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ABSTRACT 
Objective: This paper undertakes an analytical study of the shadow of the Schwarzschild black hole. 
Method: In order to accomplish this objective, it is necessary to emphasize the definition of a black hole, its primary 
characteristics, and its significance in the field of cosmology. In this case, the shadow of an object is defined as the shape 
that the object possesses in space, as perceived by an observer when considering solely the properties of spacetime. 
Results: The analytical solution is derived using the Hamilton-Jacobi equation, the method of separation of variables, 
and the introduction of a Carter-type conserved quantity. 
Conclusions: The determination of constant-radius orbits is achieved through the utilization of impact parameters and 
celestial coordinates. 
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1 INTRODUCTION 
A black hole is a finite region of space-time connected 
to an enormous density of matter, which generates a 
very intense gravitational field; beyond a certain limit, 
there is no possibility for any type of matter to escape 
its pull. Its existence as such was described by Karl 
Schwarzschild's solution to Einstein's equations in his 
theory of general relativity. 

The analysis of the shadow of black holes is of great 
importance in the cosmological field; its observation 
allows to determine the mass and spin of a black hole 
[1,2]. In 1993, Cunningham and Bardeen made use, for 
the first time, of the visual analysis of black holes to 
study the movement of a star around a black hole [3]. 
However, the first work of visual analysis of a black 
hole made by computer was carried out by Luminet in 
1979 [4], as shown in Figure 1. 

In 2019, using the Event Horizon Telescope, the first 
image of the supermassive black hole at the center of 
the galaxy Messier 87 (M87) located in the 
constellation of Virgo was obtained [5,6,7,8,9,10], as 
shown in Figure 2. This black hole is approximately 6.5 
billion times more massive than our Sun and is located 
at a distance of 55 million light-years from Earth. This 
first image constitutes an important milestone in 
cosmology, on the one hand, it shows us evidence of the 

existence of black holes, and on the other hand, it 
allows us to understand the shadow of a black hole. 
These results reveal a fine structure near the black hole 
horizon. 

The shadow of a black hole is a two-dimensional dark 
region relative to an observer's sky and is caused by 
light rays falling on the event horizon due to the black 
hole's intense gravity. The shadow of a black hole was 
first studied in 1966 by Synge [11]. In general, the 
shadow cast by a non-rotating black hole has the 
standard circular shape, while a rotating black hole has 
a deformed circular shadow, elongated in the direction 
of the spin axis [12,13]. 

A black hole is described by its mass, angular 
momentum, and electric charge. In the case of 
supermassive black holes, their gravitational field is 
basically described by their mass and angular 
momentum since they are usually electrically neutral. 
The shadow of a black hole appears as a dark region 
surrounded by a sphere of photons [15] that is 
concentric with the gravitational object. The intensity of 
the black hole's gravitational field deflects light rays. If 
we project a ray of light towards a black hole, it bends, 
leaning towards the black hole and forming part of the 
spherical surface above the event horizon. 
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2 EINSTEIN'S FIELD EQUATIONS 

 
Figure 1: Simulated image of a black hole surrounded by a thin accretion disk [14]. 

 
Figure 2: First image of a black hole located at the center of the galaxy M87. The accretion disk can be seen as a 

luminous region surrounding the black hole [14]. 

Einstein's field equations provide a mathematical 
description of the theory of general relativity; that is, 
they relate the presence of matter to the curvature of 
space-time. 

Einstein's field equations can be derived from the 
Lagrangian formalism, which is based on the principle 
of least action. Using variational calculus, the action is 
related to the gravitational field; it is also known that 
for the minimum, the action must be stationary. This 
proposition is represented by the equation (eq. 1): 

𝛿𝑆 = 0.         (1) 

The action for general relativity was formulated by 
Hilbert in 1915 and is called the Einstein-Hilbert action, 
which is given by equation (2) [16]: 

𝑆! =
"
#$ ∫ 𝐿% (𝑔&'*+−𝑔 𝑑(𝑑𝑥,					(2) 

where 𝑀 is the spacetime completely covered by the 
integral; 𝑔)' is the metric tensor with determinant 𝑔; 

and 𝑘 is a constant chosen so that the weak field limit 
reproduces Newtonian gravity. 

