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Introduction and Preliminaries: 
Fixed point theory is fundamental area of mathematical 
analysis that investigate conditions under which a 
function admits a point that remains invariant under the 
action of the function .such a point is called a fixed 
point . Formally ,for a mapping 𝑇: 𝑋 → 𝑋  a point  𝑥 𝜖 𝑋 
is a fixed point if 𝑇(𝑥) = 𝑥.The theory origininated 
from Classical results such as the Banach contraction 
Principle ,Introduced by Stefan Banach , which 
guarantees the existence and uniqueness of fixed points 
for contraction mappings in complete metric space 
.since then ,fixed point theory has expanded 
significantly to include various generalized spaces such 
as Normed spaces, Banach spaces, Cone spaces, Fuzzy 
metric spaces, Intuitionistic fuzzy spaces and Partially 
Ordered Sets. 
Fixed point results play a crucial role in many branches 
of mathematics and applied sciences. It provides 
powerful tools for proving the existence and 
convergence of solutions to differential equations, 
integral equations, optimization problems, equilibrium 
problem, game theory, economics and numerical 
analysis. 
Recent research focuses on developing new types of 
contractive conditions, extending classical results to 
generalized spaces, and designing iterative algorithms 
for approximating fixed points. 
  The fuzzy set theory and applications has established 
as one of the most active areas of research in many 
branches of mathematics and engineering. This theory 
was introduced by Zadeh [22] in 1965 and since then a 
large number of research papers have published by 
using the notion of fuzzy sets, fuzzy numbers and 
fuzzification of several classical theories has also been 
introduced. 

Definition 1. Metric d on the set X is a function defined 
on the Cartesian product X x X and taking its values in 
the set £. of reals such that the following conditions are 
valid: 
(1)𝑑(𝑥, 𝑦) ≥ 0  for all x, y e X (positivity), 
(2) 𝑑(𝑥, 𝑦) = 0  if and only if x=y, 𝑥, 𝑦𝜖 𝑋   (identity), 
(3) )𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)  for all 𝑥, 𝑦𝜖 𝑋 (symmetry), 
(4) 𝑑(𝑥, 𝑦) = 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)for all 𝑥, 𝑦, 𝑧𝜖 𝑋 
(triangle inequality). 
It is well-known fact that in practice when measuring a 
distance, we are not able, in general, to measure it 
precisely. This can be explicitly seen from the fact that 
measuring several times the same distance the results 
may differ. The fuzzy approach to the notion of distance 
follows from the idea that the distance between two 
points is not an actually existing real number which we 
have to find or to approximate, but that it is a fuzzy 
notion, i.e. the only way in which the distance in 
question can be described is to ascribe some values 
from <0, 1> to. various sentences proclaiming 
something concerning this distance. 
 
Definition2.[1]  Fuzzy metric R on the set X is a fuzzy 
set in the Cartesian product 𝑋 𝑥 𝑋 𝑥𝐸  the characteristic 
function  𝑓ோ  of which satisfies: 
(1)𝑓ோ(𝑥, 𝑦, 𝜆) = 0 for all 𝑥, 𝑦𝜖𝑋 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜆 ≤ 0 
(2) 𝑓ோ(𝑥, 𝑦, 𝜆) = 1  for A 𝜆 > 0 if and only if x = y , 
(3) ) 𝑓ோ(𝑥, 𝑦, 𝜆) =  𝑓ோ(𝑦, 𝑥, 𝜆) = 0  all 𝑥, 𝑦 𝜖𝑋 and all 𝜆 
𝜆𝜖 𝐸ଵ 
(4)  𝑓ோ(𝑥, 𝑦, 𝜆 + 𝜇) ≥ 𝑆( 𝑓ோ(𝑥, 𝑦, 𝜆), 𝑓ோ(𝑦, 𝑧, 𝜇)  where 
S is a measurable binary 
real function defined on< 0, 1 >  𝑥 < 0, 1 >  taking 
its values in <0, 1> and such 
that 𝑆(1, 1)  =  1, 
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(5) 𝑓ோ(𝑥, 𝑦, 𝜆)is for every pair < 𝑥, 𝑦 >  𝜖 𝑋 𝑥 𝑋 a left-
continuous and non-decreasing 
function of X such that  𝑙𝑖𝑚𝑓ோ(𝑥, 𝑦, 𝜆) = 1 𝑖𝑓 𝜆 → ∞ . 
 
In particular, Georgeo and Veeramani [ 2 ] modified the 
concept of fuzzy metric space introduced by Kramosil 
and Michalek  [1]. and defined the Hausdorff topology 
of fuzzy metric spaces. Let us consider the following 
notations and basic definitions from [ 2]. 
Definition 3. [2] A binary operation ∗∶  [0, 1]  ×
 [0, 1]  →  [0, 1] is a continuous t − norm if it satisfies 
the following conditions: 
1. ∗ is associative and commutative; 
2. ∗ is continuous; 
3. 𝑎 ∗  1 =  𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈  [0, 1] ; 
4. 𝑎 ∗  𝑏 ≤  𝑐 ∗  𝑑 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑎 ≤  𝑐 𝑎𝑛𝑑 𝑏 ≤
 𝑑, 𝑎𝑛𝑑 𝑎, 𝑏, 𝑐, 𝑑 ∈  [0, 1] . 
 
Example . 𝑎 ∗  𝑏 =  𝑚𝑖𝑛 {𝑎, 𝑏} 𝑎𝑛𝑑 𝑎 ∗  𝑏 =  𝑎 ・ 𝑏 
are two common examples of continuous t − norms. 
Definition 4. [2] The 3 − tuple (𝑋, 𝑀,∗) is said to be a 
fuzzy metric space if X is a nonempty set, ∗ is a 
continuous 
t − norm and M is a fuzzy set on 𝑋ଶ  ×  (0, ∞) satisfying 
the following conditions 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 ∈
 𝑋 𝑎𝑛𝑑 𝑠, 𝑡 >  0 ∶ 
1. 𝑀(𝑥, 𝑦, 𝑡)  >  0; 
2. 𝑀(𝑥, 𝑦, 𝑡)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 =  𝑦; 
3. 𝑀(𝑥, 𝑦, 𝑡)  =  𝑀(𝑦, 𝑥, 𝑡) 
4. 𝑀(𝑥, 𝑦, 𝑠 + 𝑡)  ≥ 𝑀(𝑥, 𝑦, 𝑠) ∗ 𝑀(𝑥, 𝑦, 𝑡) 
5. 𝑀(𝑥, 𝑦,・) ∶  (0, ∞)  →  [0, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
If (𝑋, 𝑀,∗) is a fuzzy metric space then we will call 
(𝑀,∗), or simply M is a fuzzy metric on X. Let (𝑋, 𝐷) 
be a metric space. Denote by 𝑎 ・ 𝑏 the usual 
multiplication 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈  [0, 1], and let 𝑀ௗ  be the 
fuzzy set  defined on 𝑋ଶ  ×  (0, ∞) by 

𝑀ௗ(𝑥, 𝑦, 𝑡) =
𝑡

𝑡 + 𝑑(𝑥, 𝑦)
 

Then (𝑀ௗ ,・) is a fuzzy metric on 𝑋 called   standard  
fuzzy metric space . 
By definition, a sequence (𝑥௡) in a fuzzy metric 
space (𝑋, 𝑀,∗) converges 
to a point 𝑥 ∈  𝑋, if 𝑀(𝑥௡ , 𝑥, 𝑡)  =  1  for all t > 0. 
 In notions of Cauchy sequences and complete fuzzy 
metric spaces are 
defined.   
The sequence (𝑥௡) in 𝑋 is called 𝐺 − 𝐶𝑎𝑢𝑐ℎ𝑦 if 

∀𝑚 ∈  𝑁𝑀൫𝑥௡ , 𝑥{௡ା௠}, 𝑡൯ =  1 , (𝑡 > 0) 
A fuzzy metric space in which every G-Cauchy 
sequence is convergent is called a 𝐺 −
𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒 𝑓𝑢𝑧𝑧𝑦 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. 
 
Definition 5. (George and Veeramani, [2]). A sequence 
(𝑥𝑛) in a fuzzy metric space (𝑋, 𝑀,∗) is said to be 

Cauchy (or M-Cauchy) if, for each 𝑟 ∈  (0, 1) and each 
𝑡 >  0, there exists 𝑁 ∈  𝑁 such that 

∀𝑚, 𝑛 ≥  𝑁,    𝑀(𝑥௡ , 𝑥௠, 𝑡)  >  1 −  𝑟. 
A fuzzy metric space in which every Cauchy sequence 
is convergent, is called a complete (or M-complete) 
fuzzy metric space. 
 
