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  Introduction  

 The concept of complementary triple 
connected total dominating set (CTCTD- set) was 
introduced by Dr. G. Mahadevan as an enhancement 
of classical domination concepts in graph theory, 
blending structural connectivity with domination 
properties. A Dominating set 𝑆 ⊆ 𝑉 of a graph 𝐺 is 
said to be Complementary triple connected total 
dominating set (CTCTD-set) if 〈𝑆〉 has no isolated 
vertices and 〈𝑉 − 𝑆〉  is triple connected, that is, it 
remains connected after the removal of any two 
vertices. The complementary triple connected total 

dominating number, denoted by CTCTD(G), is 
defined as the minimum cardinality of such a set S in 
G This paper investigates the CTCTD-number for 
Cartesian product graphs formed from paths and 
cycles.The Cartesian product of graphs 𝐺 and 𝐻 is 
the graph with vertex set 𝑉(𝐺) × 𝑉(𝐻)  where 
(𝑔ଵ, ℎଵ)  is adjacent to (𝑔ଶ, ℎଶ)  iff either 𝑔ଵ = 𝑔ଶ 
and ℎଵℎଶ ∈ (𝐻), or ℎଵ = ℎଶ and 𝑔ଵ𝑔ଶ ∈ 𝐸(𝐺). The 
study examines how the structure of these graph 
products influences their CTCTD-numbers and 
contributes to a deeper understanding of domination 
in such graphs. 

 
1   Complementary Triple connected Total Domination Number of Cartesion Product of Path 
 
Here, the exact CTCTD - number is calculated for all considered Cartesian Product of Paths, rather than 

giving only their bounds.  

 

Definition 1.1  
A Dominating set 𝑆 ⊆ 𝑉  of a graph 𝐺  is said to be Complementary triple connected total dominating set 
(CTCTD-set) if 〈𝑆〉 has no isolated vertices and 〈𝑉 − 𝑆〉 is triple connected  

  
Theorem 1.1 If  𝑥 ≡ 0 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  
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 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) =

⎩
⎪
⎨

⎪
⎧ቀ

௬

ଶ
ቁ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Proof :  
        Let 𝑉(𝑃௫ × 𝑃௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥 ; 1 ≤ 𝑛 ≤ 𝑦}, and let  

𝐸(𝑃௫ × 𝑃௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1;  1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                            𝑥 ;   1 ≤ 𝑛 ≤ 𝑦 − 1}.  
Let 𝐴ଵ = {𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6); 
           𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} ∪ {𝑢௫௡ ∶  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)}. 
        𝐴ଶ = {𝑢௠(௡ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
        𝐴ଷ = {𝑢௠(௡ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
Assume  

𝐴 = ൞

𝐴ଵ  𝑖𝑓 𝑦 ≡ 0 𝑜𝑟 2 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଷ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)
 

Then 𝐴 is a CTCTD-set of 𝑃௫ × 𝑃௬  and hence  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) ≤ |𝐴| =

⎩
⎪
⎨

⎪
⎧ቀ

௬

ଶ
ቁ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Let 𝐴′ be a CTCTD-set of 𝑃௫ × 𝑃௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎨

⎪
⎧ቀ

௬

ଶ
ቁ ቀ

ଶ௫

ଷ
+ 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ

ଶ௫

ଷ
+ 1ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ

ଶ௫

ଷ
+ 1ቁ − 1  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

we have  |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎨

⎪
⎧ቀ

௬

ଶ
ቁ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ

ଶ௫

ଷ
+ 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Hence the result follows.  
Example 1.1   

 
   

Figure  1: (𝑎) 𝑃଺ × 𝑃  , (𝑏) 𝑃଺ × 𝑃ଵଵ  
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  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 1 (a), 𝛾஼்஼்஽   (𝑃଺ × 𝑃 )=2 ቀ
଼

ସ
ቁ ቀ4 ቀ

଺

଺
ቁ + 1ቁ =20.  

In Figure 1 (b), 𝛾஼்஼்஽  (𝑃଺ × 𝑃ଵଵ)=2⌈
ଵଵ

ସ
⌉ ቀ4 ቀ

଺

଺
ቁ + 1ቁ =30.    

