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ABSTRACT

This paper investigates the Moore—Penrose inverse of k-idempotent Pentapartitioned Neutrosophic Fuzzy Matrices
(PNFMs). The existence and uniqueness of the Moore—Penrose inverse are established, and its fundamental algebraic
properties are studied within the framework of PNFMs. Several characterization theorems for k-idempotent PNFMs are
derived, and the relationships between the Moore—Penrose inverse and other generalized inverses, including the group
inverse, are investigated. The proposed results extend the classical theory of generalized inverses to the PNFMs setting,
providing a comprehensive algebraic framework for matrices involving truth, indeterminacy, falsity, hyper-soft parameters,
and rough approximations.
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INTRODUCTION

Matrix theory plays an important role in several branches of
mathematics and its applications, particularly in linear
algebra, optimization, decision-making, control theory,
computer science, and data analysis. The study of
generalized inverses of matrices has received considerable
attention because generalized inverses extend the concept of
the ordinary inverse to singular and non-square matrices.
One of the fundamental developments in this direction was
presented by Greville [2], who investigated generalized
inverses associated with matrix products. Pearl [8] further
contributed to the theory of generalized inverses and
established important results concerning their algebraic
properties. The systematic treatment of generalized inverses
and their applications was subsequently developed by Rao
and Mitra [11]. These classical investigations provide the
mathematical foundation for studying different types of
generalized inverses and their extensions to various
generalized matrix structures.

The concept of fuzzy matrices was introduced to represent
imprecise and uncertain information in matrix form. Kim
and Roush [13] developed the theory of generalized fuzzy
matrices, thereby providing a framework for extending
several classical matrix concepts to fuzzy environments.
Meenakshi [24] presented a comprehensive treatment of
fuzzy matrix theory and its applications. The study of
inverses and idempotent properties in fuzzy matrices has
also attracted considerable interest. Kim [21] investigated

idempotents and inverses in fuzzy matrices, while Lee,
Jeong, and Park [19] studied idempotent fuzzy matrices.
These investigations demonstrate that classical algebraic
properties can be meaningfully generalized within fuzzy
matrix structures.

The theory of generalized inverses has subsequently been
extended to intuitionistic fuzzy matrices, in which
membership and non-membership information are
considered simultaneously. Sriram and Murugadas [3]
investigated the Moore—Penrose inverse of intuitionistic
fuzzy matrices. Several other algebraic concepts associated
with generalized inverses and partial orderings have also
been studied in intuitionistic fuzzy settings. Anandhkumar et
al. [12] investigated reverse tilde and minus partial orderings
on intuitionistic fuzzy matrices, while Punithavalli and
Anandhkumar [22] studied reverse sharp and left-(T) right-
(T) partial orderings. Punithavalli and Anandhkumar [26]
further investigated kernel and (k)-kernel symmetric
intuitionistic fuzzy matrices. These studies illustrate the
continuing development of inverse theory and related
structural ~ properties in  generalized fuzzy matrix
environments.

The concept of (k)-idempotency provides another important
direction in the study of generalized matrix structures. A
matrix (A) is said to be (k)-idempotent when it satisfies an
algebraic relation of the form[ A%*U=A]] for a positive
integer (k). Such matrices generalize the classical idempotent
matrices, for which (A?=A). Krishnamoorthy and
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Rajagopalan [5] investigated generalized inverses of (k)-
idempotent matrices, establishing a connection between (k)-

idempotency and generalized inverse theory. The (k)-
idempotent concept has subsequently been investigated in
fuzzy and neutrosophic environments. Anandhkumar et al.
[18] studied partial orderings, characterizations, and
generalizations of (k)-idempotent neutrosophic fuzzy
matrices. These developments provide a natural algebraic
foundation for investigating generalized inverses of (k)-
idempotent neutrosophic fuzzy matrices.

Neutrosophic theory was introduced to provide a
mathematical framework for handling indeterminate,
inconsistent, and incomplete information. Neutrosophic
fuzzy matrices consequently offer greater flexibility than
conventional fuzzy matrices by incorporating truth,
indeterminacy, and falsity information. Anandhkumar et al.
[1] investigated pseudo similarity of neutrosophic fuzzy
matrices, while Anandhkumar et al. [4] studied various
inverses of neutrosophic fuzzy matrices. Generalized
symmetric structures were considered by Anandhkumar et
al. [9], who investigated generalized symmetric
neutrosophic fuzzy matrices. Further developments include
reverse sharp and left-(T) right-(T) partial orderings on
neutrosophic fuzzy matrices [7], interval-valued secondary
(k)-range symmetric neutrosophic fuzzy matrices [14], and
secondary (k)-column symmetric neutrosophic fuzzy
matrices [20]. These investigations have considerably
enriched the algebraic theory of neutrosophic fuzzy
matrices.

The relationship between inverse theory and structural
properties such as idempotency, range symmetry, and kernel
symmetry has also been explored. Anandhkumar et al. [23]
studied secondary (k)-range symmetric neutrosophic fuzzy
matrices, whereas Prathab et al. [27] investigated interval-
valued secondary (k)-range symmetric fuzzy matrices with
generalized inverses. Anandhkumar et al. [18] provided
characterizations and generalizations of (k)-idempotent
neutrosophic fuzzy matrices. In addition, generalized
symmetric Fermatean neutrosophic fuzzy matrices were
investigated by Anandhkumar et al. [25]. These studies
indicate that generalized inverse theory can be combined
with different symmetry and algebraic conditions to develop
new classes of fuzzy and neutrosophic matrix structures.

More recently, partitioned neutrosophic fuzzy matrices have
emerged as an important extension for representing
information with multiple semantic components. Quadri-
partitioned neutrosophic fuzzy matrices provide a richer
framework than conventional neutrosophic fuzzy matrices
by partitioning the information into four components.
Determinant theory for quadri-partitioned neutrosophic
fuzzy matrices and its application to multi-criteria decision-
making problems was investigated by Anandhkumar et al.
[28]. Radhika et al. [10] studied the Schur complement in
(k)-kernel symmetric block quadri-partitioned neutrosophic
fuzzy matrices. Interval-valued secondary (k)-range
symmetric quadri-partitioned neutrosophic fuzzy matrices
with decision-making applications were investigated by
Radhika et al. [29]. These contributions demonstrate the
applicability of partitioned neutrosophic fuzzy matrix
structures to algebraic and decision-making problems.
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The development of partitioned structures has naturally led
to the consideration of pentapartitioned neutrosophic fuzzy
matrices. A pentapartitioned representation provides five
distinct information components, commonly associated with
truth, contradiction, ignorance/indeterminacy, unknown, and
falsity information. This richer representation enables more
detailed modeling of information containing uncertainty,
inconsistency, incompleteness, and indeterminacy. In
comparison with ordinary neutrosophic fuzzy matrices,
pentapartitioned structures therefore provide an extended
algebraic framework in which different information
components can be treated separately.