Note that a metric space (X, d ) is complete if and only 
if the induced fuzzy metric space (𝑋, 𝑀ௗ ,∗) is complete. 
 
Definition 6 .([3]) A 3-tuple (𝑋, 𝑀, 𝑇) is called 
a 𝑓𝑢𝑧𝑧𝑦 𝑏 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒 if 𝑋 is an arbitrary 
(nonempty) set, T is a continuous t-norm, and M is a 
fuzzy set on 𝑋ଶ  ×  (0, ∞) 
satisfying the following conditions for all 𝑥, 𝑦, 𝑧 ∈
 𝑋, 𝑡, 𝑠 >  0 and a given real number 𝑏 ≥  1: 
(𝑏1) 𝑀(𝑥, 𝑦, 𝑡)  >  0, 
(𝑏2) 𝑀(𝑥, 𝑦, 𝑡)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 =  𝑦, 
(𝑏3) 𝑀(𝑥, 𝑦, 𝑡)  = 𝑀(𝑦, 𝑥, 𝑡), ), 
(𝑏4) 𝑇(𝑀(𝑥, 𝑦, 𝑡𝑏), 𝑀(𝑦, 𝑧, 𝑠𝑏))  ≤ 𝑀(𝑥, 𝑧, 𝑡 +  𝑠 
(𝑏5) 𝑀(𝑥, 𝑦,・) ∶  (0, ∞) → [0, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
The class 𝑜𝑓 𝑓𝑢𝑧𝑧𝑦 𝑏 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒𝑠 is effectively 
larger than that of fuzzy metric spaces. 
The class of fuzzy b-metric spaces is effectively larger 
than that of fuzzy metric spaces, 
since a fuzzy b-metric is a fuzzy metric when b = 1. 
 

Example1 : Let 𝑀(𝑥, 𝑦, 𝑡)  =  𝑒
ష|ೣ–೤|೛

೟
– 

 where 𝑝 >  1 is a real number. Then 𝑀 is a fuzzy b-
metric with 𝑏 =  2𝑝– 1. 
 
Example2 : Let 𝑀(𝑥, 𝑦, 𝑡)  =  𝑒ିௗ(௫,௬)t  or 

𝑀(𝑥, 𝑦, 𝑡) =
௧

௧ାௗ(௫,௬)
 

, where d is 𝑎 𝑏 − 𝑚𝑒𝑡𝑟𝑖𝑐 on X, 
and let 𝑇(𝑎, 𝑐)  =  𝑎 ・ 𝑐 𝑓𝑜𝑟 𝑎, 𝑐 ∈  [0, 1]. Then it is 
easy to show that M is 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑏 − 𝑚𝑒𝑡𝑟𝑖𝑐. 
A sequence {𝑥௡}: 
(a) converges to x if 𝑀(𝑥௡ , 𝑥, 𝑡) → 1 as 𝑛 →
∞𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 >  0. In this case, we write 

𝑥௡  =  𝑥;  
 (b) is called a Cauchy sequence if for all 0 <  𝜀 <
 1 𝑎𝑛𝑑 𝑡 >  0, there exists 𝑛0 ∈  𝑁 such that 

𝑀(𝑥௡ , 𝑥௠, 𝑡) >  1– 𝜀 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛, 𝑚 ≥  𝑛଴ 
Definition 7.   The fuzzy b-metric space (𝑋, 𝑀, 𝑇) is 
said to be complete if  every Cauchy sequence is 
convergent. 
 
Theorem 1. [4]Let (𝑋, 𝑀, 𝑇) be a complete fuzzy b-
metric space, and let 𝑓 ∶  𝑋 → 𝑋. Suppose 

that there exists 𝜆 ∈  (0,
ଵ

௕
 )  such that 

𝑀(𝑓𝑥, 𝑓𝑦, 𝑡)  ≥ 𝑀(𝑥, 𝑦
௧

ఒ
) , 𝑥, 𝑦 ∈  𝑋, 𝑡 >  0, 𝜆 

and there exist 𝑥଴  ∈ 𝑋 𝑎𝑛𝑑 𝜈 ∈  (0, 1) such that 

𝑇௜ୀଵ
ஶ  𝑀 ቀ𝑥଴, 𝑦଴,

௧

௩೔ቁ = 1    ,  𝑡 > 0 
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Then 𝑓 has a unique fixed point in X. 
In 2017 [6] Mahmood, presented the extended fuzzy b 
metric space  
Definition8.  A 4-tuple (𝛧, 𝛥𝛼,∗ , 𝛼) is called an 
extended fuzzy b-metric space if Ζ is a (nonempty) set, 
where  𝛼: 𝛧 ×  𝛧 ⟶ [1, ∞),   ∗  is a continuous t-norm, 
and 𝛥𝛼 is a fuzzy set on 𝛧 ×  𝛧 ×  (0, ∞), satisfying 
the following conditions, for all 𝜈, 𝜔, 𝜘 ∈  𝛧 and 𝑟, 𝑠 >
 0: 
(𝛥1) 𝛥𝛼(𝜈, 𝜔, 0) = 0 
(𝛥2)𝛥𝛼(𝜈, 𝜔, 𝑟) =  1 ⟺ 𝜈 = 𝜔 
(𝛥3)𝛥𝛼(𝜈, 𝜔, 𝑟) = 𝛥𝛼(𝜔, 𝜈, 𝑟) 
(𝛥4) 𝛥𝛼(𝜈, 𝜘, 𝛼(𝜈, 𝜘)(𝑟 +  𝑠))  

≥  𝛥𝛼(𝜈, 𝜔, 𝑟)  ∗  𝛥𝛼(𝜔, 𝜘, 𝑠) 
(𝛥5) 𝛥𝛼(𝜈, 𝜔,·): (0, ∞) ⟶ [0, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 
Definition 9. [14](Poovaragavan & Jeyaraman (2019)). 
A quadruple (𝐺, 𝐵,∗, 𝑏) is known as 
Generalized b-FMS (shortly, G(b)-FMS) with 𝑏 ≥  1 if 
∗ is a continuous t-norm (shortly, CTN), 
G is any nonempty set and B is a fuzzy set on 𝐵ଷ ×
(0, ∞) fulfilling the accompanying restrictions 
for each 𝛿, 𝜂, 𝜁 , 𝑎 ∈  𝐺 𝑎𝑛𝑑 𝑟, 𝑠 >  0: 
(𝐵1) 𝐵(𝛿, 𝜂, 𝜁 , 𝑟)  >  0; 
(𝐵2) 𝐵(𝛿, 𝜂, 𝜁 , 𝑟)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝛿 =  𝜂 =  𝜁 ; 
(𝐵3) 𝐵(𝛿, 𝜂, 𝜁 , 𝑟)  
=  𝐵(𝑝(𝛿, 𝜂, 𝜁 , ), 𝑟), 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛; 
(𝐵4) 𝐵(𝛿, 𝜂, 𝜁 , 𝑟 + 𝑠)  

≥  𝐵(𝛿, 𝜂, 𝑎, 𝑟𝑏 )  ∗ 𝐵(𝑎, 𝜁 , 𝜁 , 𝑠𝑏 ); 
 (𝐵5) 𝐵(𝛿, 𝜂, 𝜁 ,・) ∶  (0, ∞) → [0, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
It is clear that G(b)-FMS becomes a Generalized-FMS 
when b takes the value 1, but the converse 
fails in general.  
 
In 2025 [15]introduces the concept of generalized 
extended b-FMS, which guarantees the existence and 
uniqueness of fixed points for contractions. 
 
 
 EXTENDED b-FUZZY METRIC SPACES 
Definition 10.. A quadruple (𝐺, 𝐵ఈ ,∗, 𝛼) is a GNE(b)-
FMS if 𝛼 ∶  𝐺ଷ  → [1, ∞), ∗ is a CTN, G 
is any nonempty set and Bα is a fuzzy set on 𝐺ଷ  ×
(0, ∞), fulfilling the following conditions for 
each 𝛿, 𝜂, 𝜁 , 𝑎 ∈  𝐺 𝑎𝑛𝑑 𝑟, 𝑠 >  0: 
(𝐵ఈ − 1)𝐵ఈ(𝛿, 𝜂, 𝜁 , 𝑟)  >  0; 
(𝐵ఈ  − 2)𝐵ఈ(𝛿, 𝜂, 𝜁 , 𝑟)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝛿 =  𝜂 

=  𝜁 ; 
(𝐵ఈ  − 3)𝐵ఈ(𝛿, 𝜂, 𝜁 , 𝑟)
=  𝐵ఈ(𝑝(𝛿, 𝜂, 𝜁 , ), 𝑟), 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛; 
(𝐵ఈ  − 4)𝐵ఈ(𝛿, 𝜂, 𝜁 , 𝑟 + 𝑠)

≥   𝐵_𝛼(𝛿, 𝜂, 𝑎,
𝑟

𝛼(𝛿, 𝜂, 𝜁 )
)

∗ 𝐵_𝛼(𝑎, 𝜁 , 𝜁 ,
𝑠

𝛼(𝛿, 𝜂, 𝜁 )
) 

 
(𝐵ఈ  − 5)𝐵ఈ(𝛿, 𝜂, 𝜁 ,・) ∶  (0, ∞)

→ [0,1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
 
Note that GNE(b)-FMS is a G(b)-FMS if 𝑏 =
 𝛼(𝛿, 𝜂, 𝜁 ), 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑏 ≥  1. 
 
