wz va(x) —vp(x) | vy =
7, (x;) — g (x;)
e () — pe(x;)

\/MTI: vp(x;) —ve(xy)

mp(x;) — mwe (x;)
1
so that | dWE(A,B)=(§Zilluillz)2 and
1

dwe(B,C) = (%Zillvillz)i. Concatenating these
vectors into U = (Uy, Uy, ..., Uy) and v =
(v1,V3,...,1,) in R®" and applying the Minkowski
inequality (triangle inequality in £2) gives

1 1
w0 =Gl vl < Gl +
Theorem 3.6 (Generalised Weighted Minkowski
Distance is a Metric). For any p >1, the
generalised weighted Minkowski distance dWM(p)
defined in (3) is a metric on IFS(X), provided w; >
0 for all i.
Proof. Axioms (M1)—(M3) are verified exactly as in
Theorem 3.4. For (M4), let a; = Y/w;(|ua(x;) —
e (x)1, [va () = vp(xp)I, [ma (x;) — 75 (x;)] ) and
define b; analogously for the pair (B, C). Applying
the Minkowski inequality in #P(R3") to the
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concatenated vectors a = (aq,a,,...,a,) and
b = (b, b,,..., n) yields
wn P (4,0) = 1||a+b||,, < 1||a||,,

= lIbll, = dwu DU B) + (5,001
217
Lemma 3.7 (Boundedness of dWH). For any
A,B € IFS(X) and any normalised weight vector
w,
0 < dyy(4,B) < 1.

Proof. The lower bound follows from
(M1). For the upper bound, note that for each
component the constraint u(x) + v(x) + n(x) =
1 with all three terms in [0, 1] implies [LA(x1)
- lea () — pp ()| + v () — vp (x| +
|74 (x) —mp(x)| < 2.
since the maximum total variation of a probability
triple is 2. Therefore

dwn(A,B) <5 Z w2 <YL wi=1

Remark 3.8. An analogous bound 0 <
dywg(4,B) < 1 holds for the weighted Euclidean
distance; the proof follows by noting that each
squared difference is at most 1 and bounding the
resulting sum by ¥, w;. =1
Corollary 3.9 (Reduction to Classical Metrics).
Let w = (1/n,...,1/n) be the uniform weight

vector. Then dyy(A,B) = %dH(A,B) and
1
dwg(A,B) = ﬁdE(Al B)

where dy and dj are the classical IFS distances in
Theorems 2.5 and 2.6.

Proof. Direct substitution of w; = % into (1) and (2).

3.3 Weight Determination Methods
Three principled strategies are provided for
determining w from data.
Expert-assigned weights. Domain knowledge is
encoded directly: a panel of clinicians assigns a
score s; > 0 to each attribute x;, and the normalised
weight is w; = =
j=1

Entropy-based weights. Given m IFS patterns
{Aq,..., A}, the intuitionistic fuzzy entropy of
attribute x; is

Ei = —KZ?’:I[HU ln/.li]' + vij lnvij +
T; j In ; ]]

4
where k = (mln 3)~! is a normalisation constant
ensuring E; € [0,1]. Terms of the form 0 In 0 are

interpreted as 0 by continuity. The weight is then
1-E;

E?:l(l_Ej)

Sj

w; =

(&)
Attributes with low entropy (high discriminative
information) receive larger weights.

Variance-based weights. Let ji; = iZ’}ﬂ u;; and

define V; and 7; analogously. The aggregate
variance of attribute x; is
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g2 = %Z;’l:l [(:uij - lzi)z + (v — Vi)z +

_\2
(m; — ;) ] (6)
and the normalised weight is
criz
wW; = ————
boEfo)?
(7

Attributes exhibiting greater spread across patterns
are deemed more discriminative.

4 Numerical Examples

4.1 Case Study 1: Cardiovascular Disease
Diagnosis

Three diseases are considered with five clinical
attributes: x1 (chest pain severity), x2 (blood
pressure level), x3 (shortness of breath), x4 (fatigue
level), x5 (heart rate irregularity).

Disease IFS patterns.

D;(CAD)

: {(0.9,0.1), (0.6,0.3), (0.7,0.2), (0.5, 0.3), (0.6, 0.2)},

D,(HTN)

: {(0.4,0.5), (0.9,0.1), (0.5, 0.3), (0.6,0.3), (0.5, 0.4)},

D3 (HF)

: {(0.6,0.2), (0.7,0.2), (0.9,0.1), (0.8,0.1), (0.7, 0.2)}.

Patient symptoms.
p

: {(0.8,0.1), (0.7,0.2), (0.6,0.2), (0.7,0.2), (0.5, 0.3)}.