 
Theorem 1.2 If  𝑥 ≡ 1 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Proof : 
       Let 𝑉(𝑃௫ × 𝑃௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥 ; 1 ≤ 𝑛 ≤ 𝑦}, and let  

𝐸(𝑃௫ × 𝑃௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤ 𝑥 ; 
                       1 ≤ 𝑛 ≤ 𝑦 − 1}.  
Let 𝐴ଵ = {𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡

                                                   1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4); 1 ≤ 𝑥 ≤ 𝑥 − 1} ∪
                                                   {𝑢௫௡ , 𝑢(௫ିଵ)௡ ∶  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)}. 

              𝐴ଶ = {𝑢௠(௡ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
              𝐴ଷ = {𝑢௠(௡ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
Assume  

 𝐴 = ൞

𝐴ଵ  𝑖𝑓 𝑦 ≡ 0 𝑜𝑟 2 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଷ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)
 

Then 𝐴 is a CTCTD-set of 𝑃௫ × 𝑃௬  and hence  

 𝛾஼்஼்஽  (𝑃௫ × 𝑃௬) ≤ |𝐴| =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Let 𝐴′ be a CTCTD-set of 𝑃௫ × 𝑃௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ − 1  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Hence the result follows.  
  
  
Example 1.2   
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Figure  2: (𝑎) 𝑃଻ × 𝑃ଽ , (𝑏) 𝑃଻ × 𝑃ଵଵ 
    
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 2 (a), 𝛾஼்஼்஽(𝑃଻ × 𝑃ଵ଴)=ቀ2⌊
ଵ଴

ସ
⌋ + 1ቁ ൬2 ቀ⌈

଻

଺
⌉ + ⌊

଻

଺
⌋ቁ൰ =30.  

In Figure 2 (b),𝛾஼்஼்஽(𝑃଻ × 𝑃ଵଵ)=4⌈
ଵଵ

ସ
⌉ ቀ⌈

଻

଺
⌉ + ⌊

଻

଺
⌋ቁ =36.    

 
 
 
  

Theorem 1.3 If  𝑥 ≡ 2 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Proof : 
Let 𝑉(𝑃௫ × 𝑃௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥 ; 1 ≤ 𝑛 ≤ 𝑦}, and let  

𝐸(𝑃௫ × 𝑃௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤ 𝑥; 
                        1 ≤ 𝑛 ≤ 𝑦 − 1}.  

Let 𝐴ଵ = {𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6), 𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} 
    𝐴ଶ = {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6), 𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4),1 ≤ 𝑥 ≤ 𝑥 − 3}   
      𝐴ଷ = {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6), 𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} 
       𝐴ସ = {𝑢(௫ିଶ)௡, 𝑢(௫ିଵ)௡ , 𝑢௫௡ ∶  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)}. 
       𝐴ହ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
       𝐴଺ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
       𝐴଻ = {𝑢௠௬ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
       𝐴଼ = {𝑢௠௬ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
Assume  

 𝐴 =

⎩
⎪
⎨

⎪
⎧

𝐴ଵ ∪   𝐴ଶ ∪   𝐴ସ  𝑖𝑓 𝑦 ≡ 0  (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ ∪   𝐴ସ ∪   𝐴ହ − 𝐴଻  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଷ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)
𝐴ଵ ∪   𝐴ଷ ∪   𝐴଺ ∪   𝐴ହ − 𝐴଼  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Then 𝐴 is a CTCTD-set of 𝑃௫ × 𝑃௬  and hence  
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 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) ≤ |𝐴| =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Let 𝐴′ be a CTCTD-set of 𝑃௫ × 𝑃௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
+ ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ − 1  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Hence the result follows.   
  

Example 1.3    

 
   

Figure  3: (𝑎) 𝑃 × 𝑃ଵ଴ , (𝑏) 𝑃 × 𝑃ଵଵ     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 3 (a), 𝛾஼்஼்஽   (𝑃 × 𝑃ଵ଴)=ቀ2⌊
ଵ଴

ସ
⌋ + 1ቁ ൬2 ቀ⌈

଼

଺
⌉ + ⌊

଼

଺
⌋ቁ൰ =30.  

In Figure 3 (b), 𝛾஼்஼்஽ (𝑃 × 𝑃ଵଵ)=4⌈
௬

ସ
⌉ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ =36.    