Example3. Let G = {1,2,3} and 𝛼 ∶  𝐺ଷ  →  [1, ∞) be a 
function defined by 
𝛼(𝛿, 𝜂, 𝜁 )  =  1 + 𝛿 + 𝜂 + 𝜁 . Define the fuzzy 
set 𝐵𝛼 ∶  𝐺3 × (0, ∞) → [0,1] by 

𝐵𝛼(𝛿, 𝜂, 𝜁 , 𝑟)  =
𝑖𝑛𝑓{𝛿, 𝜂, 𝜁 } + 𝑟

𝑠𝑢𝑝{𝛿, 𝜂, 𝜁 } + 𝑟
 

where CTN ∗ is defined as 𝛽 ∗ 𝛾 = 𝛽𝛾 for all 𝛽, 𝛾 ∈
 [0,1]. Clearly, (G,Bα,∗,α) is GNE(b)-FMS., 
 
Theorem2. Let (𝐺, 𝐵ఈ ,∗, 𝛼) be a symmetric G-
complete GNE(b)-FMS with the mapping  𝛼 ∶  𝐺ଷ  →
[1, ∞) such that 

𝐵ఈ(𝛿, 𝜂, 𝜁 , 𝑟)  =  1  
 
Let 𝜎 ∶  𝐺 → 𝐺 be a mapping which fulfills the 
condition, 𝐵ఈ(𝜎𝛿, 𝜎𝜂, 𝜎𝜁 , 𝜅𝑟) ≥  𝐵ఈ(𝛿, 𝜂, 𝜁 , 𝑟) 
𝑓𝑜𝑟 𝑎𝑙𝑙 𝛿, 𝜂, 𝜁 ∈  𝐺, where 0 <  𝜅 <  1. Further, 
suppose that for an arbitrary 𝜗଴  ∈  𝐺 and 𝑟, 𝛾 ∈  𝑁, we 
have 

𝛼൫𝜗௥ , 𝜗௥ , 𝜗௥ାఊ  ൯ <
1

 𝜅 
 

 
where 𝜗௥  =  𝜎௥𝜗଴. Then, 𝜎 has a unique fixed point. 
 
In [15]  the Definition11. of Generalized μ-Extended b-
FMS (shortly, GNE(b,μ)-FMS), which is the further 
extension of the concept of GNE(b)-FMS. 4 μ-
EXTENDED b-FUZZY METRIC SPACES 
Definition. A five-tuple ൫𝐺, 𝐵ఓ  ,∗, 𝛼, 𝜇൯ is called a 
GNE(b,μ)-FMS if 𝛼, 𝜇 ∶  𝐺ଷ  → [1, ∞),∗ is a  CTN, G is 
any non empty set and 𝐵ఓ is a fuzzy set on 𝐺ଷ × (0, ∞) 
fulfilling the accompanying 
restrictions for each 𝛿, 𝜂, 𝜁 , 𝑎 ∈  𝐺 𝑎𝑛𝑑 𝑟, 𝑠 >  0: 
(𝐵ఓ  − 1) 𝐵𝜇 (𝛿, 𝜂, 𝜁 , 𝑟)  >  0; 
(𝐵ఓ  − 2) 𝐵𝜇 (𝛿, 𝜂, 𝜁 , 𝑟)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝛿 =  𝜂 

=  𝜁 ; 
൫𝐵ఓ  − 3൯𝐵ఓ  (𝛿, 𝜂, 𝜁 , 𝑟)

=  𝐵ఓ  (𝑝(𝛿, 𝜂, 𝜁 , ), 𝑟), 𝑤ℎ𝑒𝑟𝑒 𝑝 𝑖𝑠 𝑎 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛; 

൫𝐵ఓ  − 4൯𝐵ఓ  (𝛿, 𝜂, 𝜁 , 𝑟 + 𝑠)

≥  𝐵ఓ ൬𝛿, 𝜂, 𝑎,
𝑟

𝛼(𝛿, 𝜂, 𝜁 )
൰

∗ 𝐵ఓ ൬𝑎, 𝜁 , 𝜁,
𝑠

𝛼𝜇(𝛿, 𝜂,
൰ 

൫𝐵ఓ  − 5൯𝐵ఓ  (𝛿, 𝜂, 𝜁 ,・) ∶  (0, ∞)

→ [0, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
Theorem3. Let (𝐺, 𝐵ఓ  ,∗, 𝛼, 𝜇) be a symmetric G-
complete GNE(𝑏, 𝜇)-FMS with the 
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Mappings 𝛼, 𝜇 ∶  𝐺ଷ  → [1, ∞) such that 
 

𝐵ఓ(𝛿, 𝜂, 𝜁 , 𝑟)  =  1  
Let 𝜎 ∶  𝐺 → 𝐺 be a mapping which fulfills the 
condition 
𝐵ఓ  (𝜎𝛿, 𝜎𝜂, 𝜎𝜁 , 𝜅𝑟) ≥  𝐵ఓ  (𝛿, 𝜂, 𝜁 , 𝑟) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝛿, 𝜂, 𝜁 ∈

 𝐺,  
where 0 <  𝜅 <  1. Further, suppose that for an 
arbitrary 𝜗଴  ∈  𝐺 and 𝑟, 𝛾 ∈  𝑁, 

𝑚𝑎𝑥 {(𝜗௝ , 𝜗௝ , 𝜗௝ାఊ   )), 𝜇(𝜗௝ , 𝜗௝, 𝜗௝ାఊ   ))} <
1

𝜅 
 

where 𝜗௥  =  𝜎௥𝜗଴. Then, σ has a unique fixed point. 
In [7] Introduce the notion of generalized fuzzy metric 
space. 
Definition12 : Consider a nonempty set X and a 
mapping 𝐺: 𝑋 × 𝑋 × (0,1) → [0,1].  Define a  set  
 
𝐶(𝐺, 𝑋, 𝜉) = {{𝜉௡}𝑠𝑢𝑏𝑠𝑒𝑡  𝑋𝐺(𝜉௡ , 𝜉, 𝑡) = 1            ∀ 𝑡

> 0} 
For every ξ ∈ X.   Then G is said to be a generalized 
fuzzy metric if for all 𝜉, 𝜂 ∈ 𝑋  and 𝑡 >  0, it satisfes 
the following conditions 
𝐺𝐹𝑀1: 𝐺(𝜉, 𝜂, 𝑡)  >  0 
𝐺𝐹𝑀2: 𝐺(𝜉, 𝜂, 𝑡) = 1, 𝜉 = 𝜂 
𝐺𝐹𝑀3: 𝐺(𝜉, 𝜂, 𝑡) = 𝐺(𝜂, 𝜉, 𝑡) 
𝐺𝐹𝑀4: 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑐 ≥ 1 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑖𝑓 𝜉௡

∈ 𝐶(𝐺, 𝑋, 𝜉) 

then 𝐺(𝜉, 𝜂 , 𝑡) ≥𝑠𝑢𝑝 𝑠𝑢𝑝 𝐺 ቀ𝜉௡ , 𝜂,
௧

௖
ቁ   

𝐺𝐹𝑀5: 𝐺(𝜉, 𝜂, . ): (0, ∞)
→ [0,1]𝐺(;;

: 𝑉 (0; 1)! [0;  1]𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑛𝑑𝐺(𝜉, 𝜂, 𝑡)  

= 1 
 

𝑇ℎ𝑒𝑛 (𝐺;  𝑋; 
∗) 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑎 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 𝑓𝑢𝑧𝑧𝑦 𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑝𝑎𝑐𝑒. 

