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Introduction

The concept of complementary triple
connected total dominating set (CTCTD- set) was
introduced by Dr. G. Mahadevan as an enhancement
of classical domination concepts in graph theory,
blending structural connectivity with domination
properties. A Dominating set S € V of a graph G is
said to be Complementary triple connected total
dominating set (CTCTD-set) if (S) has no isolated
vertices and (V — S) is triple connected, that is, it
remains connected after the removal of any two
vertices. The complementary triple connected total

dominating number, denoted by CTCTD(G), is
defined as the minimum cardinality of such a set S in
G This paper investigates the CTCTD-number for
Cartesian product graphs formed from paths and
cycles.The Cartesian product of graphs G and H is
the graph with vertex set V(G) X V(H) where
(g1, hy) is adjacent to (g,, h,) iff either g; = g,
and h h, € (H), or hy = h, and g,9, € E(G). The
study examines how the structure of these graph
products influences their CTCTD-numbers and
contributes to a deeper understanding of domination
in such graphs.

1 Complementary Triple connected Total Domination Number of Cartesion Product of Path

Here, the exact CTCTD - number is calculated for all considered Cartesian Product of Paths, rather than

giving only their bounds.

Definition 1.1

A Dominating set S SV of a graph G is said to be Complementary triple connected total dominating set
(CTCTD-set) if (S) has no isolated vertices and (V — S) is triple connected

Theorem 1.1 If x =0 (mod 6) and x <y
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if y =0 (mod 4)

Yererp (Pe X By)

G
{(2[ ] if y =3 (mod 4)
| ( ) ( ) otherwise

Proof :
Let V(P X P) = {umn: 1 <m < x;1<n <y} and let
E(P, X P) = {uppUmrnn: 1 =M =x—1, 1 < n <y} U {Uupplmmer): 1 Sm <
x; 1<n<y-1}
Let Ay ={upp: m =4o0r5(mod6); n =0o0r1(mod4)}V{uy,,: m =1or 2 (mod 6);
n =2or 3 (mod4)}U{u,,: n =0or1(mod4)}.
Az = {upp-1) : m = 1or 2 (mod 6)}.
Az = {Upyp-1): m =4or5 (mod 6)}.
Assume
Aq if y =0or 2 (mod4)
4= AU A, ify =1 (mod4)
AU A; ify =3 (mod4)

Then A isa CTCTD-set of P, X P, and hence
((%)( ) if y =0 (mod 4)
2% if y =3 (mod 4)

Yerero(Pe X By) < |A| = {
|k 2[ |+ 1)( ) otherwise

Let A" be a CTCTD-set of P, X P,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where

(B)(E+1)-1 if y =0 (mod 4)
=201 (5+1) -1 if y =3 (mod 4)
( lZJ+1) (?+ 1)—1 otherwise
(y)( +1) if y =0 (mod 4)
we have |A|>p+1—{ if y =3 (mod 4)

|k 2[ j + 1)( + 1) otherwise
Hence the result follows.
Example 1.1

Figure 1: (a) Pg X Pg , (b) Pg X Py
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Here the set of darkened vertices denoted a CTCTD

- set
In Figure 1 (a), Yererp (Pe X Pg)=2 (%) (4 (g) + 1) ~20.

In Figure 1 (b), Yererp (Ps X Piy)=2=1(4(2) + 1) =30

Theorem 1.2 [f x =1 (mod 6) and x <y

y (F1+ 1) if y =0 (mod 4)
Verern(Pe X By) = ‘”%]y([g] +11) if y =3 (mod 4)

L(ZLZJ +1) (2 (F1+ [gj)) otherwise
Proof :
Let V(P X P) = {ump: 1 <m <x;1<n <y} andlet