  
Theorem 1.4 If  𝑥 ≡ 3 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  
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 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬ቀ2⌈

௫

଺
⌉ + 1ቁ + 2⌊

௫

଺
⌋൰  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 
Proof : 

Let 𝑉(𝑃௫ × 𝑃௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥;  1 ≤ 𝑛 ≤ 𝑦}, and let  
𝐸(𝑃௫ × 𝑃௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                            𝑥 ; 1 ≤ 𝑛 ≤ 𝑦 − 1}.  
Let 𝐴ଵ = {𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} 

   𝐴ଶ = {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4); 1 ≤ 𝑥 ≤ 𝑥 − 4} 
            𝐴ଷ = {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} 

     𝐴ସ = {𝑢(௫ିଷ)௡ , 𝑢(௫ିଶ)௡, 𝑢(௫ିଵ)௡, 𝑢௫௡ ∶  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)}. 
     𝐴ହ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
     𝐴଺ = {𝑢௫௬ ∶  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}. 
     𝐴଻ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
Assume  

 𝐴 =

⎩
⎪
⎨

⎪
⎧

𝐴ଵ ∪   𝐴ଶ ∪   𝐴ସ  𝑖𝑓 𝑦 ≡ 0  (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ ∪   𝐴ସ ∪   𝐴ହ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଷ ∪   𝐴଺  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)
𝐴ଵ ∪   𝐴ଷ ∪   𝐴଺ ∪   𝐴଻  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Then 𝐴 is a CTCTD-set of 𝑃௫ × 𝑃௬  and hence  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) ≤ |𝐴| =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬ቀ2⌈

௫

଺
⌉ + 1ቁ + 2⌊

௫

଺
⌋൰  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Let 𝐴′ be a CTCTD-set of 𝑃௫ × 𝑃௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬ቀ2⌈

௫

଺
⌉ + 1ቁ + 2⌊

௫

଺
⌋൰ − 1  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎨

⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬ቀ2⌈

௫

଺
⌉ + 1ቁ + 2⌊

௫

଺
⌋൰  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Hence the result follows.  
 
 
 

  
  

Example 1.4    
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Figure  4: (𝑎) 𝑃ଽ × 𝑃ଵ଴ , (𝑏) 𝑃ଽ × 𝑃ଵଶ 
     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 4 (a), 𝛾஼்஼்஽ (𝑃ଽ × 𝑃ଵ଴)=ቀ2⌊
ଵ଴

ସ
⌋ + 1ቁ ൬ቀ2⌈

ଽ

଺
⌉ + 1ቁ + 2⌊

ଽ

଺
⌋൰ =35.  

In Figure 4 (b), 𝛾஼்஼்஽ (𝑃ଽ × 𝑃ଵଶ)=12 ቀ⌈
ଽ

଺
⌉ + ⌊

ଽ

଺
⌋ + 1ቁ =48.    

 
Theorem 1.5 If  𝑥 ≡ 4 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) =

⎩
⎪
⎨

⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Proof : 
Let 𝑉(𝑃௫ × 𝑃௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥 ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
        𝐸(𝑃௫ × 𝑃௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1;  1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                         𝑥;  1 ≤ 𝑛 ≤ 𝑦 − 1}.  
Let   
𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡

                           1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} ∪ {𝑢(௫ିଵ)௡ ∶  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} −

                           {𝑢(௫ିଶ)௡ ∶  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 
𝐴ଶ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
𝐴ଷ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
𝐴ସ = {𝑢(௫ିଵ)௡ , 𝑢(௫ିଶ)௡}. 
𝐴ହ = {𝑢(௫ିଵ)(𝑦 − 1)}. 
𝐴଺ = {𝑢௫(௬ିଵ), 𝑢(௫ିଵ)(௬ିଵ)}. 
Assume  

 𝐴 =

⎩
⎪
⎨

⎪
⎧

𝐴ଵ  𝑖𝑓 𝑦 ≡ 0  (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ସ − 𝐴଺  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)
𝐴ଵ ∪   𝐴ଷ ∪   𝐴ହ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Then 𝐴 is a CTCTD-set of 𝑃௫ × 𝑃௬  and hence  
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 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) ≤ |𝐴| =

⎩
⎪
⎨

⎪
⎧2 ቀ

௬

ସ
ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Let 𝐴′ be a CTCTD-set of 𝑃௫ × 𝑃௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎨

⎪
⎧2 ቀ

௬

ସ
ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎨

⎪
⎧2 ቀ

௬

ସ
ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Hence the result follows.  
  