The study of compositions and algebraic operations in
neutrosophic fuzzy matrices has further strengthened the
mathematical foundations of these generalized structures.
Harikrishnan et al. [30] investigated Min(Max)-Min(Max)—
Max(Min) compositions of neutrosophic fuzzy matrices and
demonstrated their application to medical diagnosis.
Similarly, decomposition of neutrosophic fuzzy matrices
using alpha-cuts was investigated by Devi Shyamala Mary et
al. [16]. These developments indicate that neutrosophic
fuzzy matrix theory is expanding beyond basic matrix
operations toward more sophisticated algebraic constructions
and applications.

Although generalized inverses have been studied for
conventional matrices, fuzzy matrices, intuitionistic fuzzy
matrices, and neutrosophic fuzzy matrices, the investigation
of inverse structures in generalized (k)-idempotent
pentapartitioned neutrosophic fuzzy matrices remains
comparatively limited. In particular, there is a need to
establish suitable inverse concepts for pentapartitioned
structures satisfying generalized (k)-idempotent conditions
and to investigate the algebraic relationships among these
inverses. The transition from ordinary neutrosophic fuzzy
matrices to pentapartitioned neutrosophic fuzzy matrices
introduces additional structural components, which
necessitates an appropriate formulation of inverse conditions
and their corresponding characterizations.

Motivated by these observations, the present study focuses
on some inverses on generalized (k)-idempotent
pentapartitioned neutrosophic fuzzy matrices. The main
objective is to develop an algebraic framework for studying
generalized inverse structures associated with (k)-idempotent
pentapartitioned neutrosophic fuzzy matrices. The study
investigates the relevant inverse conditions, establishes their
existence and algebraic properties under suitable
assumptions, and derives relationships between the
generalized (k)-idempotent structure and the corresponding
inverses. The proposed framework extends existing results
on generalized inverses, (k)-idempotent matrices,
neutrosophic fuzzy matrices, and partitioned neutrosophic
fuzzy matrices [2,4,5,11,18,28].

Thus, the present work contributes to the development of
inverse theory for a more expressive class of neutrosophic
fuzzy matrices. In particular, it provides a foundation for
further investigations involving generalized inverses,
Moore—Penrose-type inverses, group inverses, partial
orderings, symmetry properties, and potential applications of
pentapartitioned neutrosophic fuzzy matrices in uncertainty-
based mathematical modeling and decision-making.
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2. Moore-Penrose Inverse Idempotent PNFMs

nm

T
Definition:2.1 For PNFMs (T",C PIP UL F P) € F and another PNFMs, (TP,C PIPU P,FP) ceF
i i i i i mn i i i i i

is called Moore Penrose inverse of (T Pcr 1t U”F P) if

(T,-jP’C,,P’I,;,-P’U,J-P’E,P)((T,P’C,,P’I,,-P’UUP,F;P))T (YL.P’CUP’]UP’UUP’F;P):

(T‘P,C__P,]“P,U_P,F_P) {g-inverse or {1}- inverse}

T T
((T P,C“P,] U F ) ( T C P,I“P,U P,FHP)) {reflexive g- inverse or {2}- inverse}

T
=(T..PaC,,Pa] U F ( T C I ,U}P,FHP)) { {3}- inverse}
ij ij I/ U g
r T
) (((T.,”,C..P,I..P,U..”,F,.”)) (T."’,C..P,I..P,UA.”,F..”)j
b v v b g v g b v b
T
:((TP,C PIPU ”,FP)) (T”,C PItU ”,F”) {{4}- inverse}
ij ij ij ij ij ij ij ij ij ij
An inverse which satisfies all the above four equations, is called Moore Penrose inverse of (T rFcrt 1t u”,F* ) is
i i i i i
+
denoted by (T'7,C 7,1 *,U ", F ")

(1)
Theorem: 2.1 If (T__P,C__P,] P U P,F“P) is a (1)-inverse (generalized inverse) of a k-idempotent PNFMs of
ij ij ij i y

(TUP,CUP,IUP,UUP,E_/P) then

(T CIITUTE )j(l)‘K(T,-,-P’C,-,-PJ,.,.P,U,.,”,E,”)(I)K
i (K ( T,P,CUP,IWP,UUP,F;P))(l)— (rcriru e
Gy (77,710 " F )K)‘”_K(TUP,CUP,,{_/_P’UUP’E/P)U)

(i) ((T,,”,C”P,I”,U,.”,F.”)3)(l)— (rr.crarur ) (rhelarutE) e
( <
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V) (K(T;P’CijP’IijP’UijP’F;ijj(l)_ (TVP’C,-,'P’IUP’U,;P’E,P) (Tij’Cr‘jP’IVP’UUP’F:.].P)(I)K(Or)

(]:fp’CUP’IUP,UUP,F;p)(1) (];P’CUP,IUP,U”P’F}P)K

proots ) (77, .1 70 ", F ik (1.1 7.0 7 F )

(r.cr1r | ) (r.crru ) (QPilﬂQflﬁiﬁfyk
(przﬂgleiFff

(rrc i m) (1 (e
-k(r".c" 1" U F)K
(QiQfJflﬁiﬂffm(@inJflﬁiﬂme(CﬂCfJflﬁiﬂff

- (];P’CyP’I@/P’Uy’P’F;P)Z

(1)

(i) K(Y;P’CUP’I:]P’U#P’F;P)[(YZJP’CH'P’IVP’UVP’F;P) K]K(];P’CUP’]UP,UUP’F;P)