Example4 : Consider a generalized metric space 
(𝑋; 𝐷). 
Define a mapping 𝐺: 𝑋 × 𝑋 × (0,1) → [0,1].   By 
 

𝐺(𝜉, 𝜂, 𝑡) =
𝑒ିௗ(క,ఎ)

𝑡
 

 
And   𝐶(𝐺, 𝑋, 𝜉) = {𝜉௡}𝑠𝑢𝑏𝑠𝑒𝑡  𝑋𝐺(𝜉௡ , 𝜉, 𝑡) =
1            ∀ 𝑡 > 0} 𝐺(𝜉, 𝜂, 𝑡) 
For every 𝜉 ∈ 𝑋. 𝑎𝑛𝑑 𝑡 > 0   Then 𝐺e is said to be a 
generalized fuzzy metric space, where the t-norm ``*'' 
is taken as product norm i.e. 

𝜉 ∗ 𝜂 = 𝜉𝜂 
Theorem4: Let (𝐺;  𝑋; ∗) be a G-complete generalized  
fuzzy metric space and 𝑔: 𝑋 → 𝑋      be a fuzzy k-quasi 
contraction. If there exists 𝑎଴ 𝜖 𝑋 such that 
𝛿(𝐺, 𝑔, 𝑎଴, 𝑡) > 0  then {𝑔௡(𝑎଴)} converges  to a fixed 
point 𝑢 𝑜𝑓 𝑔. Further, if 𝑣 is another fixed point of 𝑔 
such the  

𝐺(𝑢;  𝑣;  𝑡) >  0 𝑡ℎ𝑒𝑛 𝑢 =  𝑣. 

In 2020 M. S. Sezen, 8]  Controlled Fuzzy Metric 
Spaces  
Definition13.  ([8]). A 4-tuple (𝛧, 𝛥ఊ,∗) is called a 
control fuzzy metric space if Ζ is a (nonempty) set, 
𝛾: 𝛧 × 𝛧 ⟶ [1, ∞), where ∗ is a continuous 𝑡 −
𝑛𝑜𝑟𝑚 𝑎𝑛𝑑 𝛥ఊ is a fuzzy set on 𝛧 ×  𝛧 ×  (0, ∞), 
satisfying the following conditions, 
for all 𝜈, 𝜔, 𝜘 ∈  𝛧 𝑎𝑛𝑑 𝑟, 𝑠 >  0: 
(𝛥1)𝛥ఊ(𝜈, 𝜔, 0) = 0 

(𝛥2)𝛥ఊ(𝜈, 𝜔, 𝑟) =  1 ⟺  𝜈 =  𝜔 

(𝛥3)𝛥ఊ(𝜈, 𝜔, 𝑟) = 𝛥ఊ  (𝜔, 𝜈 , 𝑟) 

(𝛥4)𝛥ఊ(𝜈, 𝜘, 𝑟 +  𝑠)

≥  𝛥ఊ ቆ𝜈, 𝜔, ൬
𝑟

𝛾(𝜈, 𝜔)
൰ቇ

∗  𝛥ఊ ቆ𝜔, 𝜘, ൬
𝑠

𝛾(𝜔, 𝜘)
൰ቇ 

 (𝛥5)𝛥ఊ(𝜈, 𝜔,·): (0, ∞) ⟶ [0, 1]𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 

 
 
In [9] introduce orthogonal control fuzzy metric spaces 
and prove some fixed point results. 
Definition 14.. A 4-tuple (𝛧, 𝜃ఊ ,∗ , ⊥) is called an 
orthogonal control fuzzy metric space if Ζ is an 
(nonempty) orthogonal set, 𝛾: 𝛧 ×  𝛧 ⟶ [1, ∞), where 
∗ is a continuous t-norm 
and 𝜃ఊ is a fuzzy set on Ζ × Ζ × (0,∞), satisfying the 
followingconditions: 
൫𝜃ఊ1൯𝜃ఊ(𝜈, 𝜔, 𝑟) > 0, ∀𝜈, 𝜔 ∈  𝛧, 𝑟 > 0𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜈

⊥ 𝜔 𝑎𝑛𝑑 𝜔 ⊥ 𝜈 𝜔 ⊥] 
൫𝜃ఊ2൯𝜃ఊ(𝜈, 𝜔, 𝑟) = 1 ⇔ 𝜈 = 𝜔  
൫𝜃ఊ3൯𝜃ఊ(𝜈, 𝜔, 𝑟) = 𝜃ఊ(𝜔, 𝜈, 𝑟), ∀𝜈, 𝜔 ∈  𝛧, 𝑟 > 0, 𝜈

⊥ 𝜔𝑎𝑛𝑑𝜔 ⊥ 𝜈 
൫𝜃ఊ  4൯  𝜃ఊ൫(𝜈, 𝜘, 𝑟 +  𝑠)൯

≥ 𝜃ఊ ቆ𝜈 , 𝜔, ൬
𝑟

𝛾(𝜈, 𝜔)
൰ቇ

∗  𝜃ఊ  ቆ𝜔, 𝜘, ൬
𝑠

𝛾(𝜔, 𝜘)
൰ቇ , 𝑜𝑟  

𝜃ఊ(𝜈, 𝜘, 𝑐(𝜈, 𝜔)𝛾(𝜔, 𝜘)(𝑟 +  𝑠))  

≥  𝜃ఊ(𝜈, 𝜔, 𝑟)  

∗  𝜃ఊ(𝜔, 𝜘, 𝑠), ∀𝜈, 𝜔, 𝜘 ∈  𝛧, 𝑟, 𝑠 

>  0 
such that 

𝜈 ⊥ 𝜔, 𝜔 ⊥  𝜘, 𝑎𝑛𝑑 𝜈 ⊥ 𝜘 
൫𝜃ఊ5൯  𝜃ఊ(𝜈 , 𝜔,·): (0, ∞)

⟶ [0, 1]𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, ∀𝜈, 𝜔 
∈  𝛧 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜈 ⊥ 𝜔 𝑎𝑛𝑑 𝜔 ⊥  𝜈. 

 
Example5 . Let 𝛧 =  {− 1, 1, 2, 3, 4, . . . } = 𝐴⋃𝐵, 
where 𝐴 =  {− 1, 1} and 𝐵 = 𝑁\{1}. Define a binary 
relation ⊥ by 𝜈 ⊥  𝜔 ⟺], 𝜔 ∈  {|𝜈|, |𝜔|}. Given 
𝜃ఊ: 𝛧 ×  𝛧 ×  [0, ∞)  ⟶ [0, 1] as 
 



Fuzzy Metric Spaces: A survey On Fixed Point Results and Contraction Principles 

 IJDDT Volume 16 Issue 68s 2026 Page: 1084 

 

𝜃ఊ(𝜈, 𝜔, 𝑟) = {1, 𝑖𝑓 𝜈 =  𝜔,
𝑟 + (1/𝜈)

𝑟 + (1/𝜔)
      𝑖𝑓 𝜈

∈  𝐵 𝑎𝑛𝑑 𝜔 ∈  𝐴,
𝑟 + (1/𝜔)

𝑟 + (1/𝜈)
      𝑖𝑓  𝜈 ∈  𝐴  𝑎𝑛𝑑 𝜔 

∈  𝐵,
𝑟 + (1/𝑚𝑎𝑥{𝜈, 𝜔})

𝑟 + (1/𝑚𝑖𝑛{𝜈, 𝜔})
       𝑖𝑓 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,  

 
𝑤𝑖𝑡ℎ 𝑎 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑡 − 𝑛𝑜𝑟𝑚 ∗  𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦    𝑟1 

∗  𝑟2 =  𝑟1 ·  𝑟2. 
𝐺𝑖𝑣𝑒𝑛 𝛾: 𝛧 ×  𝛧 ⟶ [1, ∞)  as  
 

𝛾(𝜈, 𝜔) = {1                               𝑖𝑓 𝜈, 𝜔 
∈  𝐴, 𝑚𝑎𝑥{𝜈, 𝜔}                 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.  

Then  (𝛧, 𝜃ఊ ,∗ , ⊥) is an orthogonal control fuzzy metric 
space, but it is not a control fuzzy metric space. 
Definition15 . Let (𝛧, 𝜃ఊ ,∗ , ⊥) be an orthogonal control 
fuzzy metric space.,  then a sequence  {𝜈௡} is said to be 
G-convergent to 𝜈, where 𝜈, 𝜈௡ ∈  𝛧 if and only if 
𝜃ఊ(𝜈௡, 𝜈, 𝑟) =  1 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑛 >  0 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟 >  0  
Definition16 . Let (𝛧, 𝜃ఊ ,∗ , ⊥) be an orthogonal control 
fuzzy metric space. then, a sequence  {𝜈௡} is said to be 
a G-Cauchy sequence with{𝜈௡} ∈ 𝑍 if and only if 

𝜃ఊ(𝜈௡ , 𝜈௡ା௠, 𝑟)  =  1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚 >  0 𝑎𝑛𝑑 𝑟 >  0. 
Definition17 . Let (𝛧, 𝜃ఊ,∗ , ⊥) be an orthogonal control 
fuzzy metric space; then, it is G-complete if and only if 
every G-Cauchy sequence is convergent. 
Theorem5. Let (𝛧, 𝜃ఊ ,∗ , ⊥) be an orthogonal G-
complete control fuzzy metric space and 𝜁: 𝛧 ⟶ 𝛧 be 
an ⊥--continuous, ⊥-contraction, and ⊥-preserving 
mapping so that 
 

𝜃ఊ(𝜈, 𝜔, 𝑟)  >  0 ⇒ 𝜃ఊ(𝜁𝜈, 𝜁𝜔, 𝑟)  ≥ 𝛹 𝜃ఊ  (𝜈, 𝜔, 𝑟)) 
for all 𝜈, 𝜔 ∈  𝛧 and r > 0. then, 𝜁 has a unique fixed 
point in Ζ. 
 