E(P, X P) = {uppumsnn: 1 Sm<x—1;1<n <y} U {upplpmmeni 1 Sm<x
1<n<y-1}

Let A ={up,: m =4or5(mod6); n =00r1(mod4)}U{uy,,: m
lor2(mod6);n =20r3(mod4);1<x<x-1}U
{Uen, Ux—1)n * 1 = 007 1 (mod 4)}.
Ay = {Uupmm-1) * = 1or 2 (mod 6)}.
Az = {Uyn-1) : m =4or 5 (mod 6)}.
Assume
Ay if y =0or 2 (mod4)
4= AU A, ify =1(mod4)
AU A; if y =3 (mod4)

Then A is a CTCTD-set of P, X P, and hence

(v (F1+1£1)

Y x . _
Yererp (P X By) < |A] = 415 ([E] + lEJ) if y =3 (mod 4)

L(zﬁj +1) (2 (F+ [%J)) otherwise
Let A" be a CTCTD-set of P, X P,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where
X. X
(v(F1+E1)-1
a2 (1 + ) -

[CERDIECRER
()

(
I i T
[Alzp+1= {4 ”+EJ) if y =3 (mod 4)

L( Y +1) (2 (Fr+ [gj)) otherwise

if y =0 (mod 4)

if y =0 (mod 4)

if y =3 (mod4)

otherwise
we have

if y =0 (mod 4)

Hence the result follows.

Example 1.2
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(a) (b)

Figure 2: (a) P, X Py , (b) P; X Py

Here the set of darkened vertices denoted a CTCTD - set
. 10 7 7
In Figure 2 @), erern(P;  Pro)=(212 + 1) (2 (1 + 121)) =30.
. 11 7 7
In Figure 2 (b).vcrero(Py X Pr)=4=1 (121 + 121) =36.

Theorem 1.3 If x =2 (mod 6) and x <y

Yerern(Pe X By) = 5

if y =0 (mod 4)
if y =1 (mod4)
if y =2 (mod4)

if y =3 (mod4)

Proof :
Let V(P X P) = {upmp: 1 <m <x;1<n <y} and let
E(P. X P) = {UmnUmspn: 1 SM<x— 11 <n <y} U {Upplpmmen: 1 S M < x;
l1<n<y-1}
Let Ay ={upy, : m =4or5(mod6),n =0o0r1l(mod4)}
A, ={upp: m =1or 2 (mod6),n =20r3(mod4)1<x<x-3}
A; ={up, : m =1or 2 (mod6),n =2or3(mod4)}
Ay = U2y Ux—1)n Usn © 1 = 0 07 1 (mod 4)}.
As = {Um(y-1) * m = 1or 2 (mod 6)}.
Ag = {Umy-1) : m = 4or5 (mod 6)}.

A; = {Uyy : m = 1or 2 (mod 6)}.
Ag = {Uyy : m =4or5 (mod 6)}.
Assume
(A, U A, U A, if y =0 (mod 4)
[A4,U A, U A, U As—A, ify =1 (mod4)
A=4A1U As if y =2 (mod 4)

LAIU A;U AgU As—Ag if y =3 (mod4)

Then A is a CTCTD-set of P, X P, and hence
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L(2(F1+L21) +1) if y =0 (mod 4)
(221+1)(2(F1+E1)+1) ify =1(mod4)
(@+1)(2(B+E)  ify =20mod4)
[Z] ([g] + lEJ) if y =3 (mod4)

Yerern(Pe X B) < |A] =

Let A" be a CTCTD-set of P, X P,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where

%(2 ([g n [gj) 1) ~1 if y =0 (mod 4)
(221+1)(2(F+E1)+1)-1 ify =1(mod4)
P12+ 1) (2(B+ @) -1 ify =2(mod )
4[%] ([%] + [gj) -1 if y =3 (mod4)
we have
L(2(F1+L21) +1) if y =0 (mod 4)
(221+1)(2(F1+E1)+1) ify =1(mod4)
12 p+1=1 (22 +1 2(@“@)) if y =2 (mod 4)
4[%] (E] + [%J) if y =3 (mod4)

Hence the result follows.