:K(T;P,CUP’IUP’UUP,E}P) (?]P,CUP,IUP,UUP,F;P)(I) (T;/P’CUP’IUP’UUP’F;P)

:K(ZfP’CUP’IifP’UifP’F;P)

(iif) K[K(‘T,-,-P’CUP’Ii,P’Ui,P’F:,P)(I)] (CPﬂCVP’IUP’UyP’F:,P)K _ (CP’CUP’IUP’UyP’F;P)

1
il E ) (0 U KT P U R K
3 P ~P yPyrP P poprgp g pr\Y
TRV ARTEN (rr.crarur Fr)
- @PCPIPUPFPfﬁPCPIPUPFﬂ
i A A T A
rrcra o) (r7.cr1"u " E") (rr.craru’Fr)-
3
T',C 17U " F) (rr.c’1”u’ k") (r".c”1 U F" )=
@PCPIPUPFﬁ3
O e A
In a similar manner, it can be proved that

3\() 1
Therefore, ((T_.P,c__P,I__P,U__P,F_P)j ~(rrcrarur ) (1 e U ET)

v) K(Y;P,CyP,IyP,UyP,F;Pf [(T;/P’CUP,IUP’UUP,F:/P) (Tg/P’Cg/P’IﬁP’UﬁP9F;/P)(1)K]

K(CP’CQ‘P’[:‘/‘P’U&P’F;PY - K(CP’Cy‘P’[vP’Uy‘P’F;Pf (YZJP’CUP’IUP’UUP’F;P)
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P ~P 7P P M
(r.craruF) (1r.cra Ut E)
ij ij ij ij
(1)
- K(r".cr1 U Fr (T ot R ) (T,C U ET
ij ij ij i y
(TP,C P,I P,U P,FP) :K(TP,C P,I P,U P,FP)
i i i i i i i i
3\ P P 7P P P P ~P y P r e\
Therefore, K(TP,CP,IP,UP,FP) :(T CP I U F )(T CP I U F )K
i i 0 i i i i i i i i i i
In a similar manner, it can be proved that
N\ | S
RN ARTEN S I I (AR AR I UANSRN AUAN A
ij i ij i ij ij ij ij i i ij ij ij ij ij
P P P P P (2) . . . . .
Theorem: 2.2 If (T ,C .1 " U"F ) is a (2)-inverse (reflexive generalized inverse) of a k-idempotent PNFMs
i i 7 i i

(TP,C PIt U P,FP)then
i e 2T T

(i) ((]:/P’C‘/P’I’/P’UKIP’E/P)2j(2)_K (];P’CJP’]:‘/P’UUP:F;P)Q)K

ij i i i i

(T C [ U FP)(TZJP’CyP’IﬁP’UUP’F;P)(Z) (cr)

i i i

(T C 1" U F 3) - (T CrIrU” FP) (YZ/P,CU_P,Il_jP,U”P,P;P)(z)K (o)

( ik
(AAP,C_P,I_PU FP) (rr.c’1 v’ k")
(x )

(

(TC]UFP)TCIUF)

Proof : The proof is comparable to that of Theorem 2.1.

Theorem 23  If (T PCPIPUTF P) is a kidempotent PNFMs then
i i i i ij
2
(r7.crarurF) e(rf.cm U FrL2
2
Proof: (1) (TP,C P’[ P,U P,FP) (TP,C P,I P,U P,FP) (TP,C P,I P,U P,FP)
ij ij i ij i ij ij ij ij i i ij i ij i

- (YLPBCvijP’]ijP’Uy}:]_7;13)4 (]:,-P’C,-,-P’],-,-P’U,-JP’F:,P)(T,;P’CUP’I,]P’UUP’F;P)z

(rr.crrur pr)=(r7.c 1" uFr)
(By (Y:IP’CUP’]ifP’UyP,F;p)“: (]ijaCi,P’IUP’UUP’F:,»P))
(i (YZjP’Ci/P’Iy‘P’Uy‘P’F;‘P)Z (]:fP’CU'P’IifP’UyP’E/P) (T;P’CifP’IVP’Uy'P’F;P)Z
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5 2
- (rrcrarulE") (101Ul ET) (rr.cr1 U Fr)
i i i i i i i i i i i i i i i
(r.crarur FP)2:(TP crItu’ FP)2
i 0y 2Ty YT 7 A A
3
By (17,C 71U " F") =D
i ij ij ij ij
2
From (i) and (if), we have (77,C 7,1 "U ", F ") e(T7,C 7.1 ",U ", F " ){1,2)
ij ij ij ij ij ij ij ij ij ij

2
Note 2.1 Using (TP’C PIPU P,FP) E(TP,C FIPU P’FP){I’Q} in theorems 2.1 and 2.2 we have
i 2 i 0 i i 2T i 0

(12)
=(r".c1 U ) (K(17.0 0 "0 " E )

:K(TP’C}P’[‘VP,U P,FHP ’ ((T”P,C PIPU p’F“P)K)(m)_ (z;p’cﬁp’lyp’UMP’EjP)K,

~(rr.catulE).

i ij ij i ij

_ K[(T[/P,CI_/_P,II_/_P,U[_/_P,E/P)T.

2
It is also observed that each PNFMs X belongs to {(TP,C PIPU P,FP) , (TP,CP,[ P U P,FP),
i i i i i i j i i 4

1,2)

(TP crIru” F”)3
i g s 2Ty 2y )7
K(TP,C PIPU ”,FP),(TP,C PIPU P,FP)K,
ij i ij ij i ij ij ij ij ij
3 . . . .
K(T rCcr It U F* ) } commutes with their respective (1,2)-inverses.