In 2018, Shukla et al. [10] generalized and extended the 
notion of fuzzy metric 
spaces due to George and Veeramani [3] and introduced 
the notion of complex-valued 
fuzzy metric spaces. 
 
Definition 18. (Shukla et al. [10]). A binary operation 
∗∶  𝐼 ×  𝐼 →  𝐼 is called a complex-valued 
t-norm if: 
1. 𝜁ଵ ∗ 𝜁ଶ  =  𝜁ଶ  ∗  𝜁ଵ; 
2. 𝜁ଵ ∗  𝜁ଶ  ≤  𝜁ଷ  ∗  𝜁ସ 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝜁ଵ  ≤  𝜁ଷ, 𝜁ଶ  ≤ 𝜁ସ; 
3. 𝜁ଵ  ∗  (𝜁ଶ  ∗  𝜁ଷ)  =  (𝜁ଵ  ∗  𝜁ଶ)  ∗  𝜁ଷ; 
4. 𝜁 ∗  𝑞 =  𝑞, 𝜁 ∗  𝑙 =  𝜁. 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝜁, 𝜁ଵ, 𝜁ଶ, 𝜁ଷ, 𝜁ସ ∈  𝐼. 
Definition 19. (Shukla et al. [10] Let 𝐹 be a nonempty 
set, ∗ a continuous complex-valued t-norm 
and M be a complex fuzzy set on 𝐹 ×  𝐹 × 𝑃ఏ  satisfying 
the following conditions 

 
(𝐶𝐹𝑀𝑆1) 𝑞 ≺  𝑀(♭1, ♭2, 𝑉); 
(𝐶𝐹𝑀𝑆2) 𝑀(♭1, ♭2, 𝑉)  =  𝑙 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 ♭1 =  ♭2; 
(𝐶𝐹𝑀𝑆3) 𝑀(♭1, ♭2, 𝜁)  =  𝑀(♭2, ♭1, 𝜁); 
(𝐶𝐹𝑀𝑆4) 𝑀(♭1, ♭2, 𝜁)  ∗  𝑀(♭2, ♭3, 𝜁′) _ 𝑀(♭1, ♭3, 𝜁 

+  𝜁′); 
(𝐶𝐹𝑀𝑆5) 𝑀(♭1, ♭2,·) ∶  𝑃ఏ →  𝐼 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠; 
for all ♭1, ♭2, ♭3 ∈  𝐹 and 𝜁, 𝜁′ ∈  𝑃𝑞. Then, the 
triplet ( 𝐹, 𝑀,∗) is called a complex-valued fuzzy 
metric space and M is called a complex-valued fuzzy 
metric on 𝐹. A complex-valued fuzzy metric can be 
thought of as the degree of nearness between two points 
of  F with respect to a complex parameter 𝑉 ∈  𝑃ఏ . 
fixed point theorem proved by Humaira et al. [11]is as 
follows: 
 
Theorem 6.[11]Let ( 𝐹, 𝑀,∗) be a complete complex 
valued fuzzy metric space such that for any sequence 
{𝜁௤} in 𝑃ఏ  with  𝜁௤  = ∞, we have  𝜁௤  𝑀(♭1, ♭2, 𝜁௤)    =

 𝑙    for all 𝑥 ∈  𝐹. 𝐼𝑓 ⊤: 𝐹 → 𝐹  satisfies 
𝜓(𝑀(⊤♭1, ⊤♭2, 𝜁))  

≥  𝜓(𝑀(♭1, ♭2, 𝜁))  
−  𝜙(𝑀(♭1, ♭2, 𝜁))  

for all ♭1, ♭2 ∈  𝐹, 𝜁 ∈ 𝑃ఏ , where 𝜓, 𝜙: 𝑃 →  𝑃 both 
are continuous, monotonic nondecreasing 
functions with 𝜓(𝜁), 𝜙(𝜁)  ≻  𝜃 for 𝜁 ∈
 𝑃௤  𝑎𝑛𝑑 𝜙(𝑞)  =  𝜓(𝑞)  =  𝑞, then ⊤ has a unique fixed 
point. 
 
In 2015 [12] the framework of complete fuzzy cone 
metric spaces 
Definition 20.. If P is a cone of E, S is an arbitrary set, 
∗ is a continuous t-norm and ζ is a fuzzy on 𝑋ଶ  ×
 𝑖𝑛𝑡(𝑃), then a 3-tuple (𝑆, 𝜁,∗) is considered fuzzy cone 
metric space satisfying the following conditions, for 
all 𝑡, 𝑠 ∈  𝑖𝑛𝑡(𝑃) , 

𝑎, 𝑏, 𝑧 ∈  𝑆 𝑎𝑛𝑑 𝑡 >  0, 𝑠 >  0. 
1. (𝐹𝐶𝑀1) 𝜁(𝑝, 𝑞, 𝑡)  >  0, 
2. (𝐹𝐶𝑀2) 𝜁(𝑝, 𝑞, 𝑡)  
=  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑤ℎ𝑒𝑛 𝑝 𝑒𝑞𝑢𝑎𝑙𝑠 𝑞, 
3. (𝐹𝐶𝑀3) 𝜁(𝑝, 𝑞, 𝑡)  =  𝜁(𝑞, 𝑝, 𝑡), 
4. (𝐹𝐶𝑀4) 𝜁(𝑝, 𝑞, 𝑡)  ∗  𝜁(𝑞, 𝑧, 𝑠)  ≤  𝜁(𝑝, 𝑧, 𝑡 +  𝑠), 
5. (𝐹𝐶𝑀5) 𝜁(𝑝, 𝑞, . ) ∶  𝑖𝑛𝑡(𝑃)  

→  [0, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
 
In2025 [13]Describe Efuzzy cone metric space (or E − 
FCMS) 
Definition21. Let ζ be a fuzzy set 𝑜𝑛 𝑆 ×  𝑆 ×  (0, ∞], 
let 𝑆 ≠  𝜙, and let ∗ be a 
continuous t-norm, and ζ such that 
1. (𝐸𝐹𝐶𝑀1) 𝜁(𝑝, 𝑞, 𝑡)  >  0, 
2. (𝐸𝐹𝐶𝑀2) 𝜁(𝑝, 𝑞, 𝑡)  
=  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑤ℎ𝑒𝑛 𝑝 𝑒𝑞𝑢𝑎𝑙𝑠 𝑞, 
3. (𝐸𝐹𝐶𝑀3) 𝜁(𝑝, 𝑞, 𝑡)  =  𝜁(𝑞, 𝑝, 𝑡), 
4. (𝐸𝐹𝐶𝑀4) 𝜁(𝑝, 𝑞, 𝑡)  ∗  𝜁(𝑞, 𝑧, 𝑠)  ≤  𝜁(𝑝, 𝑧, 𝑡 +  𝑠), 
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5. (𝐸𝐹𝐶𝑀5) 𝜁(𝑝, 𝑞, . ) ∶  𝑖𝑛𝑡(𝑃)  
→  (0, 1] 𝑖𝑠 𝑙𝑒𝑓𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 

6. (𝐸𝐹𝐶𝑀6) 𝑇ℎ𝑒 𝑐𝑜𝑙𝑙𝑒𝑐𝑡𝑖𝑜𝑛 {𝜁(𝑝, 𝑞, . ) ∶  (0, 𝑟)  
→  (0, 1];  (𝑝, 𝑞)  
∈  𝑆ଶ} 𝑖𝑠 𝑢𝑛𝑖𝑓𝑜𝑟𝑚𝑙𝑦 

𝑒𝑞𝑢𝑖𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑟 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒, 
for all t, s > 0 and p, q, z ∈ S. Then, the ordered triple 
(S, ζ, ∗) is called a E fuzzy 
cone metric space (or E − FCMS). 
Theorem7. Consider the E- fuzzy cone metric space 
(𝑆, 𝜁,∗) to be complete. Consider a contractive mapping 
𝜒 ∶  𝑆 →  𝑆 with a contractive constant k, which means 
there exists 𝑘 ∈ ]0, 1[ such that 
 
 

1

𝜁(𝜒௔, 𝜒௕ , 𝑡)
− 1 ≤ 𝑘((

1

𝜁(𝑎, 𝑏, 𝑡)
− 1) 

 
∀ 𝑎, 𝑏 ∈  𝑆 and ∀ 𝑡 >  0. Consequently, the sequence 
{𝜒௡𝑎} converges to 𝑎∗  and   𝜒 
has a unique fixed point 𝑎∗ for all 𝑎 ∈  𝑆. 
 