Example 1.3

(a) (b)

Figure 3: (a) Pg X Piy , (b) Pg X Py
Here the set of darkened vertices denoted a CTCTD - set

In Figure 3 (a), Ycrerp (Ps X Plo):(zl%J + 1) (2 ([21 + EJ)) —30.
In Figure 3 (b), Yererp (Ps X P11):4'[%] (E] + lgj) =36.

Theorem 1.4 If x =3 (mod 6) and x <y
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|(y( +1) if y =0 (mod 4)
Yererp (Pe X By) 4 2 [EJ) + 1) if y =3 (mod4)
L(Z J + 1 ((2[6] 1) + 2[%]) otherwise

Proof :
Let V(P X P) = {upmp: 1 <m <x; 1 <n <y} and let
E(Pc X P) = {UmnUmspn: 1 SMm <x—1;1 < n <y} U {Upplmmer): 1 Sm <
x;1<n<y-—1}
Let A, ={uy,: m =4 or5(mod6); n =0o0r1(mod4)}
Ay ={up,: m =1or2(mod6); n =20r3(mod4);1<x<x-—4}
As; ={up, : m =1or 2 (mod6); n = 2or 3 (mod 4)}
Ay = {Ue-3) U-2)m Ue-1)n Uzn * 1 = 007 1 (mod 4)}.
As = {Umy-1) * m = 1or 2 (mod 6)}.
Ag ={uyy, : n =2 o0r 3 (mod 4)}.
A7 = {Uum-1) : m =4or5(mod 6)}.

Assume

AU AU A, if y =0 (mod 4)

AlU AzU A4_U AS lfy El(m0d4)

A=1{A,U A;U Aq if y =2 (mod4)

kA1UA3UA6UA7 if y =3 (mod 4)

Then A isa CTCTD-set of P, X P, and hence
y(FE1+E1+1) if y =0 (mod 4)
22 (2(F1+ 121) + 1 if y =3 (mod 4)
Yererp(Pe X By) < JA| =4 4 ( ( 6 ' ls ) )

(2221 +1) ((2[%1 +1)+ zlgj) otherwise
\

Let A" be a CTCTD-set of P, X P,. Since (V — D) is disconnected for any dominating set D of cardinality less

than or equal to p, where

(v ( El+1) -1 if y =0 (mod 4)
4| +lJ)+1) 1 if y =3 (mod 4)
L( J + 1 ((2[21 + 1) + 2[§J> —1 otherwise
we have
l(y( 1+lJ+1) if y =0 (mod 4)
A5+l {2 2(F1+ ) +1) if y =3 (mod 4)
l( ((2[%] + 1) + 2[%]) otherwise

Hence the result follows.

Example 1.4
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Figure 4: (a) Py X Py ,

(b) Py X Py,

Here the set of darkened vertices denoted a CTCTD - set
' 10 9 2
In Figure 4 (), Ycrerp (Po X Plo):(ZlTJ + 1) ((2[21 + 1) + 2ng> 35
. 9 9
In Figure 4 (b), Yererp (Po X Pi3)=12 (fg1 + lEJ + 1) =48.

Theorem 1.5 Jf x =4 (mod 6) and x <y

if y =0 (mod 4)

(3(2(51+ 1) +1)
VCTCTD(Px X Py) = { 2[%] (2 ([gl + lgj) + 1)
Ik(ZlfJ +1)(2(F1+21) +1)  otherwise

if y =3 (mod4)

Proof :
Let V(P X P) = {ump: 1 <m < x;1 <n <y} and let

E(P, X P) = {UmnUpnspn: 1 Sm=<x—1;, 1 S n <y} U {upappeny: 1 Sm <
x1<n<y-—1}

Let

Al = {{umn :
lor 2 (mod6); n =2o0r 3 (mod4)} U {Uup_1), :
{Ux—2)n : m =2 0r 3 (mod 4)}}.

Ay = {Uum-1) : m = 1or 2 (mod 6)}.

Az = {Uum-1) : m = 4or5 (mod 6)}.