(13)
Theorem: 2.4 If (T P,C P’ 1 P,U P, F P) is a least square generalized inverse of a k- idempotent PNFMs
i i 2 i 2

(TPCPIPUPFP)then
A e

3)

(TCIUF) TCIUF)(3)K
(i) (K T_P,CUP,[Q_P,U,]P,FP)) (T C ] U FP)( K

(i) T .C 1" U F )K)( )—K(T CrImu’ FP)(3)

(i
(iv) (T C I U ,F jl3 T C ] U F )(TUP,CﬁP’]i/P,Ui/P,F;P)(IS)
o (K(rreraronerf |- rne o) (nne )

. 2 P P rP P P (13)
Proof: (i) (T__P,C__P,I__P,U_P,F,P)K((T,__ ,C" 1", U"F )) K]"
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P p gp g p pp\)
“K(7",C "1 U F)(T7,C U F )R
P op P grp pp\)
=K(r",c "1 "U PP (17,.C7 07U FT) TR
ij ij ij if ij ij ij ij ij ij

:K(Cpacf,P=IuP’Ug/P>E,P) (];P,Cﬁp’Iyp)UUP’F;P)(l,z)K

1,3
~(rrcrua U EYR(r e ) R

) (1,3) » » » P P (1.3)
Therefore, ((T.”,c__*’,f__”,U__",F_”)) «(r.cruru )k

(ii) [K(Tifp’cy_P,IUP’UUP’EfP) (T:'jp’C,]-P’IV.P:UﬁP,F:/P)(I,3)K]T
= K[ (y;P’CUP’IyP’UUP’Ejp) (Y;P’CUP,IUP,UUP,EP)(1,3)]TK

:K[(CP’CU'P’I"/P’UVP’F;P) (T;'P’CUP’I@,P’UyPaF;_P)(LB)]K

:K(Y;P,CéfP,IUP,UﬁP,F;P) [(T;P’CUP’]UP’U”P’F;P)(l,:s)K]

1,3) (1.3)
Therefore, (K (77,C.",1 ",U ", F ")) "= (17,€.",1 "U ", F ") "k
y y q q g 7 q g g y

(i) [ (Ti/P,Ci/_P, 1"uU’, F,-,-P)KK(T,., eIy’ Fﬁ”)(l’a)r
~(r.can U F) (7;”,Ci[”,lﬁ”,UﬁP,p;_P)“’”
S (r.C U i (Tijp,CUPJUP’UHP@P)as)]

(iV)[(YZ/P’Cx,P’If,-P>U,-,P,EI_P)3 (Y—Z/P)CijP’IijP,UUP’F;P) (YZ,P’C[]P»[UP,UUP,F;_P)(M)]T

_ P ~P yP 7P P P oprgpgrr e\ !
- ((Tu ’Cf/ ’If/ ’U@/ ’F;/ )(Tu ’ij ’[f/ ’Uf/ ’F::/ ) )

B (T:/P’CI/P’IUP’U::/‘P’E;P) (YZ/P’C!'/P’]y'P’UUP’F;'P)(LB)

= (T,jf”’(jijf"’[ijl”’(jijp,F;p)3 [(]:/P’CMP,]”P’U”P’F;P) (7:,-P>Ci,-Pa[i,PeU,,,P,F,.,,P)(M)]

WK <7;P’Cr'jP’I’JP’UijP’F:jP)3 (YZ;P’CI-/P’I‘-/P’U”P’E;P) (]—;PDCifPDIi/P,Ui/_P,F;P)(I,S)K]T

- [K(Y;P’CUP’IyP’UVPaF;P) (QP’CUPa]”_P,U”_P,F;P)(I,S)K]T
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P P yP P (13) !
-k |(r7.cr U E) T e U E) K
ij ij ij ij

')
_K(];P’CUP’]yP’UUP’F; P) (T CUP,IJP,UUP,F;P)(LS)K

y

=K (]:’P’CUP’I;,P’U,,P,E/P)} [(CP’CU‘P’I,,PvUVP’E,P) (T:-jP’CUPaI!_/_P,U[_I_P,F;P)(lj)K]

(1.3) 1,3
e (K (17,170 " E) | (e ) (10 e

(1.4)
Theorem: 2.5 If ((T r ,C F i r U F F F )) is a minimum norm generalized inverse of a k-idempotent PNFMs
i i i i

(YLP’C,-/-PJU.PaUUP,E/_P) then
14 ( )
(TCIUF) Tc]UF)K
)

G (K(T".C 1 U F

y

()
) =(r.cra Ul ET) K

1,4
(iif) T NoR SN/ FPK) —K(T[,P,C[,P,I[_P,UU”,I*;P)()

(. )
(iv) (T Cr1"U " E

y

3j14 T C [ U FP)( ’ (T:/P’Ci/P’Ig/‘P’UUP’F:’/P)
)

3 (1.4)
W) (K(Y:_P,C{P,II_P,U,”P,F j (T CrIruU’ FP) (T Cr 1" U’ F )
Proof: The proof of (i) to (iii) are analogous to that of (i) to (iii) proved in theorem 2.5

. (1.4) —7 —1 —rF\P
i (r".cr U ET) (10U ET) [(Q”T,gy',gf);(py Dy Py )} I

- [ (];P’CUP’IJP’UUP,F;/_P)(M) (T;P’CUP’IUP’UyP’F;P) 1= (TUPaC!.,.PJUP,UUP,F;P)(M)

(rr.criu i)
(rreratu Y (e e (T e

Ihereiore ((T iU, F))“ (rh.chiru?, E_/_P)(M) (r7.chiru F ")
wi(rrcritu | (e o e

K(rr.cr v Y- e o e (e R
(et e (e e

-l (YZ/P’Cifp’lg/'P’UvP’F;P)(1,4) (TffP’CzyP’IuP’UijP’F:JP)K] K (YZfP’Cf/P’IUP’UﬁP’F;Pf
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P P P P\ -4 P PP p or\Y P P 7P P P
Therefore, | K (77,C 7,1 7,0 " F ") | =(T7,C 170 " RS (17,C7.0 "0 F K
A A A A i i i i
+
Theorem: 2.6 For PNFMs (TP ,C r i r U r F r ) is the Moore Penrose inverse of a k-idempotent PNFMs then

— J— J— 2 + +
) ([(gf,g;,gf) (p,,T,p,,[,p,j )} j - [(rr.crru e

(i) (KT .CI"UF )) [(TUP,CUP,IUP,UUP,EYP)TK

Gy ((r7.crarurErK) =k [(17.C )]

(i) (T L ’UfaF,,.P)T— [(ZJP,CUP’IUP’UUP,EJP)T(Tﬁp’CUP’IUP’UUP’P;P)z
(rrcrarurrr)|