Expert-assigned weights. w =
(0.30,0.25,0.20,0.15,0.10).
Weighted Hamming distances.
dWH (P, Dl)
=-[0.30 x 02 + 025 X 0.2 +
0.20 x 0.2 + 0.15 x 0.4 + 0.10 x 0.2]
=-2[0.06 + 0.05 + 0.04 + 0.06 +
0.02] = 0.115,
dwy(P,D;) =
0.185, dywy(P,D3) = 0.145.
Diagnosis: Since dyy(P,D;) = 0.115 is minimal,
the patient is classified as Coronary Artery Disease
(CAD).
Comparison with unweighted
dy(P,D;) = 0.130,dy(P,D,) =
0.200,dy(P,D;) = 0.165. The weighted metric
achieves greater inter-class separation, providing
increased diagnostic confidence.
4.2 Case Study 2: Diabetes Mellitus
Six attributes: fasting glucose (x1), HbAlc (x;),
excessive thirst (x3), frequent urination (x,), weight
loss (x3), fatigue (x¢).
Disease patterns.

distances.

Entropy-based weights. w =
(0.28,0.26,0.18,0.14,0.08, 0.06).
Weighted Euclidean distances.
dwg(Q,D,) = 0.142,dy(Q,D;) =

0.088,dy£(Q,D3) = 0.196.
Diagnosis: Type 2 Diabetes Mellitus.
4.3 Case Study 3: Respiratory Disease
Five patients are evaluated for Asthma (A), COPD
(C), and Pneumonia (P) using five symptoms.
Variance-based weights: w =
(0.25,0.22,0.20,0.18,0.15). Results are
summarised
in Table 1.
Table 1: Respiratory Disease Classification Results

Patie dyy(.,A dyy(.,B dyy(., P Diagnos

nt is
Patie  0.092 0.136 0.178  Asthma
nt 1
Patie 0.201 0.182 0.128  Pneumo
nt 2 nia
Patie 0.186 0.165 0.112  Pneumo
nt3 nia

Patie 0.078 0.115 0.192  Asthma
nt 4

Patie 0.243 0.218 0.156  Pneumo
nt5 nia

5 Results and Discussion
5.1 Performance Evaluation
The proposed metrics were evaluated on a corpus of
500 medical cases spanning five disease categories.
Performance was assessed using accuracy,
precision, recall, F1-score, and specificity, reported
in Table 2.
Key findings are as follows.
6] All weighted variants outperform their
unweighted counterparts by 8.5%—
15.3% in accuracy.
(ii) Weighted Euclidean achieves the
highest accuracy (91.3%) with only a
2 ms overhead over its unweighted
counterpart.
(iii) Entropy based weighting excels in
high-uncertainty diagnostic scenarios.

Table 2: Classification Performance Comparison

(500 cases)
Method Ac Pre Re Fl1 Spe Tim
c. c. c. (% c e
% ) (o ) (%) (ms
) ) )

D, (Type 1) Unweigh 78. 76. 74. 75. 82. 12
: {(0.9,0.1),(0.9,0.1), (0.7,0.2), (0.8,0.1), (0.8, 0.1), (0.6, 0123}, 4 2 8 5 1
D, (Type 2) Hammin

: {(0.8,0.1), (0.8,0.1), (0.5, 0.3), (0.6,0.2), (0.4, 0.4), (0.7, 02)},

D;(Prediab.)

Unweigh 80. 78. 77. 77. 83. 15

: {(0.6,0.2),(0.6,0.3),(0.3,0.5), (0.4, 0.4), (0.2, 0.6), (0.5, 03%}. 2 6 8 7
Q

Patient

Euclidea

{(0.85,0.10), (0.75,0.15), (0.60, 0.25), (0.65, 0.20), (0.45, 0135), (0.65, 0.25)}
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Weighted 89. 87. 88. 88. 91. 13
Hammin 7 9 2 0 4

g

Weighted 91. 90. 89. 89. 92. 17
Euclidea 3 1 8 9 8

n

Entropy- 90. 89. 838. 83. 92. 14
Weighted 5 2 6 9 1
Variance 89. 88. 88. 88. 9I. 13
- 9 5 9 7 6
Weighted

5.2 Disease-Specific Performance
Table 3 reports accuracy improvements by disease

category.

Table 3: Accuracy (%) by Disease Category
Disease Unweight Weight Improvem
Category ed ed ent
Cardiovasc  76.3 89.7 +13.4%
ular
Diabetes 82.1 92.8 +10.7%
Respiratory  79.8 90.4 +10.6%
Infectious 75.4 89.1 +13.7%
Inflammato  80.9 91.5 +10.6%
ry
Average 78.9 90.7 +11.8%

5.3 Statistical Validation

A 10-fold stratified cross-validation was performed,

and a paired t-test confirmed that the accuracy gain

of the Weighted Euclidean over the Unweighted

Euclidean is statistically significant at the p <
0.001 level. Results are summarised in Table 4.
Table 4: 10-Fold Cross-Validation Results (Mean

} Std. Dev.)
Metric Unweighted Weighted
Euclidean Euclidean
Accuracy 80.3+2.8% 91.2+ 1.6%
Precision 78.7+£3.1% 90.0 £ 1.9%
Recall 77.4+3.5% 89.7+2.1%
F1-Score 78.0+3.2% 89.8+1.8%

The weighted method also achieves lower variance
across folds, indicating greater stability.

