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Abstract

Conventional fuzzy graph models, like intuitionistic fuzzy graphs (IFGs), Pythagorean fuzzy graphs (PyFGs),
and g-rung orthopair fuzzy graphs (q-ROFGs), have become effective tools for simulating uncertainty in intricate
networked structures in recent years. These models exhibit significant limitations when both membership and non-
membership degrees go close to extreme values, despite their advancements. These limitations make it impossible for
these frameworks to accurately simulate a wide range of real-world scenarios, where they are regularly broken.
Furthermore, the underlying dependence between the membership, non-membership, and reluctance grades is frequently
difficult for current models to remove.

I provide a novel structure, the g-Fractional hesitation Fuzzy Graph (q-FHFG), which expands fuzzy graph
theory and permits more flexibility and independence between membership, non-membership, and hesitant grades in
order to get around these restrictions. In contrast to earlier models, g-fractional hesitation fuzzy graphs allow both
membership, non-membership, and hesitancy values to approach 1 independently without breaking consistency,
allowing them to handle extremely high levels of uncertainty. The structure of g-fractional hesitancy fuzzy graphs and
various operations on them are formally defined. The relationship is also discussed.
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Introduction

A fascinating branch of mathematics,
graph theory explores the intricate web of
connections that form the basic structure of our
universe. Graph theory is a fundamental tool that
connects theoretical mathematics with practical
applications, from social systems  to
communication networks, making it a crucial part
of contemporary scientific and technological
developments. A crucial change from the strict
binary logic of classical set theory to a more
adaptable framework that permits partial
membership was made in 1965 when Zadeh [8]
established the idea of a fuzzy set. Rosenfeld
formalized fuzzy relations and fuzzy graphs after
Kauffman first presented the idea of fuzzy graphs.

Expanding upon the notion of fuzzy set
(FS), Atanassov [2] created an intuitionistic fuzzy
set (IFS) that takes into account not only the degree
of membership but also the degree of non-
membership and the inherent hesitation. IFS is a
strong tool in domains where ambiguity is inherent
because it provides a more sophisticated
representation of uncertainty than the typical fuzzy
set, which just takes membership into
consideration.

As an expansion of his previous idea of
IFS, Atanassov [4] introduced the concept of
intuitionistic fuzzy graph (IFG). A more accurate
method for simulating uncertainty in network
interactions is provided by an IFG. It allows for a
better portrayal of ambiguity in real-world
problems by incorporating non-membership and
hesitation degrees in addition to the membership
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degree.

The structure of this document is as
follows: To establish the foundation for the
suggested paradigm, some fundamental concepts
and findings are given in Section 2. The g-
fractional hesitancy fuzzy graph models, along
with their main functions and outcomes, are
formally presented in Section 3.

2 Preliminaries
Definition 2.1.

Let V be a set that is non-empty. A fuzzy
graph is defined as a pair of functions G = (o, )
where ¢ is a fuzzy subset of V, { is a symmetric
fuzzy relation on o . thatis, 0: V — [0,1] and {: V X
V - [0,1] such that {(«, v) < o(u) A a(v) for all
u, v € V. The underlying crisp graph of the fuzzy
graph G = (o, () is denoted as G* = (¢7, (), where
o* is referred to as the nonempty set V of nodes and
{ =& SV X V. Arepresents the minimum.
Definition 2.2.

A Hesitancy Fuzzy Graphs is of the form
G=W,E) , where V = {uy,u,, -1, } such that
{42V = [01], n4:V = [0,A] and 74:V — [0,1]
denote the degrees of membership, non-membership
and hesitancy of the vertex «; € V respectively and
Caluy) +na(u;) +7,4(0u;) = 1 forevery u; €V,
where 7,4(1;) =1 — [(4(u;) +n4(w;)] and € S
V XV where {zg:V XV = [0,1],15:V XV - [0,1]
andtg:V XV — [0,1] are such that, {g(u;,u;) =
min[ {,(u;), Cq(u;)], ng (g, uj) <
max[n.,4(u;), n.4(u))], Tp(uy,uj) <
min[t4(u;), T4(u;)] and 0 < (g(u;uy) +
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ng(u;, w;) + tg(u, u;) < 1 for every (uy,u;) €
E.
Definition 2.3.