) (KT cr IifP,UyP’F;P)j*_ [(Tﬁp’CyP,IvP,UUP,F;p)T(TUP,CVP’IQ_F’U”P,@F)Z

|:(T’7P’CifP’IuP’UijP’F:fP):|+K

Proof: Combining theorems 2.1, 2.2, 2.4 and 2.5 we see that the results (i) to (iii) can be easily proved.
+
(iv) Since |:(TP ,C s v P U P JF P ):| is the Moore Penrose inverse of a k-idempotent PNFMs
i i i i i
"
(T PCPITU ”,FP) , we have (TP,C PITU P,FP) (TP,C PIPU P,F”) is a (1,3) -inverse of
ij ij ij ij ij ij i ij ij ij i i i ij ij

3
(TP,C PIPU P,FP) by theorem 2.4.Similarly [(T__P,c__f’,[“P,U__P,F"’)} (T NORV RN F_P) isa
ij ij ij ij i y y y y y y
(1,4) -inverse of A3 by theorem 2.5

+ (1,4)
B we hae  (T7,C71"UF")= (TP,CP,[ P U P,FP) (r7.c’0 /v F
i i i i i i i ij ij ij i ij i ij i

(T P)C P’] P’U”P’FHP)(I’”

i i i i i

((?yP’CyP’IUP’UyP’Fijp)3j+_ (|:(T17P’CifP’]a'P’Uz:fP’F;P)T (];P’C@fP’IUP’UﬁP’F:/P))
(]:fP,C”P’I”P’UﬁP,F;P)3
((T/P,C”P’]MP,UUP,F”P) [(T@,P’C,»,P’[,,P=U@,<P’FUP):|+)

((T,-]-P’CUP’IUP’U,-,P’F:,P)3)+_ |:(T;,<P’C,»,»P’IUP’Ung’F:,P):|+ (Y;P’CHP’IVP’U!]P’F;P)Z
[(EUT’E,;[’B;);(;z/‘T’;z‘f[’;yF )T
By (Y:fP’CyP’IUP’UﬁP’F;Pf )

we have (K(T;P’C,-/-P’I,-/-P’U,-/-P’F:./.P)3j+_ It ((T P,C_.P’]_.P’U P,F P)3J*K+

i ij i i i
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3 +
—I((T..”,C.A”,I..”,U..”,F..”) ) K

K y y i i

PP PP P\ (P P PP P\ PP PP P\

B [(Tu ’C!’/’ ’]i/ ’Ui/ ’Fn‘ ):| (7; ’Cif ’Iy ’Ufj ’F:/ ) [(Tu ’Cu‘ ’]@f ’Uif ’F:f/‘ )J K
3
Theorem: 2.7 For PNFMs (T”,C PIPUPF P) be a k-idempotent PNFMs. If (TP,C PIPU P,FP) is
i i i i i i i j i i
+ 2
symmetric then [(TP,C PIRU P,FP)J = (TP,CP,[ N P,FP) :
Proof: For PNFMs (T s ,C P s I s ,U P s F £ ) is a k-idempotent PNFMs such that
i 2Ty T Ty
2

(r7.cr 17U " Fr) e(r,C71 U " F 7 ){1,2} By theorem 2.3)

Also., ((YLP,CUP,IUP,UVP,F;P) (];P>C,-,P>I,-/.P’U,.,P,F:/_P)2)

~(rr.crat Ut )y (Tt U E)

8]

2
:(T,,P,c__”,l__*’,U__”,F_P) (r".cr1ru " Fr)
b b b y y i ) y i g
Hence, we have, then
+ 2
(rr.craru B =(rr.ca v Fr)
b i v b v 7 b y b i

Theorem: 2.8 For PNFMs (T P,C P’I P,U P,F P) be a k -idempotent PNFMs. Then

3
( (T PCcr It U F P) )" commutes with the associated permutation matrix K.
i i i i i
Proof: If A is a k-idempotent PNFMs then

K(17.C 0" E ) (T.C P U T K
&(r’.cratut EYy =10t U K
(17,070 E Yy (17,0 P 20 R
thertors (77, "1 7,0 F P yk=k((17,C.*,1 "0 ", 7|y
horems 29 For PNEM (7, 7.1 7.0/ 7 ) b kidempotent PNEM.1F (77,C. 717U ") i

+ T
square symmerric ten | (77, "1 .U ", F ") | = (1",€ "1 U " ")
i y b i 7 7 y y y i
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2
Proof: Since (z ’C ,l ,1/ ’F ) is square sylmnetric then (z ’C ’l ,1/ ’F )
if if j if i i i i i

:(T” cr’ UPFP)T.
Clearly (];P,C”P,]ﬁP,UUP,F;P) (T C 1 U F ){1 2}

TCIUFP)(TCIUFP)

It is true that ( ( )T

T
(rr.crarur ) (T0e U ET

and

(rrerirurEr ) (n".c 1 U Ff ),

(rr.cratutENY (rre U R
[ y 4 [
. T
Therefore, we have | (7.7,C ",1,",U ", F ") | = (17, .1 *,U ", F )
ij ij ij ij ij ij ij ij ij ij
Theorem: 2.10 Let (TP,C P,] P,U P,FP) be a k-idempotent PNFMs. If (TP,C P,] P,U P,FP) is range

N
symmetric then |:(T P’C P,[ P,U P,F P)} is also k-idempotent.

Proof: Assume that is range symmetric. We have

(TCIUFP)(TCIUFP)

(rre o m ) (100 U e
. [(Bi/T,Bijl’BljF);(;ijT,;ijl,;ijF ):lz ([(];P’CUP’IUP’UUP’F;P):|+)2 (YL'P’CifP’IvP’UffP’F:/P)zz

(17.c%1 70 ")

(r*.criru e’ RTUP’CyP,IUP,UVP,F;p)T)

([(T”P’CUP,IUP,UUP’E/}»)T (17,C5 070 P F ) (17,071 70 )

_ ((T,,P,C,.,PJ,.,P,U,,P,E,P)[(T,.,P,C‘.,PJ,,P,U,,PaF,.,.P)T(T,.,P,C,J"J,,P,U,.,P,E,Pﬁ (

(r7.cr vt F) [(TUP’CUP’IJP’UUP,EJP)T (r*.ch0 U F ") By ()]
=(rrclarul Fr) (Tt u R