Ay = {u(x—l)n'u(x—z)n}-

As = {u(x—l)(y - D}

A = {Ux(y-1) Ux-D -1}

m =4or5(mod6);n =0o0r1(mod4)}U{uy,: m =
n = 2or 3 (mod 4)} —

Assume
Ay if y =0 (mod 4)
AU A, if y =1(mod4)
A=A,V A,—A; ify =2(mod4)
kA1U As;U A if y =3 (mod4)

Then A is a CTCTD-set of P, X P, and hence
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2(2)(2(F1+E1) +1) if y =0 (mod 4)
21 (2(F1+ 1) + 1) if y =3 (mod 4)

Yerero(Pe X By) < |A| =
|k(2[§1 +1)(2(F1+ 1) +1)  otherwise

Let A" be a CTCTD-set of P, X P,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where

2(Y)(2(F1+E)+1)-1  ify =0(mod4)

p={? PI2(F1+E1)+1)-1  ify =3 (mod4)
{(Z[ZJ )(2 ([§]+[EJ)+1) otherwise

we have
(2 E1+E1)+1) if y =0 (mod 4)
2 p 41 {z []+ZJ 1) if y =3 (mod 4)
|k(2 )( ([Z 1+ = J) ) otherwise

Hence the result follows.

Example 1.5

Figure 5: (a) Pyg X P15 , (b) Pig X Py3
Here the set of darkened vertices denoted a CTCTD - set
. 12 10 10
In Figure 5 (a), Ycrerp(Pro X Pr2)=2 (j) (2 ([Z] + [?J) + 1) =42.
. 13 10 10
In Figure 5 (b), Yerern (Pro X Pio)=(2151 + 1) (2 (B + [51) + 1) =40,
Theorem 1.6 If x =5 (mod 6) and x <y
(2yF] if y =0 (mod 4)
8IZ11>] if y =3 (mod 4)
Yerero(Pe X By) = { 2 4
l4[g] (2[%] + 1) otherwise
Proof:

Let V(P X P) = {ump: 1 <m <x;1<n<y} and let
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E(P, X P) = {upnUmrnn: 1 =M =<x—1;1 < n <y} U {Upmplmmer): 1 Sm <
x1l<n<y-1}L
Let A ={{up,: m =40r5(mod6); n =00r1(mod4)}VU{uy,,: m =
1or2 (mod 6); n =2or 3 (mod4)}}.
Ay = {Umy-1) * m = 1or 2 (mod 6)}.
Az = {Uum-1) : m = 4or5 (mod 6)}.
Assume
Aq if y =0or 2 (mod 4)
4= AU A, ify =1 (mod4)
AU A; ify =3 (mod4)

Then A is a CTCTD-set of P, X P, and hence

X

2y[el if y =0 (mod 4)
e o
Yerero(Pe X By) < |A| = 8IS if y =3 (mod4)

4[%] (2[%] + 1) otherwise

Let A" be a CTCTD-set of P, X P,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where
2y[] - 1 if y =0 (mod 4)

BIEIGI - 1 if y =3 (mod 4)
4[%] (2[%] + 1) —1 otherwise

we have
2y[=] if y =0 (mod 4)

y L
A zp+1 =400l if y =3 (mod 4)

Hence the result follows.
Example 1.6

Figure 6: (a) Ps X Py , (b) Ps X Py,

Here the set of darkened vertices denoted a CTCTD - set

. 5 9
In Figure 6 (a), Yererp(Ps X Po)=4[2] (2[3] + 1) =20.

. 5,011
In Figure 6 (b), Ycrerp(Ps X P11)=8 [g] [T] =24.