Let G = (V,&) be a Hesitancy fuzzy
graph. The degree of a vertex w is
d(w) = (A3, (w), dnq(w),dTa(w)) . where
dla(w) = Xz $a (0, 1), dng(u) =
Luzullz(u,v) and dr,(w) = Yy, T(u, v) for
allu,v €V.

3 The q — fractional Hesitancy fuzzy graph
Definition 3.1.

A q — fraction fuzzy set over a non-empty
set X is defined as A = {x, {4(x),n4(x)/x €
X} where (4(x) ,n4(x) €[0,1] are degree of
membership and degree of non- membership, that

satisfy the constraint 0 < ("QT(x) + qu(x) <1 when
q=2.
Definition 3.2.

A q — fraction Hesitancy fuzzy set over a
non-empty universal set X is defined as follows
A=1{x, (4(x),n4(x), T4(x)}/x €X} where
{a(x) ,nax),t4(x) € [0,1] are  degree  of
membership, degree of non-membership and degree
of hesitant respectively, satisfying the condition 0 <

el 10 4D 3 pen g > 2

Definition 3.3.
Let Ay ={{4, () ,n4, (x), 14 ()}
and A, = {{4(x),Na2(x) ,Ta2(x)} betwoq

— fraction hesitancy fuzzy set such that 0 < —(‘ﬂ;(x) +

nﬂz(x) +T‘ﬂz(x) <1and 0< (ﬁ;(x) +Uﬂ:(x) n

L) <1, when g =2, then the following

operations are defined by

® ArcpAs if {a, () =
Caz(x) Mg, (£) < 7Mga(x) and
Ta, () S 74(x)

(ii) ) if Cuy (%) <
Caz(x) Mg, (£) =1n42(x) and
Ta, () S T4(x)

(iii) A= A, if (o, (x) =
Caz(x) M, () = 142(x) and
T, () = T402(x)

(iv) Ay Up Ay =

Let Ay = ({yq, (x), 04, (), 74, (%))
such that 0 < {ﬂ;(x) + 71(/12(95) + T‘Alq(x) <1 and
Ay = ( {g2(x) ,m42(x),T42(x)) such that 0 <

Sz (x) + Noaz (%) n 7402 (%) <1 ond A=
q q 3
{‘43 (), Noas (x), Ta, (%)) such that 0 < —{‘Az(x) +

mz(x) L@
fractional Hesitancy fuzzy sets. Then

()  IfeA, Cp A, Cp A, then A, Sp A,
(i) IfeA, Cg A, Cg A, then A, Sy A,
(i) (A9 =

(iv) (AUp A = Af Np Aj

v) (AU A)C = Af Ng A5

(vi) (Ay Np AR)C = Af Up A

(vii) (Ay Np AR)E = Af Ug A5

<1 when q = 2 be any three q —

Definition 3.5.
LetG = (V, £) be a simple graph with V as
a non-empty set of vertices and € € VXV as a set of
edges. A q — fractional Hesitancy fuzzy graph is
defined as Gy =(A,B) where A=
{wi, Calwy) naluy),tq(u)/w; €V} isaq-
fractional Hesitancy fuzzy vertex set. B =
{(wi ), Go(wi 1) mm (i 1), 7 (i 117) /
((ui ,uj) € £} ia a Hesitancy fuzzy q — fractional
edge set Such that the following conditions are
satisfied
6] For vertex degree of membership, non-
membership and hesitant mappings
CaNaTa:V—=[01] such that
Calw) +nalw) + () =1
and 0< Saup) + nA (1) + Talu)

q q q
1 for all u; €V ;i=1.2,..n with

q=2

(i1) For edge degree of membership, non-
membership and hesitancy mappings
(M3, T3 : VXV - [0,1] such that
0< (B(“ir“j)+77ﬁ(4;ivuj)+

o (uiuj)

q Sl OS (IB(’DLI',M]')‘I'
ng(ui,uj) +T3(ui,uj) <1;ij=
1,2,3,...n for all (ui ,uj) € £ with
q =2 also {p(u; ,u)) <