“(rrctitu e

@X [(T:’/P’Cifp’IyP’UUP’EJP)J+) (CP’CzJ'P’Ii/P’UUP’EjP)z
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((r7.cra 0 m )= [(rhe a0 e )]

((rrerarur e n)] (rhem v Fr)

(rr.craru e ) [(rhe s e D [(rre o e )]
“((rreraru s m ] (e nu ) [(rre )]
((r7.craruren)] (hera o) [(rrer o e o

- |:(7—;P’CI/P,IgP’Ui/P’F;/P):|+ [(Z/P’C[/P’IUP,Ui/P’F }

B ([(CP’CIJ’P’Iz.‘fP’Ua’P’F::/‘P)sz
(3)[(Y:/P’CUP’]UP’UUP’F;P)Z ([(CP’C:‘/P’I:]P’UUP’EJP)TJZ]T
) ([(BU'T’BU‘I’BUF);(;”T’[_jijl’;fﬂ (YZ/P’CUP’IUP’UvP’Ey'P) [(ZfP’CuP’]ffP’Ui/P’FZIP)T
|:(];P’C,:,-P’]VP’U,-]-P’F;P):|+)T

_ ((]-ZJP’CUP’IUP’UUP’F:/P) [(lep’cﬁp,I”P’UUP,F;P)T (TUP’C{/PJ[/-P’UUP’E;P)
[(];P’Cﬁpjlﬁpjuﬁp’}zp)J+)T [By ()]

_ ((T P’CUP’IUP’UUP’F;P) [(]:/P’C;/P’IU»P’U,/PanP)T (Y;P’CUP’I,-/-P’UUP’F:,-P)

(e I R [ et |
~(rr.craru B )|(rre )]

(e rE)[(rhe )]

_ (rr.crarure)[(rhe st e (rr.chitu Fr)

[(Typ’cf”f,-PanaE,P)T [By(1)]

—7 —1 —F\]? +
= [(BUT,BUI,BUF),([?U ,pij aplvj )i| ([(rjp,cyP,IUP’UUP’F;P)] j

@) [([(T,-,P’C,-,P’I,,P’U,-,P’F;/.P)sz (CP’CUP,]UP,U!]P’F;p)Z]T
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- ([(Y;P’C.-,-P’I,,P’U,-,P’F;P)T [(Z,P’CUP’IVP’UUP’E,P)}+ (ijp,CVP’IUP’UyP’F:jP)

(Z/’P’CI/P’IJ/P’UUP’F:'/P))T

S (e e e (e o]

i ij i

(rr.cm1 U Er)r [By ()]

i i i i i

(e ) (nen )
oy [(r7.cra w0 (rhcra fu ) (et nE)]
[(rrcrrorn e

LEEAAT | NS

B ([(T”P’C P’I”P’U P’F‘ P):|+ (Y;P,CUP,[U_P,UUP’F;P) [(TIJP’CI/P’IUP’Ui/P’F;/P)J+)

i i i i i

(r7.c”.0 U F") [By()

i i i i i

i (|:<Tup’Ci/P’Ii/P’Ui/P’F:/‘P)J+j2 (TP’C P’I P’U"P’Fp)z

From (1) to (4), we see that

2

2\* +
((Z.P,C,,P,Ii_P,U,,P,Fi_P) ) —([(Tj’,cfP,]/__P,U[,P,E_P)} j e
r 1 _F\ [T 1 —F +: PP PP P\

Hence l:(glj ’Eij ’Eij )a(p,j ’pij oplj ):| |:(T; ,Cl_/_ ,I[/_ ,U[j ,[71_/_ ):|

- (K (@P,Cyp,léjP,UyP,F;P)zK)+

+

[(]:,P’C,/P’IgP’UJ/P’EJP)T_K((T‘.,PaCi,Pﬂl,./P’Uf,P>IT[/.P)2) K

2

[(Y;P’CUP’IUP’UﬁP’FifP):|+_K((Tu‘P’Czy'P’IifP’UyP’Ey'P)Jrj K [By(@)]

Theorem: 2.11 Let (TP,C PIPU P,F") be a k-idempotent PNFMs. If (TP,C PIPULF P) is normal

then is also k-idempotent.

Proof: If is normal then clearly (T P’ C P,[ P, U P’F P) is range symmetric
ij ij ij ij ij
+
By theorem 2.10, (T P,C P,] P,U P,F P) is also k-idempotent.

3. Group inverse of k-idempotent matrix

Definition 31 For a k - idempotent PNFMs (T P ,C P Vi P U P JF P ), the group inverse of
. ; ) )
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#
(TP,CP,] P,U P,FP), denoted as (TP,CP,] P,U P,Fp)is a commuting semi — inverse of
i i T i i i i i i i

(T,P,C__P,]_P,U_‘P,F_P), that is,
v i ij ij ij

(];P’CUP’IyP’UifP’F;P) (CP’CUP’IUP’U!‘/‘P’F;‘P)# (];P,CUP’]!]P’UUP’F;P)

- (YLP’CyP’IyP’Uz:fP’F;P) ’ (pr’cffp’li/P’Uf/P’F:/P)# (];P’CvP’IyP’UUP’F::/P)
(TLP’C”P’]UP)UyP’F;P)#: (T;P’CyP’IUP)UyP’F;P)# and (Z:,P’C,,PJ,,P’U[,P’F:,P)

(TP crrtu’ FP)#
A A
#
=(rr.crar Ul E) (17,0000 F)
ij ij ij i ij A y i i y
2
Theorem 3.1 The group inverse of (TP,C P,I P’U P,F P) 1S

# #
K (TP’CP,[ P U P,FP)K if (TP,CP,[ P U P,FP) is the group inverse of a k-idempotent PNFMs
ij ij ij ij j i i i i i

i

(1.1 "u " F ")
Proof: (1) (TUP,CUP,IUP’UUP,EXP)z (K(TUP’CUP’IUP,UUP’EIP)#K) (TUPBCUP’[UP,UUPBET)Z

_ (YLP,CH,P,IyP,U,,,P,F;P)2K (TUP,CUP’IUP’U;%F)#K (YLP,CVP,IUP,UIJ_P,FVP)Z
(17,170 " F) (TUP,CUP’IUP,UUP,EXP)# (17,717 U " F )k
(17,C"1 U K

