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Abstract

A boundary value problem is addressed in this paper which models a two-dimensional electrically
conducting Casson nanofluid over an exponentially slendering surface with variable thickness. The flow area takes
into account the effects of thermal radiation, heat source, Brownian motion, thermophoretic diffusion and
chemical reaction. To get the ordinary differential equations from the governing partial differential equations, a
suitable similarity transformation is used. The homotopy analysis method (HAM) is used to solve these equations

as well as the boundary conditions. Effects of magnetic parameter (M ), Casson parameter (ﬂ ), velocity power
index parameter (m) , Brownian motion parameter (Nb), thermophoresis parameter (Nt ) , radiation parameter

(R), heat source parameter (Q), Prandtl number (PI’), Schmidt number (SC) and chemical reaction ( Y ) on

velocity, temperature, concentration, friction factor, local Nusselt number and local Sherwood number are given
using graphs and tables for y = 0.0 (exponentially stretching sheet) and y # 0.0 (exponentially slendering
sheet). As compared to the flow over an exponentially slendering sheet, the flow over an exponentially stretching
sheet has a greater effect on heat transfer rate.
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Nomenclature
X,y directions along and normal to q surface heat flux
the surface "
u,v velocity components in X wall thickness parameter
’ coelly comp > _ (m + 1)U, P
directions X=A|—"—
2vL
x magnetic field Nu, local Nusselt number
B=B,e*
T temperature of the fluid Sh local Sherwood number
X
k thermal conductivity 0- 2LQ, heat source parameter
pC,U,
C specific heat at constant v Schmidt number
? pressure Sc=—
Dy
Brownian diffusion coefficient local Reynolds number
D, w u Re, ynolds nu
C nanoparticle volume fraction
Greek symbols
D Thermophoretic diffusion | V kinematic viscosity
T coefficient
T ambient temperature Y% fluid density
0
0, heat source coefficient (o) Electrical conductivity
C ambient nanoparticle volume | 7 ratio between the effective
0
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fraction

heat capacity of the
nanoparticle material and
heat capacity of the fluid

U, reference velocity /8 stream function
x stretching velocity n,& similarity variables
L
U,=U,e
T (x) temperature at the surface J2] dimensionless temperature
w
n [/’t’, 00)
C (x) nanoparticle concentration at | @ dimensionless temperature
w
the surface with respect to [0, oo)
A coefficient related to dimensionless nanoparticle
exponentially stretching sheet volume fraction in [ 7 oo)
f dimensionless stream function | @ dimensionless nanoparticle
in [Z>OO) volume  fraction  with
respect to [0,00)
F' dimensionless fluid velocity | H dynamic viscosity
with respect to [O, OO)
L reference length 1 ambient dynamic viscosity
0
m velocity power index | wall shear stress
parameter v
2 Magnetic parameter ; surface mass flux
M- 20 B, gnetic p Jw
pU,
pC Prandtl number o’ Stefan-Boltzman constant
Pr = £
|4
_ Brownian motion parameter * mean absorption coefficient
vp = EDs (c-c,) P k P
|4
_ thermophoresis parameter Subscripts
vi = DT, phoresis p P
vT,
radiative heat flux condition at the surface
q diative heat fl w dit t th fi
B
p Casson parameter 0 condition at the free stream
* 3 radiation parameter
_40 T, p
k'k
2 ko L chemical reaction parameter
U,
Introduction Oldyord-B fluid due to an infinite flat plate.

Great attention has been carried out in the
direction of non-Newtonian fluids in view of their
encouraging applicability in various branches of
engineering and technology like in the processing of
polymers, biomechanics, enhanced oil recovery,
food products, etc. Rajagopal [1, 2] made some
impressive research on differential type fluids.
Siddiqui and Kaloni [3] and Hayat et al. [4] studied
the nature of second grade fluid. Vieru et al. [5]
obtained some exact solutions for the flow of an
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Aliakbar et al. [6] studied the effect of uniform
magnetic field on Maxwellian fluid under thermal
radiation. Hayat and Kara [7] obtained the analytical
solution for the third grade fluid flow by considering

a  magnetic

of  variable  strength.

Nandeppanavar et al. [8] analyzed the viscoelastic
fluid flow with non uniform heat source/sink and
thermal radiation. Sahoo [9] reported the flow and
heat transfer properties of a third grade fluid subject
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to partial slip. Hamad [10] analyzed the flow of
nanofluid in the presence magnetic field.

Owing to their robust existence and lack of
other problems such as sedimentation, degradation,
additional pressure drop, and so on, nanofluids have
a wide range of applications in various scientific
fields and industries. These fluids are used in power
generators, micro production, vehicles, and other
applications. Tiwari and Das [11] and Moaiga et al.
[12] deduced that thermal conductivity can be
increased by the introduction of nanoparticles in the
fluids and hence the features of heat transfer.
Sheremet [13] obtained the numerical solutions for
the free convection flow of nanofluid under thermal
stratification. Das et al. [14] discussed the boundary
layer slip flow and heat transfer of nanofluid over a
stretching sheet. Mabood et al. [15] reported the
properties of nanofluid flow over a nonlinear
stretching sheet. Shehzad et al. [16] have taken the
convective mass condition and analyzed the MHD
boundary layer flow on nanofluid. Ramana Reddy et
al. [17] observed the higher heat transfer rate in Ag-
water when compared with TiO-water nanofluid.