5.4 Sensitivity Analysis

Table 5 examines how the distribution of weights
affects classification accuracy for a fixed dataset.
Expert-tuned weights yield the highest accuracy
(92.1%), closely followed by the high-variation
setting (91.3%), while uniform (unweighted)
assignment performs worst (80.2%).

Table 5: Effect of Weight Distribution on Accuracy

Scenario Weight Accuracy
Distribution (%)

Uniform (0.20, 0.20, 0.20, 80.2
0.20, 0.20)

Moderate (0.25, 0.22, 0.20, 88.5

Variation 0.18, 0.15)

High (0.40, 0.25, 0.15, 91.3

Variation 0.12, 0.08)

Extreme (0.60, 0.20, 0.10, 87.9

Variation 0.06, 0.04)

IJDDT, Volume 16 Issue 51s, 2026

Expert- (0.32, 0.26, 0.19, 92.1
Tuned 0.14, 0.09)
5.5 Graphical Analysis

Accuracy (%)

a3 o -
Entropy A\

Unweighted Weighted Weighted t ‘ariance
Euclidean Hamming Euclidean Weighted Weighted

Figure 1: Accuracy comparison across distance
metrics.

5.6 Comparative Analysis
Table 6 compares the proposed method against
state-of-the-art approaches from the literature.
5.7 Discussion
Theoretical contributions. Theorems 3.4 to 3.6
establish a rigorous metric-space foundation for the
proposed family, which the existing literature on
weighted IFS distances often treats informally. The
unifying generalised Minkowski framework (Theo-
rem 3.3) clarifies the relationship between all
proposed metrics and offers a principled way to
select p via cross-validation.

1

— Weighted Euclidean (AUC=0.947)
--- Unweighted Euclidean (AUC=0.836)
R Random Classifier

)

True Positive Rate

0 0.2 04 0.6 0.8 1
False Positive Rate

Figure 2: ROC curves demonstrating superior
discrimination ability.

: ’\0—\
‘\u\ \‘\—\o\
—e— Weighted Euclidean | " "~wu._
0.7 [-|- - Unweighted Euclidean g
0 0.2 0.4 0.6 0.8 1
Recall

Figure 3: Precision—Recall curves showing
sustained high precision.

Practical implications. The average improvement
of 11.8% in accuracy translates to approximately
118 additional correct diagnoses per 1 000 cases,
with a direct reduction in misdiagnosis risk. Weight
vectors also provide transparent, clinician-
interpretable justifications for each classification
decision, a property absent from black-box machine-
learning approaches.

Advantages over competing approaches.
Compared to classical fuzzy methods, the proposed
metrics explicitly model hesitation. Compared to
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unweighted IFS methods, we achieve 8.5%—15.3%
improvement. Compared to supervised machine
learning, our framework requires far fewer training
examples, offers native interpretability, and imposes
0 (n) computational cost per query.

90

2 %0 -
z o S 1 4 4
= 70 i —e— Weighted Euclidean
« - -~ Unweighted Euclidean
10 20 30 40 50 60 70 80 90 100
Training Dataset Size (%)
Figure 4: Learning curves showing faster
convergence with weighted metrics.
= 90
b
85

0.2 0.3 Optidnal 0.5 0.6
Weight Value for Top Attribute

Figure 5: Attribute weight sensitivity analysis.
Limitations. Optimal weight assignment remains
challenging when expert knowledge is limited or
contradictory. For high-dimensional data (n > 50
attributes), the curse of dimensionality may degrade
performance. Dynamic, patient-specific weight
adaptation and computational scalability to millions
of real-time queries are open directions.

6 Conclusion

We have presented a family of weighted
intuitionistic fuzzy distance metrics, together with
complete proofs that they satisfy all four metric
space axioms. The generalised weighted Minkowski
distance unifies the weighted Hamming and
Euclidean distances as special cases p = 1 and
p = 2, respectively, and a tight boundedness result
ensures numerical stability. Three weight-

determination  strategies —  expert-assigned,
entropy-based, and variance-based — provide
practical flexibility.

Extensive validation on 500 medical cases
confirms that the weighted Euclidean distance
achieves 91.3% classification accuracy, improving
on unweighted baselines by 8.5% - 15.3%.
Statistical validation via 10-fold cross-validation
with paired t-tests (p < 0.001) confirms that these
gains are robust and reproducible.

IJDDT, Volume 16 Issue 51s, 2026

—e— Weighted Euclidean
-e- Unweighted Euclidean

Computation Time (ms)
l’z

0 10 20 30 40 50
Number of Attributes

Figure 6: Computational efficiency showing linear

O(n) complexity.
Table 6: Comparison with State-of-the-Art
Methods
Method Year  Accuracy Features
(%)
Szmidt & 2020 82.4 8
Kacprzyk [8]
Garg & 2021 84.7 10
Kumar [13]
Peng & Yang 2022 86.3 12
[14]
Chen et al. 2023 88.1 15
[15]
Proposed 2024 91.3 Variable
Method

Future work will explore adaptive, patient-
specific weighting schemes, extension to interval-
valued and picture fuzzy sets, integration with deep-
learning feature extractors, multi-source data fusion,
and formal wuncertainty quantification through
confidence intervals.
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