2 Complementary Triple connected Total Domination Number of Cartesion Product of Cycle

Theorem 2.11f x =0 (mod 6) and x <y
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y (g) if y =0 (mod 4)
ZR+2)-1  ify =1(mod4)
Yerern(Cx X Cy) = 4 ?(zl =| + ) if y =2 (mod4)
2(2(P1+ 1) +1) ify =3 (mod4)

Proof :
Let V(€ X Cy) = {ump:1 <m <x ;1 <n<yj} and let
E(Cy X C)) = {umngninpn: 1 Sm<x—1;1<n <y} U {upplmm+): 1 Sm =<
X;1=n<y—13U{Uujplln: 1 <N < y3U {UpilUpmy: 1 <m < x}
Let A =f{{up,: m =1or2(mod6); n =00r1(mod4)}VU{uy,,: m =
4 or 5 (mod 6); n =2or 3 (mod4)}}.
Ay = {Umy-1) : m = 1or 2 (mod 6)}.
Az = {Umy-1) : m = 4or5 (mod 6)}.
Assume
AU A, ify =1(mod4)
A =44, otherwise

Then A is a CTCTD-set of C, X C, and hence

y(g) if y =0 (mod 4)
Z(@+2)-1  ify =1(mod4)
Yererp(Cx X Cy) < |A] = %"(2[%] + 1) if y =2 (mod 4)
2(2(BP1+21)+1) ify =3 (mod4)

Let A" be a CTCTD-set of C, X C,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where

y(3)-1 if y =0 (mod 4)
R+ -2 if ¥ =1 (mod 4)
PEE(2)+1) -1 if y =2 (mod 4)
22(P1+ 1) +1)-1 ify =3 (mod4)

we have
y(g) if y =0 (mod 4)
ZE+2) -1 ify =1(mod4)
|A'|2P+1=<?"(2[ ) if y =2 (mod 4)
2(2(P1+1)+1) ify =3 (mod4)

Hence the result follows.

Example 2.1
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Figure 7: (a) Cg X Cq , (b) Cg X Cyg

b ed

Here the set of darkened vertices denoted a CTCTD - set

In Figure 7 (a).¥erern(Co X Coy=4 (2) (151 + 121) — 1 =19.

. 6 10
In Figure 7 (b).verero (Co X Cro)=4 (5) (2151 + 1) =20.
Theorem 2.2 If x =1 (mod 6) and x <y

2 (421 +1) if y =0 (mod 4)
(1) (P1+121) + 212 if y =1 (mod 4)
Yerern(Cx X Cy) = (2[32’1 ¥ 1) (4&] + 1) if y =2 (mod 4)
2(B1) (2(B1+21)+ 1)+ 212 ify =3 (mod 4)

Proof:
Let V(€ X Cy) = {ump:1 <m <x ;1 <n<yj} and let

E(Cy X C)) = {UmnUmen: 1 =M <x—1;1<n <y} U {UpplUmms: 1 Sm <

x;1=sn=<y—-1JU{Uuppiten: 1 <N < y}U {UpilUpmy: 1 <m < x}

Let A; = {{up, : m =4o0r5(mod6); n =2or3(mod4)}}.

Ay ={up,: m =1lor2(mod6);n =0o0rl1(mod4);1<m<x-—1}.

As={up,: m =1lor2(mod6);n =0orl(mod4);;1<m<x—-11<n<y-—1}

Ay = {{um(y—l)rumy :m =4or5 (mOd 6)} u {u(x—l)y'uxy} - {u(x—S)(y—l)}: u(x—z)(y—l)}-
Assume

AU A;U A, ify =1 (mod4)
A=34A,U A, otherwise

Then A is a CTCTD-set of C, X C, and hence

2 (421 +1) if y =0 (mod 4)
(1) (B1+121) + 28 if y =1 (mod 4)
Yererp(Cx X Cy) < |A] = (ZI%J + 1) (41%1 + 1) if y =2 (mod 4)
2(E1) (2(B1+21) + 1) + 28] if y =3 (mod 4)

Let A" be a CTCTD-set of C, X C,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where
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L(4l21+1) -1 if y =0 (mod 4)
4(21) (Br+121) + 28 - 1 if y =1 (mod 4)
P=1(221+1) (41 +1) -1 if y =2 (mod 4)
2(EN)(2(P1+ 1)+ 1)+ 281 -1 ify =3 (mod 4)
we have
2(42)+1) if y =0 (mod 4)
4 (2 J)(r 1+ 121) + 212 if y =1(mod 4)
ATZp+1=1 (2 +1) (41 +1) if y =2 (mod 4)
2(1 J)( (F1+E1)+1)+215) ify =3(mod 4)

Hence the result follows.