Example 1.5    

 
   

Figure  5: (𝑎) 𝑃ଵ଴ × 𝑃ଵଶ , (𝑏) 𝑃ଵ଴ × 𝑃ଵଷ 
     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 5 (a), 𝛾஼்஼்஽(𝑃ଵ଴ × 𝑃ଵଶ)=2 ቀ
ଵଶ

ସ
ቁ ቀ2 ቀ⌈

ଵ଴

଺
⌉ + ⌊

ଵ଴

଺
⌋ቁ + 1ቁ =42.  

In Figure 5 (b), 𝛾஼்஼்஽ (𝑃ଵ଴ × 𝑃ଵଷ)=ቀ2⌊
ଵଷ

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

ଵ଴

଺
⌉ + ⌊

ଵ଴

଺
⌋ቁ + 1ቁ =49.     

 
Theorem 1.6 If  𝑥 ≡ 5 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) =

⎩
⎪
⎨

⎪
⎧

2𝑦⌈
௫

଺
⌉  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

8⌈
௫

଺
⌉⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Proof: 
 Let 𝑉(𝑃௫ × 𝑃௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥 ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
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𝐸(𝑃௫ × 𝑃௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                          𝑥;  1 ≤ 𝑛 ≤ 𝑦 − 1}.  
 Let 𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡
                                                  1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 

             𝐴ଶ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
             𝐴ଷ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
Assume  

 𝐴 = ൞

𝐴ଵ  𝑖𝑓 𝑦 ≡ 0 𝑜𝑟 2 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଷ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)
 

Then 𝐴 is a CTCTD-set of 𝑃௫ × 𝑃௬  and hence  

 𝛾஼்஼்஽(𝑃௫ × 𝑃௬) ≤ |𝐴| =

⎩
⎪
⎨

⎪
⎧

2𝑦⌈
௫

଺
⌉  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

8⌈
௫

଺
⌉⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Let 𝐴′ be a CTCTD-set of 𝑃௫ × 𝑃௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎨

⎪
⎧

2𝑦⌈
௫

଺
⌉ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

8⌈
௫

଺
⌉⌈

௬

ସ
⌉ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ − 1  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎨

⎪
⎧

2𝑦⌈
௫

଺
⌉  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

8⌈
௫

଺
⌉⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Hence the result follows. 
Example 1.6    

 
   

Figure  6: (𝑎) 𝑃ହ × 𝑃ଽ , (𝑏) 𝑃ହ × 𝑃ଵଵ 
     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 6 (a), 𝛾஼்஼்஽(𝑃ହ × 𝑃ଽ)=4⌈
ହ

଺
⌉ ቀ2⌊

ଽ

ସ
⌋ + 1ቁ =20.  

In Figure 6 (b), 𝛾஼்஼்஽(𝑃ହ × 𝑃ଵଵ)=8⌈
ହ

଺
⌉⌈

ଵଵ

ସ
⌉ =24.    

 
2   Complementary Triple connected Total Domination Number of Cartesion Product of Cycle 
  

Theorem 2.1 If  𝑥 ≡ 0 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  
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 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ

௫

ଷ
ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ2⌊

௬

ସ
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

௫

ଷ
ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

 
Proof : 
Let 𝑉(𝐶௫ × 𝐶௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥  ; 1 ≤ 𝑛 ≤ 𝑦}, and let  

𝐸(𝐶௫ × 𝐶௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1  ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                              𝑥  ; 1 ≤ 𝑛 ≤ 𝑦 − 1} ∪ {𝑢ଵ௡𝑢௫௡: 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠ଵ𝑢௠௬: 1 ≤ 𝑚 ≤ 𝑥}.  
Let 𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡

                                                     4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 
              𝐴ଶ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6)}. 
              𝐴ଷ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)}. 
Assume  

 𝐴 = ൝
𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)
𝐴ଵ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Then 𝐴 is a CTCTD-set of 𝐶௫ × 𝐶௬ and hence  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) ≤ |𝐴| =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ

௫

ଷ
ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ2⌊

௬

ସ
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

௫

ଷ
ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Let 𝐴′ be a CTCTD-set of 𝐶௫ × 𝐶௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ

௫

ଷ
ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ − 2  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ2⌊

௬

ସ
⌋ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

௫

ଷ
ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ

௫

ଷ
ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ଶ௫

ଷ
ቀ2⌊

௬

ସ
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

௫

ଷ
ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Hence the result follows.  
  