In [17] Bipolar fuzzy metric spaces 
 
Definition22: (Menger 1942). Continuous t-norms are 
binary operations on the interval [0, 1], 
it means that𝛥 ∶  [0, 1] × [0, 1]  →  [0, 1] satisfies the 
following situations with neutral element 
1. 𝛥 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 
2. 𝛥 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 
3. 𝑎𝛥1 =  𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈  [0, 1] 
4. 𝑎𝛥𝑏 ≤  𝑐𝛥𝑑 𝑤ℎ𝑒𝑟𝑒 𝑎 ≤  𝑐, 𝑏 

≤  𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏, 𝑐, 𝑑 ∈  [0, 1]. 
 
Definition23:  A doubled arithmetic operation 𝛻 ∶
 [−1, 0]  ×  [−1, 0]  →  [−1, 1] is referred to 
as bipolar continuous symmetry ts-conorm if ∇ applies 
the required specifications: 
1. 𝛻 𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒 
2. 𝛻 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 
3. 𝑎𝛻0 =  𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈  [−1, 0] 
4. 𝑎𝛻𝑏 ≤  𝑐𝛻𝑑 𝑤ℎ𝑒𝑟𝑒 𝑎 ≤  𝑐, 𝑏 

≤  𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏, 𝑐, 𝑑 ∈  [−1, 0]. 
 
Definition 24: The tetra set (𝐴, 𝐵, 𝛥, 𝛻) is called bipolar 
fuzzy metric space (BFMS) when 
the following conditions are satisfied for all 𝑢, 𝑣, 𝑧 ∈
 𝐴, where A be arbitrary set, 
 {< 𝑢, 𝜇_𝐴^𝑟 (𝑢), 𝜇_𝐴^𝑙 (𝑢)  > : 𝑢 ∈  𝐴} be BFS such 
that 𝜇_𝐴^𝑟 (𝑢), 𝜇_𝐴^𝑙  are defined as fuzzy sets on 

 𝐴 ×  𝐴 × (0, ∞), 𝐵 ∶  𝐴 ×  𝐴 ×  (0, ∞)  
→  [−1, 1], 𝛼, 𝛾 >  0 𝑎𝑛𝑑 𝛥, 𝛻 

show the continuous t-norm 
and continuous symmetry 𝑡௦ −conorm, respectively: 
 

1.    0 ≤  𝜇஺
௥ (𝑢)(𝑢, 𝑣, 𝛾 ) ≤  1, −1 ≤  𝜇஺

௟ (𝑢, 𝑣, 𝛾 )  
≤  0 

2. 𝜇஺
௥  (𝑢, 𝑣, 𝛾 ) +  𝜇஺

௟ (𝑢, 𝑣, 𝛾 )  ≤  1 
3. 𝜇஺

௥  (𝑢, 𝑣, 𝛾 ) =  1 ⇔  𝑢 =  𝑣 
4. 𝜇஺

௥  (𝑢, 𝑣, 𝛾 ) = 𝜇஺
௥  (𝑣, 𝑢, 𝛾 ) 

5.𝜇஺
௥  (𝑢, 𝑣, 𝛾 )𝛥𝜇஺

௥  (𝑣, 𝑧, 𝛼 ) ≤ 𝜇஺
௥  (𝑢, 𝑧, 𝛾 +  𝛼 ) 

6. 𝜇஺
௥  (𝑢, 𝑣, . ) ∶  [0, ∞)  →  [−1, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 

7. 𝜇஺
௥  (𝑢, 𝑣, 𝛾) = 1(∀𝛾 >  0) 

8. μ୅
୪ (u, v, γ )  =  −1 ⇔  u =  v 

9. μ୅
୪ (u, v, γ )  = μ୅

୪ (v, u, γ ) 
10. 𝜇஺

௟ (𝑢, 𝑣, 𝛾 )𝛻𝜇஺
௟ (𝑣, 𝑧, 𝛼)  ≥  𝜇஺

௟ (𝑢, 𝑧, 𝛾 +  𝛼) 
11.  𝜇஺

௟ (𝑢, 𝑣, . ) ∶  [0, ∞)  →  [−1, 1] 𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠. 
 
12. 𝜇஺

௟ (𝑢, 𝑣, 𝛾 )    =  −1, (∀𝛾 >  0).  
The functions . 𝜇஺

௥ (𝑢, 𝑣, 𝛾 ) and 𝜇஺
௟ (𝑢, 𝑣, 𝛾 ) represent 

the value of closeness and the value of 
distance between u and v with respect to γ , respectively. 
 
Example6. Let (A, d) be a crisp metric space. Give the 
functions Δ and ∇ as default  

𝑢𝛥𝑣 = 𝑚𝑖𝑛{𝑢, 𝑣}, 𝑢𝛻𝑣 =  𝑚𝑎𝑥{𝑢, 𝑣}.  

𝜇஺
௥ (𝑢)  =

𝛾

 𝛾 + 𝑑(𝑢, 𝑣)
 

𝜇஺
௟ (𝑢) =

−𝛾

𝛾 + 𝑑(𝑢, 𝑣),
 

for all  𝛾 >  0, 𝑢, 𝑣 ∈ 𝐴  
Then, (𝐴, 𝐵, 𝛥, 𝛻) 𝑏e bipolar fuzzy metric space by 
considering 

𝐵 ∶  𝐴 ×  𝐴 × (0, ∞)  → [−1, 1]. 
In [16] new way  to introduce the notion of fuzzy 
bipolar metric space 
  
Fuzzy bipolar metric spaces 
Definition25. Let X and Y be two non-empty sets. A 
quadruple (𝑋, 𝑌, 𝑀𝑏,∗) is said to be fuzzy bipolar 
metric space (FB-space), where _ is continuous t-norm 
and Mb is a fuzzy set on 𝑋 × 𝑌 × (0, ∞), satisfying the 
following conditions for all 𝑡, 𝑠, 𝑟 >  0: 
(𝐹𝐵 − 1) 𝑀𝑏(𝑥, 𝑦, 𝑡)  >  0 𝑓𝑜𝑟 𝑎𝑙𝑙 (𝑥, 𝑦) 𝜖 𝑋_ 𝑌; 
(𝐹𝐵 − 2) 𝑀𝑏(𝑥, 𝑦, 𝑡)  =  1 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 

=  𝑦 𝑓𝑜𝑟 𝑥𝜖 𝑋 𝑎𝑛𝑑 𝑦 𝜖 𝑌; 
(𝐹𝐵 − 3) 𝑀𝑏(𝑥, 𝑦, 𝑡)  

=  𝑀𝑏(𝑦, 𝑥, 𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖𝑋 ∩  𝑌; 
(𝐹𝐵 − 4) 𝑀𝑏(𝑥1, 𝑦2, 𝑡 +  𝑠 +  𝑟)  
>  𝑀𝑏(𝑥1, 𝑦1, 𝑡) _𝑀𝑏(𝑥2, 𝑦1, 𝑠) _𝑀𝑏(𝑥2, 𝑦2, 𝑟) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥1, 𝑥2 𝜖 𝑋 𝑎𝑛𝑑
(𝐹𝐵 − 5) 𝑀𝑏(𝑥, 𝑦, . ) ∶  [0,1)  

→ [0, 1] 𝑖𝑠 𝑙𝑒𝑓𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠; 
(𝐹𝐵 − 6) 𝑀𝑏(𝑥, 𝑦, . ) 𝑖𝑠 𝑛𝑜𝑛
− 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝜖 𝑋 𝑎𝑛𝑑 𝑦 𝜖 𝑌. 
Example7. Let (𝑋, 𝑌, 𝑑) be an bipolar metric space. For 
all 𝑥 𝜖𝑋, 𝑦 𝜖 𝑌, 𝑎𝑛𝑑 𝑡 >  0, denote 

𝑀𝑏(𝑥, 𝑦, 𝑡)  =
𝑡

𝑡 +  𝑑(𝑥, 𝑦)
 

.Then (𝑋, 𝑌, 𝑀𝑏,∗) is fuzzy bipolar metric space, where 
is a t-norm defined as  
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𝑎 ∗  𝑏 =  𝑎𝑏 or 𝑎 _ ∗ 𝑏 = 𝑚𝑖𝑛 {𝑎, 𝑏}. 
 