Example 2.2

[ — — [ 3 — ety

K K

4 > L L D A WD A

| | | [\ |
- D .. =8 o W . -
|

— b —

I p— — — p—— I— p— — — p— — —

Figure 8: (a) C; X Cg , (b) C; X Cy

Here the set of darkened vertices denoted a CTCTD - set
. 8 7
In Figure 8 (), Yerern(C; % Co)=2 () (4121 + 1) =20.
. 10 7
In Figure 8 (b).¥crern(Cr X Cro)=(2151 + 1) (4121 + 1) =25,

Theorem 2.3 If x =2 (mod 6) and x <y

y (F1+ ) if y =0 (mod 4)

411([1 lJ) 451 ify =1(mod4)

Yerern(Cx X Cy) = 4 < f ) if y =2 (mod 4)
ng]( 2]+ 1) AEIET ify =3 (mod 4)

Proof :
Let V(Cy X Cy) = {ump:1 <m <x ;1 <n<y} andlet
E(Cy X Cy) = {UmnUmsnpn: 1 SMm=<x—1;1<n<y}U{Upplpmps): 1 Sm =
;1=n<y—-1}U{upplm: 1 < n < y3U {upmy, 1 <m < x}.
Let
A ={{upn: m =1or2(mod6); n =00r1(mod4)}U{u,,: m = 4 0r5(mod 6); n =
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2 or 3 (mod 4)}}.
A, = {{um(y—l) :

m = 4or5 (mod 6)} — {uy,y, Usy}}.

Assume
AU A, ify =1(mod4)
A= {Al otherwise
Then A is a CTCTD-set of C, X C, and hence
y (F1+ 1)

Yererp (Cx X

421 (151 + 1) + 4L

Cy) < |A] =4 (2[%1 + 1) (2 ([%] + l%J))

251 (221 + 1) + 4517

if y =0 (mod4)
if y =1 (mod4)
if y =2 (mod4)

if y =3 (mod4)

Let A" be a CTCTD-set of C, X C,. Since (V — D) is disconnected for any dominating set D of cardinality less

than or equal to p, where

X
6

y(F1+El) -1
421 (7
P=1 (281 +

{

A+

4[§J -1

1
D) (2 (F1+ 1)) -1
2171 (2121 + 1) + 4EIR - 1

if y =0 (mod4)
if y =1(mod4)
if y =2 (mod4)

if y =3 (mod4)

we have

X

y (F1+ ]
421 (151 + 1) + 412
22 +1) (2 (11 + 1))

1) + 4L

|A’|2p+1=<

H(ZlJ

Hence the result follows.
Example 2.3

if y =0 (mod4)

if y =1 (mod4)
if y =2 (mod4)

if y =3 (mod4)

(a)
Figure 9: (a) Cg X Cy , (b) Cg X Cy4

Here the set of darkened vertices denoted a CTCTD - set
. 9 8 8 8
In Figure 9 (a), Yerern(Co X Co)=412] (151 + L21) + 4151 =28.

8,11

In Figure 9 (b), Yerern(Co X Ci)=2[51 (215 + 1) + 413151 =32.
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(2([—]+[J)+1) if y =0 (mod 4)
22+ 1) (21 + 1) + 45121 if y =3 (mod 4)
2 4 )( ( 6] + [gj) + 1) otherwise

Proof :
Let V(€ X Cy) = {umn:1 <m <x ;1 <n<yj} and let
E(Cy X Cy) = {uppUnsnn: 1 =M <x—1;1 < n <y} U {UpplUmmer): 1 Sm <
X;1=sn<y—1}U{Uujpln: 1 =1 < y3U {UpilUpy: 1 <m < x}
Let
A ={{upn: m =1or2(mod6); n =00r1(mod4)}U{uy,: m = 4 or5(mod 6); n =
2 or 3 (mod 4)} U {uy,; n = 0or 1 (mod 4)}}.
Ay = {umy-1) : m =4or5(mod 6)} — {uy,y, Uz }}.
{Al U 4, ify =1 (mod4)
A