  

Example 2.1    
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Figure  7: (𝑎) 𝐶଺ × 𝐶ଽ , (𝑏) 𝐶଺ × 𝐶ଵ଴ 
     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 7 (a),𝛾஼்஼்஽(𝐶଺ × 𝐶ଽ)=4 ቀ
଺

଺
ቁ ቀ⌈

ଽ

ସ
⌉ + ⌊

ଽ

ସ
⌋ቁ − 1 =19.  

In Figure 7 (b),𝛾஼்஼்஽   (𝐶଺ × 𝐶ଵ଴)=4 ቀ
଺

଺
ቁ ቀ2⌊

ଵ଴

ସ
⌋ + 1ቁ =20.    

Theorem 2.2 If  𝑥 ≡ 1 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ4⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4 ቀ⌊
௫

଺
⌋ቁ ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ4⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2 ቀ⌊
௫

଺
⌋ቁ ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Proof: 
Let 𝑉(𝐶௫ × 𝐶௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥  ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
       𝐸(𝐶௫ × 𝐶௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                         𝑥  ; 1 ≤ 𝑛 ≤ 𝑦 − 1} ∪ {𝑢ଵ௡𝑢௫௡: 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠ଵ𝑢௠௬: 1 ≤ 𝑚 ≤ 𝑥}.  
Let 𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 
       𝐴ଶ = {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4); 1 ≤ 𝑚 ≤ 𝑥 − 1}. 
       𝐴ଷ = {𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4); 1 ≤ 𝑚 ≤ 𝑥 − 1; 1 ≤ 𝑛 ≤ 𝑦 − 1}.             
    𝐴ସ = {{𝑢௠(௬ିଵ), 𝑢௠௬ ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)} ∪ {𝑢(௫ିଵ)௬, 𝑢௫௬} −                          {𝑢(௫ିଷ)(௬ିଵ)}, 𝑢(௫ିଶ)(௬ିଵ)}. 
Assume  

 𝐴 = ൝
𝐴ଵ ∪   𝐴ଷ ∪   𝐴ସ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)
𝐴ଵ ∪   𝐴ଶ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Then 𝐴 is a CTCTD-set of 𝐶௫ × 𝐶௬ and hence  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) ≤ |𝐴| =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ4⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4 ቀ⌊
௫

଺
⌋ቁ ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ4⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2 ቀ⌊
௫

଺
⌋ቁ ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Let 𝐴′ be a CTCTD-set of 𝐶௫ × 𝐶௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  
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 𝑝 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ4⌊

௫

଺
⌋ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4 ቀ⌊
௫

଺
⌋ቁ ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 2⌊

௬

ସ
⌋ − 1  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ4⌊

௫

଺
⌋ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2 ቀ⌊
௫

଺
⌋ቁ ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ + 2⌊

௬

ସ
⌋ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

we have 

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ4⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4 ቀ⌊
௫

଺
⌋ቁ ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ4⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2 ቀ⌊
௫

଺
⌋ቁ ቀ2 ቀ⌈

௬

ସ
⌉ + ⌊

௬

ସ
⌋ቁ + 1ቁ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Hence the result follows.  
  

Example 2.2    

 
   

Figure  8: (𝑎) 𝐶଻ × 𝐶଼ , (𝑏) 𝐶଻ × 𝐶ଵ଴ 
     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 8 (a), 𝛾஼்஼்஽(𝐶଻ × 𝐶଼)=2 ቀ
଼

ସ
ቁ ቀ4⌊

଻

଺
⌋ + 1ቁ =20.  

In Figure 8 (b),𝛾஼்஼்஽(𝐶଻ × 𝐶ଵ଴)=ቀ2⌊
ଵ଴

ସ
⌋ + 1ቁ ቀ4⌊

଻

଺
⌋ + 1ቁ =25.     