Proposing a Lagrangian density defined as: 

𝐿(𝑔&'* = 𝑅,						(3) 

where 𝑅 is the Ricci scalar. Therefore, the action is 
given by: 

𝑆! =
"
#$ ∫ (𝑅&'𝑔&'+−𝑔*%  𝑑(𝑥.							(4) 

Considering the variation of the action with respect to 
the metric, equation (4) results in: 

𝛿𝑆! =
"
#$ ∫ 5𝛿(𝑅&'*𝑔&'+−𝑔 +%

𝑅&'𝛿(𝑔&'+−𝑔*7 𝑑(𝑥.										(5) 

Taking into account the following relationships: 

𝛿+−𝑔 = − "
#+−𝑔𝑔&'𝛿𝑔

&'									(6) 

∫ 𝛿% (𝑅&'*𝑔&'+−𝑔 𝑑(𝑥 = 0.       (7) 
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Replacing equations (6) and (7) in (5), we obtain: 

𝛿𝑆! =
"
#$
∫ 8𝑅&' −

"
#
𝑅𝑔&'9+−𝑔𝛿𝑔&'  𝑑(𝑥.         (8) 

This integral is zero for any variation 𝛿𝑔&'. This 
indicates that the integrand is zero, therefore it follows 
that [17] 

𝑅&' −
"
#
𝑔&'𝑅 = 0.        (9) 

These are Einstein's equations in a vacuum. For a space-
time with the presence of matter or energy, Einstein's 
equations take the following form [18] 

𝑅&' −
"
#
𝑔&'𝑅 = 8𝜋𝐺𝑇&' ,       (10) 

where 𝑇&' is the energy-momentum tensor. 

3 SCHWARZSCHILD METRIC 
The first exact solution to Einstein's field equations was 
obtained by Karl [19]. Schwarzschild shortly after 
Einstein published his General Theory of Relativity 
(GTR) [20]. This solution is for a static system, 
endowed with spherical symmetry and in vacuum, and 
presents an irremovable singularity known as the 
Schwarzschild black hole. 

The Schwarzschild metric is obtained by solving the 
Einstein field equations, in coordinates(𝑟, 𝜃, 𝜙, 𝑡), Its 
most common expression is: 

𝑑𝑠# = 81 − #*
+
9𝑑𝑡# − ,+!

"-!"#
− 𝑟#(𝑑𝜃# + sin#𝜃 𝑑𝜙#).       

(11) 

where 𝑚 is a constant that is related to the mass of the 
body that generates the gravitational field. 

The Schwarzschild metric is the simplest black hole 
solution to Einstein's equation. Equation (11) exhibits 
singularities at 𝑟 = 0 and 𝑟 = 2𝑚; However, if the 
components of the Riemann tensor are calculated, it is 
found that for 𝑟 = 0 they are not well defined, while for 
𝑟 = 2𝑚 they are. 

This indicates that the singularity associated with the 
value 𝑟 = 2𝑚 is fictitious, called a removable 
singularity, while for the value 𝑟 = 0 it is an essential 
singularity. Choosing appropriate coordinates can make 
the singularity disappear at 𝑟 = 2𝑚. However, in the 
definition of the coordinates we chose, the singularity 
corresponds to the event horizon. That is: 

𝑟horizon = 2𝑚. 

It is also observed that at the limit 𝑟 → ∞, Equation (11) 
reduces to the Minkowski metric in spherical 
coordinates, so the Schwarzschild metric is an 
asymptotically flat solution. 

4 CELESTIAL COORDINATES 
Light rays are bent by the black hole's gravitational 
field. The path of interest is the one that allows the light 
to escape and reach Earth. The most appropriate way to 
represent a distant observer is through celestial 

coordinates. The shadow of the black hole is described 
by the graph relating these coordinates. 