:(TZ,PaC(/P,I,,.Pan,Pal’UP)Z

® (K(T,,P,CU.P,I,.,P,UUP,E,P)#K) A2 (K(TUP,CUP,IUP’UUP,IZP)#K)

:K(TUP,CUPJI_}_P’UUP,FUP)#K)

by the definition, (T:/P,C[I_P,[UP,UUP,E_/_P) _ (Ti/_",Cﬁ”,Iy_”,Uﬁ”,E,P)Z (TUP’Cijp,IVp’UifP’Efp)#:
(CP’CyP’IUP’UyP’ﬂp)# (TUPDCUP’IUP’pr,@p)z

2 # #
Multiplying K2 on both sides, (TP’C PIPU P,FP) (TP,C PIPU P,F”) = (T”,C PIPU P,FP)
ij ij ij ij ij ij ij ij ij ij ij ij ij ij ij

(];P,CyP,]”P,UyP,F;P)z
(3)KX( (]—;P’C”P’IUP’U”P’F;ID)# (]:/_PaC,-/.Pa[,-,-PaU,/.P,F;P)Z)
:((TyP,CyP,IifP,UyP,F;P)# (YLP,CyPaIi,P>U,,»P’F;P)2) «

# 2
®(77,C% 070" F" )& (17,7170 F")
ij ij ij ij i i y i y g
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P P yP P P\ P P yP P P\
-(r".cra Ul B (10,0700 ) R
A T
P P yP P P\ . P Py P P P\
Therefore, (K (T ,C A7, U F ) K) is a group inverse of (T )C A7, U F )

#
Theorem 3.2 If (T P ,C P vi P U P JF P ) is the group inverse of a k-idempotent PNFMs then
i i i i

3\ 3
(vi) (K(T .C 1 U F ) j :K(TvP,C__P,I“P,U P,F“’)
ij ij ij ij ij
Proof: By theorem 2.3 we have .
For (T P ,C P vi P U P JF P ) is a k-idempotent PNFMs then
ij i i i i

(]-;P’C[/P’IUP’UgP’F;P)Z e(];P,CUP,]‘,/P;U[/PaF;P){laz}

2
T".C"1"U ")

i i i 4 i

(
“(rrcratu’, FP)z(T NENERTEN XY

We have

(TCIUFP)(TCIUFP)

By the note 2.1, we see that (ii) to (vi) can be easily proved.

Remark 3.1For a square matrix of order n , Drazin defined a pseudo inverse X satisfying the following conditions
(1) (TP,CP,IP,UP,FP)X:X(TP,CP,[P,UP,FP)
i i 0 i i i i 7 i i
k k+1 . .
(ii) (T et It U F P) = (T PCcr It U"F P) X for some positive integer k

(ii1) X:XZ(Z P’( P,] P,U P,F P)—isknownascommutingpseudoinverseof (Z P’( P,] P,U P,F P) and it is
i i i i i i i i
denoted by (Z P ,C P v F ,U r ,F P )Com. The smallest positive integer k for which the above condition is
i i i i i

satisfied, is called the index of (T P s C s vi s U s F s ) . It is true that exists and is unique.
i i i i i
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Theorem 3.3 If (T £ , C P . I P ’U P . F p ) is the group inverse of a k-idempotent PNFMs then

com

(YZ/P’Ci/P’Ii/P’Ui/P’F:fp)3 (T C I U F )# (T C I U FP)

com

(ii) (T RN ERVEN )j :(TUP,CUP,IUP,UUP,E,P)

G (K(r".¢"1"U ")) =K(17.¢"17U " F)

(iv) T C [ ,U[j.PaF;P)K) :(7:,-1)’Cf/P’If/P’U"/P’E'/’P)K

) ((TP,C”P,IyP’U P,F_.P)3

i

i i i i

) - (YLP»CyP,IyP,UUP)];yp)3
)

3 3
ob (&(rre i u B ) | (10 )

abroof () (77,C .1 U ", F ") (T7,C /1 U 7 F)
:(Tﬁp’CUP,IUP’UUpﬂpf _ (TV_P,CI_J_P,IUP,UI]_P,FU”)Z (r7.chirur F")
(];P’Cifp’lyp’UiiP,Efp):(YZJP’CijP,]yP’Uy_p’EP)“
“(rrenitutErY (TUP’C”P’IUP,UUPJZP)Z.

Hence the index of (77,C "1 7,U ", F ") is one.

(TUP’CUP,IUP,UUP’FUP)Z _ (TUP,CUP’IUP’UQP,EXP)S

_((T:’/P’Cifp’[yp’UifP’FyP)zjz (ijP’CyP’IUP’Uz‘/P’F;P)

— 7 — ] —

2
Therefore, [(EQT’BQI’EU )(py s Pij > Py )j| = (YL-P’C@,PJUP’U,,PaF;P)

The proof of (ii) is similar to (i).
(iii) Clearly commutes with itself

Since is a tripotent matrix, we have
K(17.C" 17U F (T ".C 1" U F K (r7.cr1rurF )k
ij ij ij ij ij ij ij ij ij ij ij ij ij ij ij

(Z,»P’C[,-P’[,»,»P’UUP’E;P)

—(K(TCIUF))ZK(TCIUF)

y

It follows that, ( (rr.craru” F”)) =K(1",C" 170" F")
com i iy i i
The proof of (iv) is similar to (iii)

3
(v)Since (TP ,C P i P U P F P ) is idempotent it is obvious that
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((rJ,PanP’I,/P=U,/P’F,./.P)3j

3
(vi)K (TP,C PIRU P,FP) commutes with itself.

3
—(pP P P P P
~(r7.¢ 17U FT)
y 4 i i 4
com

3
SinceK(TP,C P’] P,U P,FP) is tripotent ,we have
ij ij ij ij ij
3 3 3
K(17,C" 17U F") - K(r7.c" 17U F)K(17,C" 1" U " F")K
3
(r7.c’ 170" F")
ij i y b i
3\2 3
-|\k(r*. Ul EE) K (TEC U R
O R A A
3 3
Therefore, (K(TP,C PITU P,FP) j :K(TP,CP,[ PU P,FP)
i i i i om i i g i i
Theorem 3.4 For PNFMs (T C [ U F )beak -idempotent PNFMs. Then the following are equivalent.
(1) (T C ] U F ) is square symmetric
(i) (T C I U F P ) is symmetric
+ #
(111) |:TP,C P’[ P,U P’FP)j| Z(TP,C P,I P,U P,FP)
j i 2 i i i i i i i

(iv) T C I U F P ) is range symmetric.