 
Theorem 2.3 If  𝑥 ≡ 2 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌊
௬

ସ
⌋ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 4⌊

௫

଺
⌋  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Proof : 
 Let 𝑉(𝐶௫ × 𝐶௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥  ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
         𝐸(𝐶௫ × 𝐶௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1  ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                      𝑥 ; 1 ≤ 𝑛 ≤ 𝑦 − 1} ∪ {𝑢ଵ௡𝑢௫௡: 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠ଵ𝑢௠௬ , 1 ≤ 𝑚 ≤ 𝑥}.  
Let 
𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡               4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡
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2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 
𝐴ଶ = {{𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)} − {𝑢ଵ,௬, 𝑢ଶ௬}}. 
Assume  

 𝐴 = ൝
𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)
𝐴ଵ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Then 𝐴 is a CTCTD-set of 𝐶௫ × 𝐶௬ and hence  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) ≤ |𝐴| =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌊
௬

ସ
⌋ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 4⌊

௫

଺
⌋  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Let 𝐴′ be a CTCTD-set of 𝐶௫ × 𝐶௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌊
௬

ସ
⌋ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 4⌊

௫

଺
⌋ − 1  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ − 1  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧𝑦 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

4⌊
௬

ସ
⌋ ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 4⌊

௫

଺
⌋  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)

2⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Hence the result follows.  
Example 2.3    

   
Figure  9: (𝑎) 𝐶଼ × 𝐶ଽ , (𝑏) 𝐶଼ × 𝐶ଵଵ 

     
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 9 (a), 𝛾஼்஼்஽(𝐶଼ × 𝐶ଽ)=4⌊
ଽ

ସ
⌋ ቀ⌈

଼

଺
⌉ + ⌊

଼

଺
⌋ቁ + 4⌊

଼

଺
⌋ =28.  

In Figure 9 (b), 𝛾஼்஼்஽(𝐶଼ × 𝐶ଵଵ)=2⌈
଼

଺
⌉ ቀ2⌊

ଵଵ

ସ
⌋ + 1ቁ + 4⌊

଼

଺
⌋⌈

ଵଵ

ସ
⌉ =32.     
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Theorem 2.4 If  𝑥 ≡ 3 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) =

⎩
⎪
⎨

⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2⌈

௫

଺
⌉ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Proof : 
Let 𝑉(𝐶௫ × 𝐶௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥  ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
        𝐸(𝐶௫ × 𝐶௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                     𝑥  ; 1 ≤ 𝑛 ≤ 𝑦 − 1} ∪ {𝑢ଵ௡𝑢௫௡: 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠ଵ𝑢௠௬: 1 ≤ 𝑚 ≤ 𝑥}.  
Let 
 𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡                 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡
2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} ∪ {𝑢௫௡;  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)}}. 
  𝐴ଶ = {{𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)} − {𝑢ଵ,௬ , 𝑢ଶ௬}}. 

Assume  𝐴 = ൝
𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)
𝐴ଵ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Then 𝐴 is a CTCTD-set of 𝐶௫ × 𝐶௬ and hence  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) ≤ |𝐴| =

⎩
⎪
⎨

⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2⌈

௫

଺
⌉ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Let 𝐴′ be a CTCTD-set of 𝐶௫ × 𝐶௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎨

⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2⌈

௫

଺
⌉ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

we have  |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎨

⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2⌈

௫

଺
⌉ + 1ቁ + 4⌊

௫

଺
⌋⌈

௬

ସ
⌉  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Hence the result follows. 
  

Example 2.4    
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Figure  10: (𝑎) 𝐶ଽ × 𝐶ଵଵ , (𝑏) 𝐶ଽ × 𝐶ଵଷ 
  Here the set of darkened vertices denoted a CTCTD - set  

In Figure 10 (a), 𝛾஼்஼்஽(𝐶ଽ × 𝐶ଵଵ)=ቀ2⌊
ଵଵ

ସ
⌋ + 1ቁ ቀ2⌈

ଽ

଺
⌉ + 1ቁ + 4⌊

ଽ

଺
⌋⌈

ଵଷ

ସ
⌉ =37.  