The use of celestial coordinates requires that the metric 
be asymptotically flat, so that a very distant observer 
can consider a Euclidean reference system with 
coordinates (𝑥, 𝑦, 𝑧), where the axis of rotation is along 
the z-axis, and the observer is located at the point 
(𝑟., 𝜃., 0)	with 𝑟. → ∞. The trajectory of a light ray, 
relative to the observer, can be described by the 
parametric curve 𝑥(𝑟), 𝑦(𝑟), 𝑧(𝑟) where 𝑟# 	= 	 𝑥# 	+
	𝑦# 	+	𝑧#. With respect to the observer, the tangent 
vector 𝑇O⃗  to the parametric curve is given by [21] 

𝑇O⃗ = 	8,/
,+
9Q
+$
𝑥R + 8,0

,+
9Q
+$
𝑦R + 8,1

,+
9Q
+$
𝑧̂			           (12) 

The line containing the tangent vector cuts the plane at 
the point(𝛼2 , 𝛽2) as shown in Figure 3. 

The point (𝛼2 , 𝛽2) on the plane it is 
(−𝛽2 	𝑐𝑜𝑠	𝜃3, 𝛼2 , 𝛽2 	𝑠𝑖𝑛	𝜃3), making the transformation 
to spherical coordinates (𝑟, 𝜃, 𝜙), It is shown in Figure 
3 [22] 

 
Figure 3: The angles 𝛼 and 𝛽 and the celestial 
coordinates describe the shadow of the black hole [21]. 

𝛼2 = −𝑟3#𝑠𝑒𝑛𝜃3 	
,4
,+
Q
+$

          (13) 

𝛽2 = 𝑟3#
,5
,+
	Q
+$

                         (14) 

5 SHADOW OF THE SCHWARZSCHILD 
BLACK HOLE 

The shadow of the Schwarzschild black hole is 
determined by the Hamilton-Jacobi formalism. 

The Lagrangian is given by [23] 

𝐿(𝑥& , 𝑥̇&) = "
#
𝑔&'𝑥̇&𝑥̇' , 𝜇, 𝜈 ∈ {0,1,2,3} =

{𝑡, 𝑟, 𝜃, 𝜙},                     (15) 

where 𝑔&' is the metric tensor and 𝑥̇& = ,/%

,6
, where 𝜆 is 

the affine parameter [24] 

The Hamiltonian𝐻(𝑥& , 𝑝&* is defined by [25] 

𝐻(𝑥& , 𝑝&* = 𝑥̇&𝑝& − 𝐿(𝑥& , 𝑥̇&),          (16) 

where 𝑝& is given by: 

𝑝7 =
89
8/̇&

= 𝑔7&𝑥̇& .                            (17) 
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Replacing (15) in (16), we obtain: 

𝐻(𝑥& , 𝑝&* =
"
#
𝑔&'𝑝&𝑝' .                  (18) 

Because 𝐻(𝑥& , 𝑝&* is a constant of movement, it is 
possible to do the normalization: 

𝐻(𝑥& , 𝑝&* = −𝑚#, where 𝑚 is the mass of the particle 
at rest. 

The Hamilton-Jacobi equation has the form: 

𝐻(𝑥& , 𝑝&* =
"
#
𝑔&' 8;

8/%
8;
8/'

= −𝑚#, 𝑝& =
8;
8/%

,                     
(19) 

where S is the principal Hamiltonian function, also 
called the action. 

Using equation (19), we obtain: 

"
#
f𝑔<< 88;

8<
9
#
+ 𝑔++ 88;

8+
9
#
+ g== 88;

85
9
#
+ g>> 	88;

84
9
#
h =

−𝑚#.                   (20) 

Since this is the Schwarzschild metric, being spherically 
symmetric and static, any particle within this space-time 
presents a conservation of its energy 𝐸 and its angular 
momentum 𝐿. To solve the Hamilton-Jacobi equation 
given by equation (21), the method of separation of 
variables is used, for which a principal Hamiltonian 
function of the form is proposed 

𝑆(𝑥&) = −𝐸𝑡 + 𝐿𝜙 + 𝑆+(𝑟) + 𝑆5𝜃(𝜃𝜃) +
"
#
𝑚#𝜆.                  