Proof: (1) implies (2)

A is square symmetric , (T C ] U FP) (T C [ U F )

(Z;P’Cffp’]ifP’UvP’F:fPf: (YZ/P’C&P’I@/P’U:'/P’F;P) (QP’Cy‘P’]y'P’UaP’F;P)T

(e Mo 050 )] )

((T NRNARTEN TV C,”J”,U_P,E‘P)ij
- (:/,P’CUP’[UP,UUP’FUP) (Tffp’Ci,P’Il/_P,Ul/P,E/p)T
~(rr.crarutEr)

3
Therefore, (T P,C P’] P,U P,F P) is symmetric
ij ij ij ij ij

(2) implies (3) By theorem 2.7 we have

[(]:,P’C[/P’IUP’U;/P’E/P)T: (CPaCyPJ,,P’U,,»P’F;P)z |:(TUP3C,»,P’I[/-P’UJP’F:/.P)T
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#
= (T.P’C"P’IHP’U“P’F.P) (bytheoremS.l)

(4) implies (3) A is range symmetric
+ #
wr|(r7,c0 "0 )| = (T7.C 0 U R
i ii ii i ii ii ii i i ii
Theorem 3.5 For (T C 1TU"F ) PNFMs be a k-idempotent PNFMs, If (TP,C PITUY, FP) is

cube symmetric then (T P ,C P A P U P JF P ) reduces to an idempotent PNFMs.
i i i i

Proof: Since is cube Hermitian, we have

(rr.crarur FP) (T,P,C“P,[“P,U_P’F_P)T _______ o

y y y y y

((T Cr LU E )T C,/”,J_,P,U”P,FAP)UT

(]ij’Cu‘P’Iij’UvP’E/ )3) (T C 1 U FP)
PP Py P P\ ! P P Py P P\

(T/ ’Cff ’Ii/ ’Uff ’F:f/' ) ) (T/ ’Cff ’I@f ’U@f ’F:‘/‘ )

:(TCIUF)(TCIUFP)

By theorem 3.3, the matrix is square symmetric,

(TCIUFP)(TCIUF) ...................... @
3

From (1) and (2) implies , (TP,C P,] P,U P,FP)

ij ij ij ij ij

2
:(TP critu’ FP)

A A A
2
(rr.craru’ Fry=(r".c"1"U " F")
y uy y uy y ) y u 7 y
Therefore, (T C ] U F )15 idempotent PNFMs.
Theorem 3.6 Let (T C 17U F ) be a k-idempotent PNFMs. If (TP,C PIP U, FP) is range
symmetricthenK(TP,C P’] P,U P,FP) and (TP,C P,] P,U P,FP)Karealsorange symmetric.
i i i i i i i i
+
Proof: If (TP,C P’] P,U P,FP) is range symmetric then |:(TP,C P,[ P,U P,FP):|
; Y ; ; ) ) ) )

#

= (TP,C PIRU P,FP) (By theorem 3.3)
i i i i

(rr.crar v e =(rrcraur k)

_(T_,,P,C, PIRU ”,F"’):+ :K(T[/_P,Cl_/_P,IU”,UI_/_P,E/”)K ....... 1)
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[(Y;P’CUP’IUP’UUP’F;P):|+K_K(T;P’CVP’IVP’UUP

+
(k(rcrarurFr)) =
uy y y J y

(By theorem 3.1)
Therefore, K (T ",C .1 ",U *, F.
ij ij ij i y

+

From (1)

((YTJP’CUP’IUP’Uu‘P’F:jP)K)+: ((T'P’C"P’IUP’UU

y y

range symmetric

P) is range symmetric

P’F:'/'P)K)#

F

(K(]:fP’Ci/P’IvP’UUP’F:'fP))#

k[(rr.cra v E )= (1r.e U E K

Therefore , (TP’CP’[ P,U P’FP)Kis

Theorem 3.7 For PNFMs (TP,C PIPU P,FP) be a k-idempotent PNFMs. If (TP,C PIPU P,FP) is a
i i 4 i i i i i i i

3 +
range symmetric PNFMs then ((T rctItU”F P) j
i 2 2y i

- (%P’Cgp’]yP’Ui,P’F:jp) |:(T,1P’C,-]-P71UP5UUP,F;P):|+

Proof: If (T P,C P,[ P,U P,F P) is a range symmetric matrix then
i i i i i

(rr.cruru BT |(10.c 0 U E )]

)

-[(rcra v E )| (Te 0 U T,

By theorem 2.6, we have

((T”P’CifP’IUP’U@/‘P’Fe/P)3)+ -

|:(];P,C”P’]VP’U,]-P’F;P):|+

i i i i i

) (TP’C I P,U..PaF.P)[(T_P,C,P,I]P,U

(rrcrirurrr)] myw

i iy b i

4. CONCLUSION

In this paper, the Moore—Penrose inverse of k-idempotent
PNFMs has been investigated. The existence and uniqueness
of the Moore—Penrose inverse were established, and its
fundamental algebraic properties were analyzed within the
PNFMs framework. Several characterization theorems for k-
idempotent PNFMs were obtained, highlighting the
structural properties of these matrices. In addition, the
relationships between the Moore—Penrose inverse and other
generalized inverses, particularly the group inverse, were
examined, thereby extending several classical results to the
PNFMs environment.
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(rr.crarurm | (17 vl Fr)

(T,-/-P’Cg/P’I,-/-P’Ug/»P’E-,-P)

The proposed framework provides a theoretical foundation
for the study of generalized inverses of NHSRFMs and
contributes to the algebraic development of PNFMs theory.
Future research may focus on extending these results to other
classes of generalized inverses, such as the core inverse,
Drazin inverse, and weighted Moore—Penrose inverse, as
well as exploring applications of PNFMs in multi-criteria
decision-making, pattern recognition, image processing,
medical diagnosis, and artificial intelligence.
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