In Figure 10 (b), 𝛾஼்஼்஽(𝐶ଽ × 𝐶ଵଷ)=ቀ2⌊
ଵଷ

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

ଵ଴

଺
⌉ + ⌊

ଵ଴

଺
⌋ቁ + 1ቁ =49.     

 
Theorem 2.5 If  𝑥 ≡ 4 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 2  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Proof: 
 Let 𝑉(𝐶௫ × 𝐶௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥  ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
         𝐸(𝐶௫ × 𝐶௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤

                                          𝑥 ;  1 ≤ 𝑛 ≤ 𝑦 − 1} ∪ {𝑢ଵ௡𝑢௫௡: 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠ଵ𝑢௠௬: 1 ≤ 𝑚 ≤ 𝑥}.  
Let 𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡
                                                 4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 

              𝐴ଶ = {{𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6)} − {𝑢(௫ିଵ)(௬ିଵ)}}. 
              𝐴ଷ = {𝑢௠(௬ିଵ) ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6); 1 ≤ 𝑚 ≤ 𝑥}}. 
              𝐴ସ = {𝑢(௫ିଵ)௬} − {𝑢(௫ିଶ)(௬ିଵ)}. 
Assume  

 𝐴 = ൝
𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)
𝐴ଵ  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

Then 𝐴 is a CTCTD-set of 𝐶௫ × 𝐶௬ and hence  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) ≤ |𝐴| =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 2  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Let 𝐴′ be a CTCTD-set of 𝐶௫ × 𝐶௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  
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 𝑝 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ + 2⌊

௬

ସ
⌋ − 1  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 3  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ൬2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ൰ + 2⌊

௬

ସ
⌋  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

2⌈
௬

ସ
⌉ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 2  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Hence the result follows.  
 
Example 2.5  
   

 
   

Figure  11: (𝑎) 𝐶ଵ଴ × 𝐶ଵଶ , (𝑏) 𝐶ଵ଴ × 𝐶ଵଷ 
 

     Here the darkened vertices denoted a CTCTD - set  

In Figure 11 (a), 𝛾஼்஼்஽(𝐶ଵ଴ × 𝐶ଵଶ)=2 ቀ
ଵଶ

ସ
ቁ ቀ2 ቀ⌈

ଵ଴

଺
⌉ + ⌊

ଵ଴

଺
⌋ቁ + 1ቁ =42.  

In Figure 11 (b), 𝛾஼்஼்஽(𝐶ଵ଴ × 𝐶ଵଷ)=ቀ2⌊
ଵଷ

ସ
⌋ + 1ቁ ൬2 ቀ⌈

ଵ଴

଺
⌉ + ⌊

ଵ଴

଺
⌋ቁ൰ + 2⌊

ଵଷ

ସ
⌋ =48.     

 
 

Theorem 2.6 If  𝑥 ≡ 5 (𝑚𝑜𝑑 6) and 𝑥 ≤ 𝑦  

 𝛾஼்஼்஽(𝐶௫ × 𝐶௬) =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ + 1  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉⌊

௬

ସ
⌋ + 2⌈

௬

ସ
⌉ ቀ2⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Proof : 
 Let 𝑉(𝐶௫ × 𝐶௬) = {𝑢௠௡: 1 ≤ 𝑚 ≤ 𝑥  ; 1 ≤ 𝑛 ≤ 𝑦}, and let  
         𝐸(𝐶௫ × 𝐶௬) = {𝑢௠௡𝑢(௠ାଵ)௡: 1 ≤ 𝑚 ≤ 𝑥 − 1 ; 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠௡𝑢௠(௡ାଵ): 1 ≤ 𝑚 ≤
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                                       𝑥 ; 1 ≤ 𝑛 ≤ 𝑦 − 1} ∪ {𝑢ଵ௡𝑢௫௡: 1 ≤ 𝑛 ≤ 𝑦} ∪ {𝑢௠ଵ𝑢௠௬: 1 ≤ 𝑚 ≤ 𝑥}.  
Let 
 𝐴ଵ = {{𝑢௠௡ ∶  𝑚 ≡ 1 𝑜𝑟 2 (𝑚𝑜𝑑 6);  𝑛 ≡ 0 𝑜𝑟 1 (𝑚𝑜𝑑 4)} ∪ {𝑢௠௡ ∶  𝑚 ≡               4 𝑜𝑟 5 (𝑚𝑜𝑑 6);  𝑛 ≡
2 𝑜𝑟 3 (𝑚𝑜𝑑 4)} − {𝑢௫௡ ;  𝑛 ≡ 2 𝑜𝑟 3 (𝑚𝑜𝑑 4)}}. 
 𝐴ଶ = {{𝑢௠(௬ିଵ) ∶  𝑚 ≡ 4 𝑜𝑟 5 (𝑚𝑜𝑑 6); 1 ≤ 𝑚 ≤ 𝑥 − 3} − {𝑢(௫ିଶ)௬ , 𝑢(௫ିଵ)௬ , 𝑢௫௬}}. 
Assume  