Theorem8. Let (𝑋, 𝑌, 𝑀𝑏,∗) be a complete fuzzy 
bipolar metric space such that 

𝑀𝑏(𝑥, 𝑦, 𝑡)   =  1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝜖 𝑋, 𝑦 𝜖 𝑌. 
Let 𝑇 ∶  𝑋 ∪  𝑌 →  𝑋 ∪  𝑌 be mapping satisfying 
(𝑖) 𝑇(𝑋) ⊆ 𝑋 𝑎𝑛𝑑 𝑇(𝑌)  ⊆ 𝑌; 
(𝑖𝑖) 𝑀𝑏(𝑇(𝑥), 𝑇(𝑦), 𝑘𝑡)  
>  𝑀𝑏(𝑥, 𝑦, 𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 𝜖 𝑋, 𝑦 𝜖 𝑌 𝑎𝑛𝑑 𝑡 
>  0, 𝑤ℎ𝑒𝑟𝑒 𝑘 𝜖(0, 1). 
Then T has a unique fixed point. 
In 19]  uses Intuitionistic fuzzy metric space 
Definition26. A binary operation ∗∶  [0, 1]  ×  [0, 1] →
 [0, 1] is continuous t-norm if ∗  satisfies the 
following conditions: 
(𝑖) ∗  𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒; 
(𝑖𝑖) ∗  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠; 
(𝑖𝑖𝑖)𝑎 ∗  1 =  𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 𝜖[0, 1]; 
(𝑖𝑣)𝑎 ∗ 𝑏 ≤  𝑐 ∗  𝑑 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑎 ≤  𝑐 , 𝑏 

≤ 𝑑 𝑎𝑛𝑑 𝑎, 𝑏, 𝑐, 𝑑 𝜖 [0, 1]. 
Definition27. A binary operation ⟡∶  [0, 1] × [0, 1]  →
 [0, 1] is continuous t-conorm if ⟡ satisfies the 
following conditions: 
(𝑖)  ⟡  𝑖𝑠 𝑐𝑜𝑚𝑚𝑢𝑡𝑎𝑡𝑖𝑣𝑒 𝑎𝑛𝑑 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑖𝑣𝑒; 
(𝑖𝑖)  ⟡  𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠; 
(𝑖𝑖𝑖) 𝑎 ⟡ 1 =  𝑎 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 𝜖 [0, 1]; 
(𝑖𝑣) 𝑎 ⟡ 𝑏 ≤  𝑐 ⟡ 𝑑 𝑤ℎ𝑒𝑛𝑒𝑣𝑒𝑟 𝑎 ≤  𝑐 , 𝑏 

≤  𝑑 𝑎𝑛𝑑 𝑎, 𝑏, 𝑐, 𝑑 ∈  [0, 1]. 
Definition28. [19] .Let (𝑋, 𝑀, 𝑁,∗,⟡) is said to be an 
intuitionistic fuzzy metric space if X is an arbitrary 
set, ∗ is a continuous t-norm, ⟡is a continuous t-conorm 
and M,N are fuzzy sets on 𝑋 ×  𝑋 × [0, ∞) 
satisfying the following conditions: 
(𝑖) 𝑀(𝑥, 𝑦, 𝑡)  + 𝑁(𝑥, 𝑦, 𝑡)  

≤  1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖𝑋 𝑎𝑛𝑑 𝑡 >  0; 
(𝑖𝑖) 𝑀(𝑥, 𝑦, 0)  =  0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋; 
(𝑖𝑖𝑖) 𝑀(𝑥, 𝑦, 𝑡)  =  1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋 𝑎𝑛𝑑 𝑡 

>  0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 =  𝑦; 
(𝑖𝑣) 𝑀(𝑥, 𝑦, 𝑡)  =  𝑀(𝑦, 𝑥, 𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 

>  0; 
(𝑣) 𝑀(𝑥, 𝑦, 𝑡) _𝑀(𝑦, 𝑧, 𝑠)  

≤  𝑀(𝑥, 𝑧, 𝑡 
+  𝑠) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 𝜖 𝑋 𝑎𝑛𝑑 𝑡, 𝑠 
>  0; 

(𝑣𝑖) 𝑀(𝑥, 𝑦, . ) ∶  [0,1)  
→  [0, 1] 𝑖𝑠 𝑙𝑒𝑓𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝜖𝑋; 
(𝑣𝑖𝑖)𝑀(𝑥, 𝑦, 𝑡)  =  1  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 >  0; 
 (𝑣𝑖𝑖) 𝑁(𝑥, 𝑦, 0)  =  1 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋; 
(𝑣𝑖𝑖𝑖) 𝑁(𝑥, 𝑦, 𝑡)  =  0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 

>  0 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 =  𝑦; 
(𝑖𝑥) 𝑁(𝑥, 𝑦, 𝑡)  =  𝑁(𝑦, 𝑥, 𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝜖 𝑋 𝑎𝑛𝑑 𝑡 

>  0; 

(𝑥) 𝑁(𝑥, 𝑦, 𝑡) ⟡ 𝑁(𝑦, 𝑧, 𝑠)  
>  𝑁(𝑥, 𝑧, 𝑡 
+  𝑠) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 𝜖𝑋 𝑎𝑛𝑑 𝑡, 𝑠 
>  0; 

(𝑥𝑖) 𝑁(𝑥, 𝑦, . ) ∶  [0,1)
→  [0, 1] 𝑖𝑠 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 𝜖 𝑋; 
(𝑥𝑖𝑖)𝑁(𝑥, 𝑦, 𝑡) =  0𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 𝑋 𝑎𝑛𝑑 𝑡 >  0.  
 
Then (M,N) is called an intuitionistic fuzzy metric 
space on X. The functions M(x, y, t) and N(x, y, t) 
denote the degree of nearness and the degree of non-
nearness between x and y w.r.t. t respectively. 
 

Example8 . Let 𝑋 = ቄ 
ଵ

௡
;  𝑛 =  1, 2, 3, . . . ቅ ∪ {0}and 

let ∗be the continuous t-norm and ⟡be the continuoust-
conorm defined by 𝑎 ∗  𝑏 =  𝑎𝑏 and 𝑎 ⟡ 𝑏 =
 𝑚𝑖𝑛 {1, 𝑎 +  𝑏} for all 𝑎, 𝑏 𝜖 [0, 1] for each 
𝑥, 𝑦 𝜖𝑋 𝑎𝑛𝑑 𝑡 >  0, 
define (M,N) by 

𝑀(𝑥, 𝑦, 𝑡) = {  0,   𝑡 =  0,
𝑡

𝑡 + 𝑑(𝑥, 𝑦)
        , 𝑡 >  0, 

𝑁(𝑥, 𝑦, 𝑡) = {  1   , 𝑡 =  0,
   𝑑(𝑥, 𝑦)

𝑡 + 𝑑(𝑥, 𝑦)
        , 𝑡 >  0, 

Then (𝑋, 𝑀, 𝑁,∗,⟡) is an intuitionistic fuzzy metric 
space. 
 
Theorem9. [19]   Let A and B be self mappings of a 
complete intuitionistic fuzzy metric space (𝑋, 𝑀, 𝑁,∗,⟡
) such that 𝑎 ∗  𝑏 = 𝑚𝑖𝑛 { 𝑎𝑏} and 𝑎 ⟡ 𝑏 =  𝑚𝑖𝑛 {𝑎, 𝑏} 
for all 𝑎, 𝑏 𝜖 𝑋. Assume 𝑀(𝑥𝑜, 𝐴(𝑥𝑜), 𝑡)  >
 0 and 𝑁(𝑥𝑜, 𝐴(𝑥𝑜), 𝑡)  <  1 for all 𝑥𝑜 𝜖𝑋, ∀𝑡 >  0, let 
𝐴, 𝐵 𝑏𝑒 𝑠𝑒𝑙𝑓 𝑚𝑎𝑝𝑝𝑖𝑛𝑔𝑠  𝑜𝑓 𝑋 satisfying the following 
conditions: 
(1) 𝐴, 𝐵 are two continuous and intuitionistic 𝜓  -
contractive mappings; 
(2)𝑀(𝐴(𝑥), 𝐵(𝑦), 𝑡)  ≥
 _(𝑚𝑖𝑛 {𝑀(𝑥, 𝑦, 𝑡), 𝑀(𝐴(𝑥), 𝑥, 𝑡), 𝑀(𝑦, 𝐵(𝑦), 𝑡)}), 

      𝑁(𝐴(𝑥), 𝐵(𝑦), 𝑡)  
≤  (𝑚𝑎𝑥 {𝑁(𝑥, 𝑦, 𝑡), 𝑁(𝐴(𝑥), 𝑥, 𝑡), 𝑁(𝑦, 𝐵(𝑦), 𝑡)}) 

for all 𝑥, 𝑦 𝜖𝑋 𝑎𝑛𝑑 𝑡 >  0; 
(3) {𝑥௡}𝑖𝑠 (𝐴, 𝐵) − 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 𝑜𝑓 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑝𝑜𝑖𝑛𝑡 𝑥଴ 
 
Then A and B have a unique common fixed point in X. 
In [21] Define  the  Let IFbMSIntuitionistic fuzzy b- 
metric space. 
 