Assume =44; otherwise

Then A is a CTCTD-set of C, X C, and hence
(% (2(F1+E1)+1) if y =0 (mod 4)
Verern (o X ) < 4] = (221 +1) (2F1+ 1) + 45121 if y =3 (mod 4)
{(2[%] +1)(2(F1+E1)+1)  otherwise

Let A" be a CTCTD-set of Cy, X C,,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where

X(Z(HHJ)’Ll)—l if y =0 (mod 4)
p= { )2”+1)+4HH 1 ify =3(mod4)
lk )(( +H)+1)—1 otherwise
(2( (1 1+H)+1) if y =0 (mod 4)
we have |A'|2p+1—4(2 +1) 4[2”%] if y =3 (mod4)
Ik(2 )( (H+H) 1) otherwise

Hence the result follows.

Example 2.4
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P—
= =

Figure 10: (a) C9 X Cy1 , (b) Cg X Cy3
Here the set of darkened vertices denoted a CTCTD - set
9,13

In Figure 10 (@), Yerern(Co X Cry)=(215] + 1) (2151 + 1) + 412121 =37.

In Figure 10 (b), Yerern(Ca X Cra)=(2121 + 1) (2 (Pl + 151) + 1) =49.
Theorem 2.5 If x =4 (mod 6) and x <y
+1) if y =0 (mod 4)
I+ 121)) + 212 if y = 1(mod 4)
El+E)+1)  ify =2(mod4)

X

EJ)+1)_2 if y =3 (mod4)

/N
N
/N /N~~~

(261+1)

Ycrerp (Cx X Cy) = (lej + 1)
4

2 x

—_—
Bl
L
~—~
[\
~—
—_
o |
ML
+
—_—

Proof:
Let V(Cy X Cy) = {ump: 1 <m <x ;1 <n<y} andlet
E(Cy X Cy) = {UmnUnenn: 1 =M <x—1;1 < n <y} U {UpplUmmer): 1 Sm <

X; 1Sn<y—1}U{ujplyn: 1 Sn < yIU {UpmqlUmy: 1 < m < x}.

Let A =f{{upp,: m =1or2(mod6); n =00r1(mod4)}VU{uy,,: m =

4 or 5 (mod 6); n = 2or 3 (mod 4)}}.
A; = {umy-1) * m =4or5(mod 6)} — {ug-1y-nlk
Az = {Um-1): m =1or2(mod6);1 <m < x}}.
Ay = {U-ny} — Ua-2)0-0}-
Assume

AU A, ify =1(mod4)
A= {Al otherwise

Then A is a CTCTD-set of Cy X C, and hence
2(2(F1+ 1) +1) if y =0 (mod 4)
X

)
(221+1) (2(F1+ 1))+ 21 if y = 10mod &
Ve (CGX G =M=V 02 1) (2(F1+ 2) +1)  ify =2(mod #)

2P1(2(F1+ 1) +1) -2 if y =3 (mod 4)

Let A" be a CTCTD-set of Cy, X C,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where
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%( (H+lJ) ) if y =0 (mod 4)
(21 J+1)( ([]+[J)) 22 -1 ify = 1(mod 4)
P11+ 1) (2(F1+E)+1) -1 ify =2(mod 4)
2[%] (Z(U + [6J)+ 1)—3 if y =3 (mod 4)
we have
L(2(F1+L21) +1) if y =0 (mod 4)
(221+1) (2(F1+ 1)) + 21 if y = 10mod 4)
[A1=p+1 =9 (221+1) (2(E1+21)+1)  if y =2(mod &)
2[%] (2 (F1+ [gj) + 1) —2 if y =3 (mod 4)
Hence the result follows.
Example 2.5
T PSS S e
e I
A (A A _
RINEN ANER | T 1] 1
THEHOOONT|
-=-=:____-_!_:________=_ e )._________-__— -
I
{