{max{ ¢4, (x) , {uz () , max{ n, (%), 042 (2)}, max{ .., WP (1)},

) Ay Ug Ap =

nelu, ;) <

{min{ ¢4, (®), Caz (%), max{n,, (£),n42(x)}, min{ 7., D%z (Y} 1.4 (1)},

(vi) Ay Np Ap =

TB(ui ,/I/LJ) < min{‘[c/l(ui) 'Tcﬂ(u])}

{min{ Sy (%), Qa2 (), min{ Ny (%) ) M4z (xF}XmiP{EJZ‘ﬁ(x) » TAz (x)}}

(vil) Ay Np Ay =

Consider the q — fraction Hesitancy fuzzy

{min{ ¢4, (%), {42 (x) , max{ 4, (x) 1.4, xGIaRRINIRY ENH Y, W)y € = {2y, 22,y2,2w}

Ta(x)}

Proposition 3.4.
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0.40204) 030304 (050302)
Figure -1 : q — fractional
Hesitancy fuzzy graph
Consider q = 2 For =, {4(x) =
0.6, nux) =02, 74(x)=02 q(x) +

A8 28203,

Nalx) + 74x) =1 and 5

nax) _ 02 _ 0.1, Talw) _ 02 _ 0.1, {‘A—(x)‘l'
2 2 2 2 q
"ﬂT@+TﬂT@=0.3+0.1+0.1=0.5

Each vertex has degrees of membership,
non-membership and hesitancy that satisfy the q —
fractional constraint.

U; w;) Tl
0< (Jl( L)_I_no‘lg 1)+ Jl( L) <
Similarly , each edge has membership, non-
membership and hesitancy degrees that satisfies the
q — fractional constraint.
0< {p(uiuj) +’73(“i-“j)

1.

o (uiuj)

+ <1l

Definition 3.7.
The order of a q — fractional Hesitancy

fuzzy graph G,y = (A, B) is defined as O(QQH) =
(Zuiev {aluy), ZuiEV Na(wy) ZuiEV T (1))
Example 3.8.

Consider the q — fractional Hesitancy fuzzy
graph Gop = (A, B) with V = {1, 15, v3, v4} and
& = {vy13, 1103, 031, VU }

(0.3, O.g, 0.3) (0.2,0.3,0.3) (0.5‘, 0.2,0.3)
vl v2

0.2,0.4,0.2)
0.4,0.1,0.2)

V3 (0.2,04,0.1) Vi
(0.6,0.2,0.2)

[
(0.3,0.5,0.2)

Figure — 2 : q — fractional Hesitancy fuzzy graph
Order of Ggy =(1.7,13,1.0) = (0.3 +
05+03+4+06, 04+4+02+05+0.2, 03+
0.3+ 0.2 +0.2)
Definition 3.9.
The degree of a vertex «; €V in a q —
fractional Hesitancy fuzzy graph G,y = (A, B) isa
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defined as deg(w;) =
(deg {q(u;), degn,(u;),degt q(w;)) , where
deg {a(u) = Yuzu, Tp(u; ;) ,

deg n,4(u;) = Z«ui::uj 773(’”4 '/“'j) and

deg t4(u;) = Zuimj TB(/bLi ,uj) , where 0<

{p(uguj) | n(ugaug) | tp(u;mj)

+

q q
Example 3.10.
Consider the q — fractional Hesitancy fuzzy
graph Goy = (A,B) with V = {u, v, w,x} and
& = {uv, nww,vw, wx}