(21) 

Since our interest is to analyze the shadow of the 
Schwarzschild black hole, that is, we are interested in 
the trajectory of the light particles or photons. 
Therefore, 𝑚 = 0 is considered in the above equations. 
Replacing equation (22) in equation (21), we obtain 

j− "

"-!(#
k𝐸# + 81 − #%

+
9 8,;#

,+
9
#
+ "

+!
8,;)
,5
9
#
+

9!

+!?@A!5
= 0.           (22) 

By separating the radial and angular variables, we 
deduce: 

j− +!

"-!(#
k𝐸# + 𝑟# 81 − #%

+
9 8,;#

,+
9
#
= 𝐶,             (23) 

8,;)
,5
9
#
+ 9!

?BA!5
= 𝐶,      (24) 

where 𝐶 is Carter's constant [26]. 

In order to reduce the number of variables determining 
the trajectory of photons in the vicinity of the 

Schwarzschild black hole, we define the following 
variables called impact variables: 

𝛾 = 9
C
, 𝜎 = D

C!
, 𝜆‾ = 𝐸𝜆.           (25) 

On the other hand, the above equations can be written in 
terms of  ,+

,6
 and  ,5

,6
 and in terms of the impact 

parameters, obtaining: 
,<
,6
= − E

"-!(#
,             (26) 

𝑟# ,+
,6
= √𝑅,               (27) 

𝑟# ,5
,6
= √𝛩,                 (28) 

,4
,6
= E

+!?BA!5
.              (29) 

As the orbits have constant radii, they lead to 
considering critical values in the impact parameters, 
which leads to considering 𝑅 = 0 and  ,F

,+
= 0, getting: 

2𝑟G − 𝑟𝜎 +𝑀𝜎 = 0,           (30) 

𝑟G − 𝑟𝜎 + 2𝑀𝜎 = 0.        (31) 

Solving equations (33) and (34), we obtain: 

𝑟 = 3𝑀,                            (32) 

Replacing equation (35) in equations (33) or (34), we 
obtain: 

𝜎 = 27𝑀#.                      (33) 

Using celestial coordinates, which are defined by: 

𝛼 = −𝑟.#sin𝜃.
,4
,+
|+*→I,                   (34) 

𝛽 = 𝑟.#
,5
,+
|+*→I,                      (35) 

Replacing in equations (37) and (38) the relations ,5
,6

 

and  ,4
,6

 corresponding to the trajectories of the photons 
or geodesics, we obtain: 

𝛼 = − E
?BA5

,                        (36) 

𝛽 = t𝜎 − E!

?BA!5
.                   (37) 

Eliminating the γ term from equations (39) and (40), the 
following relationship is found: 

𝛼# + 𝛽# = 27𝑀#.             (38) 

Equation (41) represents the expression for the 
Schwarzschild black hole shadow, which can be 
graphed for different values of M, as shown in Figure 4. 
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Figure 4: Shadow of the Schwarzschild black hole. M = 0.5 in figure (a) and M = 1 in figure (b). 

From equation (41), we can notice that the shadow of 
the black hole is proportional to its mass and is 
represented, in space 𝛼 − 𝛽, by a circle of radius 
√27𝑀. 

6 CONCLUSIONS 
The shadow of the Schwarzschild black hole has been 
studied by the motion of a test particle and the null 
geodesic equations have been derived by applying the 
Hamilton-Jacobi equation and the method of separation 
of variables. 

The Hamilton-Jacobi equations have been shown to be 
separable, and it has therefore been possible to 
determine the silhouette of the Schwarzschild black 
hole's shadow. 

Our result indicates that the shadow of the 
Schwarzschild black hole is circular, with a radius of 
√27𝑀. Thus, the shadow's size increases with its mass. 

Because the Schwarzschild metric is spherically 
symmetric, any test particle within this spacetime has its 
energy and angular momentum conserved. Also because 
of this symmetry, it follows from equation (41) that the 
shadow of the Schwarzschild black hole is independent 
of the observation angle. 
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