Intuitionistic fuzzy b- metric space.. 
Definition29.Let E is an arbitrary set, ⟡ and o are 
continuous t-norm and continuous 
t-conorm respectively. Let H and O be fuzzy sets on 
𝐸 × 𝐸 × (0; ∞) satisfying the following 
state, for all 𝜌1; 𝜌2; 𝜌3 𝜖𝐸, 𝑏 ≥  1, 𝑦;  𝑠 >  0. 
(𝑎) 𝐻(𝜌1; 𝜌2; 𝑦) + 𝑂(𝜌1; 𝜌2; 𝑦)  ≤  1; 
(𝑏) 𝐻(𝜌1; 𝜌2; 𝑦)  >  0; 
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(𝑐) 𝐻(𝜌1; 𝜌2; 𝑦)  =  1;  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 >  0 𝑖𝑓𝑓 𝜌1 =  𝜌2; 
(𝑑) 𝐻(𝜌1; 𝜌2; 𝑦)  =  𝐻(𝜌2; 𝜌1; 𝑦), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 >  0; 
(𝑒) 𝐻(𝜌1; 𝜌3; (𝑦 + 𝑠))  

≥ 𝐻(𝜌1; 𝜌2; 
𝑦

𝑏
)  

⟡ 𝐻(𝜌2; 𝜌3; 
𝑠

𝑏
), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦;  𝑠 >  0; 

(𝑓)𝐻(𝜌1; 𝜌2;
∶)𝑖𝑠 𝑛𝑜𝑛 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅ା 𝑎𝑛𝑑𝐻(𝜌1; 𝜌2; 𝑦)   
=  1; 
(𝑔) 𝑂(𝜌1; 𝜌2; 𝑦)  <  1; 
(ℎ) 𝑂(𝜌1; 𝜌2; 𝑦)  =  0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 >  0 𝑖𝑓𝑓 𝜌1 =  𝜌2; 
(𝑖) 𝑂(𝜌1; 𝜌2; 𝑦)  =  𝑂(𝜌2; 𝜌1; 𝑦), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 >  0; 
(𝑗) 𝑂(𝜌1; 𝜌3; (𝑦 + 𝑠))  

≤  𝑂(𝜌1; 𝜌2; 
𝑦

𝑏
) 𝑜 𝑂(𝜌2; 𝜌3; 

𝑠

𝑏
), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦;  𝑠 >  0; 

(𝑘)𝑂(𝜌1; 𝜌2;
∶)𝑖𝑠 𝑛𝑜𝑛 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅ା 𝑎𝑛𝑑𝑂(𝜌1; 𝜌2; 𝑦)  
=  0: 
Also, 𝐻(𝜌1; 𝜌2; 𝑦)   =  1 and 𝑂(𝜌1; 𝜌2; 𝑦)   =  0: 
Then a 5-tuple (𝐸; 𝐻; 𝑂;⟡ ; 𝑜) is 
called an IFbMS. 
 
In 2025 [20]  extended intuitionistic fuzzy b-metric 
space is defined and showing the properties crucial  to 
its structure. 
Extended Intuitionistic fuzzy b- metric space. 
Definition 30. A 5-tuple set (𝐸; 𝐻఍ ; 𝑂఍;⟡; 𝑜) is said to 
be an EIFbMS(Extended Intuitionistic fuzzy b- metric 
space.), if E is a non-empty set, 
⟡ and o is continuous t-norm and continuous t-conorm 
respectively and 𝜁: 𝐸 × 𝐸 → [1, ∞)be a function, 𝐻఍  
and 𝑂఍  are fuzzy sets on 𝐸 × 𝐸 × (0; ∞) satisfying the 
following conditions with 

𝑏 ≥ 1, 𝑠; 𝑦 >  0 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜌1; 𝜌2; 𝜌3 𝜖 𝐸. 
(𝑎)𝐻఍(𝜌1; 𝜌2; 𝑦) + 𝑂఍(𝜌1; 𝜌2; 𝑦)  ≤  1; 
(𝑏)𝐻఍(𝜌1; 𝜌2; 𝑦) > 0 
(𝑐)𝐻఍(𝜌1; 𝜌2; 𝑦) = 1 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 > 0, 𝑖𝑓𝑓𝜌1 = 𝜌2 
(𝑑)𝐻఍(𝜌1; 𝜌2; 𝑦) = 𝐻఍(𝜌2; 𝜌1; 𝑦) for all 𝑦 > 0  
(𝑒)𝐻఍  ൫𝜌1; 𝜌3; 𝜁(𝜌1; 𝜌3)(𝑦 + 𝑠)൯

≥ 𝐻఍  ቀ𝜌1; 𝜌2; 
𝑦

𝑏
ቁ 𝐻఍

⟡ 𝐻఍  (𝜌2; 𝜌3; 
𝑠

𝑏
), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦;  𝑠 >  0; 

(𝑓)𝐻఍  (𝜌1; 𝜌2;

∶) 𝑖𝑠 𝑛𝑜𝑛 𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅ା 𝑎𝑛𝑑𝐻(𝜌1; 𝜌2; 𝑦)   
=  1; 
(𝑔)𝑂఍(𝜌1; 𝜌2; 𝑦)  <  1; 
(ℎ)𝑂఍(𝜌1; 𝜌2; 𝑦)  =  0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 >  0 𝑖𝑓𝑓 𝜌1 =  𝜌2; 
(𝑖) 𝑂఍(𝜌1; 𝜌2; 𝑦)  =  𝑂఍(𝜌2; 𝜌1; 𝑦), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦 >  0; 
(𝑗) 𝑂఍(𝜌1; 𝜌3, ; 𝜁(𝜌1; 𝜌3) (𝑦 + 𝑠))  

≤  𝑂఍(𝜌1; 𝜌2; 
𝑦

𝑏
) 𝑜 𝑂఍(𝜌2; 𝜌3; 

𝑠

𝑏
), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦;  𝑠 >  0; 

(𝑘)𝑂఍(𝜌1; 𝜌2;

∶)𝑖𝑠 𝑛𝑜𝑛 𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅ା 𝑎𝑛𝑑𝑂఍(𝜌1; 𝜌2; 𝑦)  

=  0: 
Also 𝐻఍(𝜌1; 𝜌2; 𝑦)   =  1 and  𝑂఍(𝜌1; 𝜌2; 𝑦)   =  0 
 
 
Theorem10.[20]. Let(𝐸; 𝐻఍ ; 𝑂఍;⟡; 𝑜)   is a complete 
EIFBMS with the mapping 𝜁: 𝐸 × 𝐸 → [1, ∞) and 
𝑓𝑜𝑟 𝑎𝑙𝑙 𝜌1; 𝜌2; 𝜌3 𝜖 𝐸.such that 
 

𝐻఍(𝜌1; 𝜌2; 𝑦)   =  1 
 𝑂఍(𝜌1; 𝜌2; 𝑦)   =  0 

and a mapping 𝑔: 𝐸 → 𝐸 which satisfies the following 
Equation 
 

𝐻఍(𝑔𝜌1, 𝑔𝜌2, 𝑘𝑦) ≥ 𝐻఍(𝜌1, 𝜌2, 𝑦) 
 

𝑂఍(𝑔𝜌1, 𝑔𝜌2, 𝑦) ≤  𝑂఍(𝜌1, 𝜌2; 𝑦) 
where 𝑘 𝜖(0; 1) Let us take an arbitrary 𝑎଴𝜖 𝐸  ;𝑛; 𝑞 2𝜖 

N we have 𝜁(𝑎௡, 𝑎௡ା௤) <
ଵ

௞
 

where   𝑎௡  =  𝑔௡𝑎଴,   then a mapping g has a unique 
FP. 
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