(0.3,0.403)

+ <1

(0.1,04,0.2) (0.2,03,0.2)

(0.,0402) X
(0.3,0.4,03) (0.2,0.4,05)
Figure — 3 : q — fractional Hesitancy fuzzy graph
Here d(w)=1(0.2+0.3,03+03,02+02)=
(0.5,0.6,0.4), d(v)=(0.2+03,03+04,0.2+
0.2) = (0.5,0.7,0.4), d(w)=1(03+03+
03,03+ 04+0.3,02+0.2+0.2) =
(0.9,1.0,0.6) and d(x) = (0.3,0.3,0.2).
4 Operations on q — fractional Hesitancy fuzzy
graph
Definition 4.1.
Let  Ggu1 = (A1,By) and  Ggup =
(A, ,B;) be two q — fractional fuzzy graphs then
their cartesian product is defined as Gy X Gquz =
(Ay X A, ,By XB,) such that the following
conditions are satisfied
@) Forall vy ,v, €V,
Cyx, (vq1,12) =
min{ {4, (v1), {4,(v2)},
NA,xA, (vy,1,) =
max{n.4, (v1), N4,(v>)} and
Ty %Ay (v1,1) =
min{ 74, (1), Tg,(v2)}.
(>i1) forallv €V, v,u, €E,,
(B, xB, ((r,v2), (v, uy)) =
min{ {4, (v), (B, (v2,13),
NB,xB, (v, 1v2), (r, 1)) =
max{n,q, (v), Ng, (v2,uz)} and
TB,xB, (v, v2), (v, uz)) =
min{ 74, (v), T3, (v2,u2)}
(iii) Forallv €V, (vy,u,) € &y,
{B,x3, (v1,1), (U, 1)) =
min{ (g, (v, 141), Ca, (v)3},
NB,xB, ((4’1 ), (Mp”)) =
max{ng, (v1,41), N4, ()} and
TB,xB, ((ry,v), (ug, v)) =
min{ 75, (v, %), Tg,(v)}.
Proposition 4.2.

V(01,0303 W

(0.2,0.2,0.6)
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The cartesian product of two q — fractional
Hesitancy graphs is a q — fractional Hesitancy fuzzy
graph.

Definition 4.3.

Let  Ggu1 = (A1,B;) and  Ggyp =
(A, ,B;) be two q — fractional Hesitancy fuzzy
graphs, then their P — union is defined as
Gqn1 Yp Ggnz = (A Up A, , By Up B,) such that
the following conditions are satisfied

(a) forallu €V, andu €V,
Ca upaay () = Cay (u),
Nayupa, () = N4, (1) and
Taupa, (1) = Tq, ().
(b) forallu €V, andu €7V,
Cagupa, (U) = (g, (1),
Naupa, (M) = Ny, (w) and
Ta,upA, (u) = Ta, ().
(c) forallu eV, NV,
Cayupa, () = max{ {y, (w), (4q,(w)},
Nayupa, (W) = max{n,, (), n4,(w)}
and
T upa, (W) = max{Tq, (1), T4,(w)}.
(d) forall (u,w) € & and (u,w) € &,
{B,UpB, (w,w) = {3, (u,w),
N8 upB, (u,w) = s, («, w) and
Tayupaa, (W) = 1= {4 upa,(u) +
Nayupa, (W)}
(e) forall (u,v) € &, and (u,v) & &,
{B,upB, (1, v) = (g, (u, 1),
NB,UpB, (u,v) = Ns, (u,v) and
TB,UpB, (u,v) = T, (u, v).
(f) forall (u,v) EENE,
(B,UpB, (u,v) =
max{ {p, (u, v), {5, (u, 1)},
NB,UpB, (u,v) =
max{ng, (4, v), Nz, (u,v)} and
TB,UpB, (u,v) =
max{ tg, («, 1), Tg,(®, 1)}
Example 4.4.
Consider the q — fractional Hesitancy fuzzy