Figure 11: (a) Ci9 X Cy5 , (D) Cig X Cy3
Here the darkened vertices denoted a CTCTD - set
. 12 10 10
In Figure 11 (a), Yererp(Cio X C12)=2 (j) (2 ([Z] + l?J) + 1) =42.
. 13 10 10 13
In Figure 11 (6), Yerer(Cro X Ci)=(2121 + 1) (2 (21 + 1)) + 2122 =48,

Theorem 2.6 If x =5 (mod 6) and x <y

22+ 1)
(2631 +2)(
( J+1)(

A
+24]

) ) if y =0 (mod4)
2(F1+E)+1)  ify =1(nod4)
Veraro (66 =9 2(F+E1)+1)+1 if y =20mod )
(263

) if y =3 (mod4)

Proof :
Let V(Cy X Cy) = {ump:1 <m <x ;1 <n<y} andlet
E(Cy X Cy) = {UmnUmsnn: 1 =M <x—1;1 < n <y} U {UpplUmmer): 1 Sm <
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;1=n<y—1}U{Uupplm: 1 Sn < y3U {Upiyy: 1 S m < x}.

Let
A ={{upn: m =1or2(mod6); n =00r1(mod4)}U{uy,,: m = 4or5 (mod 6); n =
20r 3 (mod 4)} — {uy,; n = 2 o0r 3 (mod 4)}}.
Ay = {{ump-1: m =40r5(mod 6); 1 <m < x — 3} — {Ue—2)y, Ux—1)y» Uxy }}-
Assume
Ay if y =0or 3 (mod4)
A= AU A, if y =1 (mod4)

T )A U{uy} ify =2 (mod4)

Then A is a CTCTD-set of C, X C, and hence
L2(F1+E1)+1) if y =0 (mod 4)
(221+1) (2(F1+ LE1) +1) if y = 1(mod 4)
Yerern (G X C) < 1AT=1 (221 + 1) (2(B1+ 21) +1) +1 if y = 2(mod 4)
2

AF1EL+ 2121 (2] + 1) if y =3 (mod 4)

Let A" be a CTCTD-set of Cy X C,. Since (V — D) is disconnected for any dominating set D of cardinality less
than or equal to p, where

L2(F1+ 1) +1)-1 if y =0 (mod 4)
(221+1)(2(F1+ 1) +1) =1 if y = 1(mod 4)
P=1(221+1) (2(F1+ EI) +1) if y = 2(mod 4)
A1+ 221 (28 +1) -1 if y =3 (mod 4)
we have
L2(F1+ 1) +1) if y =0 (mod 4)
R )@ E) ) iy =100
ATZP+ 1=y 2+ 1) (2(F+E) +1)+1 if y =20mod 4)
21 (221 + 1) + 21 (221 +1)  if y =3 (mod 4)

Hence the result follows.

Example 2.6
— — — D P
I\ NN\
\ \ I\
HH A e memam, I
l H l l H H-
[ VARV
v ¥ — v v NV

| | — — — | — — — — — —

Figure 12: (a) C5 X Cg , (b) C5 X Cy4

Here the darkened vertices denoted a CTCTD - set
. 8 5 5
In Figure 12 (a), Yerern(Cs % Ca)=2 (2) (2 (1 + 1) + 1) =12,
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In Figure 11 (b), Yererp (Cs X Ci)=2[71 (215 + 1) + 2]

3  Conclusion

This article explored the CTCTD- number
of graphs formed by the cartesian product of paths
and cycles. We calculated exact values and
established bounds, showing how the structure of
these graphs affects domination and connectivity.
Our findings help understand how to choose
dominating vertices efficiently and can be applied to
areas like network design and optimization. They
also provide a foundation for future research on
CTCTD-numbers in more complex graph types.
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