 𝐴 = ൞

𝐴ଵ  𝑖𝑓 𝑦 ≡ 0 𝑜𝑟 3 (𝑚𝑜𝑑 4)

𝐴ଵ ∪   𝐴ଶ  𝑖𝑓 𝑦 ≡ 1 (𝑚𝑜𝑑 4)

𝐴ଵ ∪ {𝑢௫௬}  𝑖𝑓 𝑦 ≡ 2 (𝑚𝑜𝑑 4)
 

Then 𝐴 is a CTCTD-set of 𝐶௫ × 𝐶௬ and hence  

 𝛾஼்஼்஽  (𝐶௫ × 𝐶௬) ≤ |𝐴| =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ + 1  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉⌊

௬

ସ
⌋ + 2⌈

௬

ସ
⌉ ቀ2⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Let 𝐴′ be a CTCTD-set of 𝐶௫ × 𝐶௬ . Since 〈𝑉 − 𝒟〉 is disconnected for any dominating set 𝒟 of cardinality less 
than or equal to p, where  

 𝑝 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

4⌈
௫

଺
⌉⌊

௬

ସ
⌋ + 2⌈

௬

ସ
⌉ ቀ2⌊

௫

଺
⌋ + 1ቁ − 1  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

we have  

 |𝐴′| ≥ 𝑝 + 1 =

⎩
⎪
⎪
⎨

⎪
⎪
⎧

௬

ଶ
ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 0 (𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ  𝑖𝑓 𝑦 ≡ 1(𝑚𝑜𝑑 4)

ቀ2⌊
௬

ସ
⌋ + 1ቁ ቀ2 ቀ⌈

௫

଺
⌉ + ⌊

௫

଺
⌋ቁ + 1ቁ + 1  𝑖𝑓 𝑦 ≡ 2(𝑚𝑜𝑑 4)

2⌈
௫

଺
⌉ ቀ2⌊

௬

ସ
⌋ + 1ቁ + 2⌈

௬

ସ
⌉ ቀ2⌊

௫

଺
⌋ + 1ቁ  𝑖𝑓 𝑦 ≡ 3 (𝑚𝑜𝑑 4)

 

Hence the result follows. 
 

Example 2.6 

    
   

Figure  12: (𝑎) 𝐶ହ × 𝐶଼ , (𝑏) 𝐶ହ × 𝐶ଵଵ 
     
 
 Here the darkened vertices denoted a CTCTD - set  

In Figure 12 (a), 𝛾஼்஼்஽(𝐶ହ × 𝐶଼)=2 ቀ
଼

ସ
ቁ ቀ2 ቀ⌈

ହ

଺
⌉ + ⌊

ହ

଺
⌋ቁ + 1ቁ =12.  
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In Figure 11 (b), 𝛾஼்஼்஽ (𝐶ହ × 𝐶ଵଵ)=2⌈
ହ

଺
⌉ ቀ2⌊

ଵଵ

ସ
⌋ + 1ቁ + 2⌈

ଵଵ

ସ
⌉ ቀ2⌊

ହ

଺
⌋ + 1ቁ=16 

 
    

3   Conclusion 
 

 This article explored the CTCTD- number 
of graphs formed by the cartesian product of paths 
and cycles. We calculated exact values and 
established bounds, showing how the structure of 
these graphs affects domination and connectivity. 
Our findings help understand how to choose 
dominating vertices efficiently and can be applied to 
areas like network design and optimization. They 
also provide a foundation for future research on 
CTCTD-numbers in more complex graph types.  
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