graphs G,y and Ggp
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(0.4,04,0.2)  (0.3,0.5,0.1) (0.3,0.6,0.1)
vl v4
g =
5 S
< )
= <
s o
€ S
v2 (03,02,02) v3 J(03,03,02)
(0.4,0.3,0.3) (0.5,03,02)  (0.4,0.2,0.4)
(0.5,0.4,0.1)
(0.2,0.3,0.1) (0.3,0.5,0.1)

v2  (0.3,050.1) v3

(0.3,0.4,0.3) (0.4,0.5,0.1)
Figure -4: Gam1
Figure -5: G4,
(0.5,04,0.1)  (0.3,0.5,0.1) (0.3,0.6,0.1)
1 v4
q) =
S S
< 3,0.5,0.1) “
=) =)
=) e
¥31(03,03,0.2)
v2 (0.3,0.5,0.2) 25U, 0) g
(0.4,0.4,0.2) (0.5, 0.5, 0.0)
Figure - 6:

Gqr1 Yp Gqn2
Proposition 4.5.

The P — union of two q — fractional
Hesitancy fuzzy graph is an q — fractional Hesitancy
fuzzy graph.

Definition 4.6.

Let  Ggu1 =(Ay,B;) and  Ggy =
(A, ,B;) be two q — fractional Hesitancy fuzzy
graphs, then their R — union is defined as follows

Ggn Yr Gguz = (AL Ugp Ay, By Ug B;)  where
Ay Uy A, satisfied the following conditions.
6] forallv €V, andv ¢V, ,
Caqupaasy (v) = Sy (v),
NAURA, (v) = Ny (v) and
To‘lluRle(’U) = Ty, (v).
(i1) forallv €V, andv &V,
CALupd, (v) = Ca, (v),
Nayuga, () = N4, () and
Tauga, () = Ty, (v).
(iii) forallv €V, NV, ,
Cayuga, (V) =
max{ {s, (0), {4, ()},
N uga, (V) =

min{ 1,4, (v), 1.4,(v)} and
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Tayupea, @) =1 = {4 0z, () +
Nayuga, ()}
and B; Uy B, satisfies the following conditions.
6] forall (u,v) € & and (u,v) € &, ,
{B,UrB; (u,v) = (Bl(’l‘w v),
N8,ugs, (W, v) = np, (w,v) and
Tp,ugs, (W, ) = Tg, (u,v) .
(ii) for all (u,v) € &, and (u,v) & &,
(B URB, (u,v) = (s, (u,v),
N8,ugs, (W, v) = g, (1w, v) and
Tg,ugB, (W, V) = T, (u, v).
(iii) forall (u,v) =&, NE,,
{B,upB, (U, ) =
max{ {p, (w, v), {z,(u, 1)},
NB,URB, (uw,v) =
min{ng, (u, ), n, (1, ¢)} and
Tp,ugs, (U, V) =
max{ g, («, 1), Tg,(u,v)}.

Example 4.7.
Consider the q — fractional Hesitancy fuzzy

graphs Ggpq and Ggy

030403)
il
030302) 020302)
002030 A\ 3oy

050302)

040303) 030403)

(0.4,0.2,0.4)
vl

(0.3,0.4,0.2)

v2
(0.3,0.5,0.2)

Figure -7: Gan
Figure -8: G,y
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040204)
vl
030302 020302
0 pa03 N paspy

050302)

040303 030403

Figure — 6: Goy1 Ur Ggn2

Proposition 4.7.

A R —union q — fraction Hesitancy fuzzy
graphs is a q — fraction Hesitancy fuzzy graph.
Conclusion

In this frame work introduced and formalized
the framework of the g-fractional hesitancy fuzzy
graph (q-FHFG) as a generalization of q-ROFG. To
establish the theoretical foundations of q-FHFGs,
including  structural  properties supported by
graphical comparisons with existing fuzzy graph
frameworks.
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