Many researchers have allured the concept
of Casson fluid as they have many applications in
the fields like polymer processing, biomechanics,
drilling operations, metallurgy, etc. Casson fluid
constitutive  equation  delincate a nonlinear
relationship among stress and rate of strain and has
been observed to be perfectly admissible to silicon
suspensions, suspensions of bentonite in water, and
lithographic varnishes used for printing inks.
Mukhopadhyay [18] reported that the Casson
parameter depreciates the velocity field. Pramanik
[19] observed the behaviour of Casson fluid flow
over an exponentially porous stretching surface.
Nadeem et al. [20] studied the MHD three
dimensional Casson fluid flow over a linear
stretching sheet. Ibrahim et al. [21] analyzed the
mixed convection flow of Casson nanofluid with
chemical reaction and heat source. The
magnetohydrodynamic (MHD) stagnation point
flow of Casson nanofluid over a nonlinear stretching
sheet in the presence of velocity slip and convective
boundary condition is studied by Ibrahim et al. [22].
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In this article, we consider a stretching with
variable thickness. This type of sheet is generally
used in machine design, nuclear reactor technology,
architecture, acoustical components, naval
structures, etc. Lee [23] initiated the idea of variable
thickness sheet. Fang et al. [24] extended this
problem to study the boundary layer flow. Khader
and Megahed [25, 26] discussed the flow analysis
over a variable thickness stretching sheet by taking
slip velocity in to consideration.

Here we analyze the MHD flow over an
exponentially slendering sheet with thermal
radiation, chemical reaction and heat source. In the
mathematical model Brownian motion and
thermophoretic  diffusion of nanoparticles are
considered. The obtained model was solved by
HAM. It has been proved that this technique is a
worthful approach in dealing with various problems
[27-30].

Mathematical formulation

Consider a steady two-dimensional MHD
Casson nanofluid flowing over an exponentially
slendering stretching layer of variable thickness.
Thermal radiation, heat source, and chemical
reaction are all taken into account. The combined
effect of Brownian motion and thermophoresis was
also considered. The stretching velocity at the free

X

stream is of the form U, =U e’ . The Casson

fluid flow is assumed to occupy the domain
X

Ae < y < oo as shown in the Fig. 1. It is also
assumed that a magnetic field of strength

X

B= Boeﬂ is applied perpendicular to the Casson
nanofluid flow. 7\, and C, are taken as the wall

temperature and nanoparticle concentration, 7T,

and C_ are the ambient values of temperature and
nanoparticle concentration.
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Fig. 1. Coordinate system of the Casson nanofluid flow.

The rheological equation of state for an isotropic
and incompressible flow of a Casson fluid is

2l u +Le >
B \/E ijo c

T, = ,

2y +—= e, T.>T

ijo c
\27,

where (4, is the dynamic viscosity of the non-

Newtonian fluid, p, is the yield stress of
the fluid, 7 is the product of the component of

deformation rate with itself, 7 = e, .e. ., e, . is the

ijrije vij
i./)"

7, is the critical value of this product based on the

component of the deformation rate and

non-Newtonian model. Under the boundary layer
approximations, the governing equations for of this
problem can be expressed as

au 6v —0,
o ay

ou "
x Oy &' p
@
T KT 18, w’j&@ Q) av
& o Gy Gy | 08 T\o) | 4
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u@_C+V6_C_D {@ CJ-&- {aT] kO(C—Cw)

Ox oy oy’ oy’
“
The boundary conditions are
u=U,, v=0, T=T,6 C=C, at yer_Z,
u=0, r=rT, C=C_, at y=oo.
)
By using Rosseland approximation, we have
B 40" oT*
OV

Taylor’s series is utilized in taking the following
expression

4 o 3 4
T =473 T-3T".
We assume that the surface is retained at a
temperature and nanoparticle volume fraction

T, =T, +T,e*0(n), C, =C,+C,e*¢(n)

Now we induce the similarity transformations

WULE 2 mH)G,
= &, n=e T=T. HT,-T.)dn,
shsst =1l b, et T T

c=<m—cw>¢fz»,u=g‘f=umé,

(6)

Here # and Vv satisfy the continuity equation.
Equations (2) to (5) become
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LR PN L P
e

(N

(8)

Nt
Vl+_ H
¢ Nb

(f¢ f'é-r)=0.

9

The boundary conditions are

f)==x 1" (x)=1 0(x)=1 ¢(Z)
[1)=0.  o)=0, #()=0
(10)

To execute the calculations easily, we avail
the functions
F(&)=F(n-x)=1(n).
0(¢)=0(n-x)=0(n) and

®(§)=®(U—Z)=¢)(I7). Then the above

equations take the form

1+1-F”H{ !
o) m+1

(1
4R 1 )
[1+ J@"+P{(F®—F®+@)+N@®+Nz@}
3 m+1
(12)
(FO'-F'®-y®)=0.

j[FF”—2(F')2 —MF']z 0,

(DV|+£®V| Sc
Nb m+1

(13)

The boundary conditions are
F(0)=-x, F'(0)=1, ©(0)=1, ®(0)=1,
F'(0)=0, ©(»)=0, ®(0) = 0.

(14

In nanofluid problems, the physical

quantities of interest are friction factor (C ), wall
heat transfer (Nux)and the volume fraction mass

transfer (th )is defined as:

T, xq, XJ,
C,=—"— Nu,=—/""—,8u =——""—
Ty MRy e )
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where

-M 0,
f ] T - ,U(Z_u} qw = _k(%j jw = _DB (aa_cj
y y

[1+43Rj9”+13{ ( fO—1"6+00)+ NbO #+Nt@
m+

‘}] =04e 2L,
Usimg above quantities, we have

RV C, =2 144 | ™ Er(0),
SN2
Re Nu, =1+ 3R | X
3 )L 2

and

Re"? Sh. =—(1j mil g
LV 2

where Re =

(0),

is the local Reynolds number.
14

HAM

To build up the homotopic solutions of
equations (11) to (14), we pick up the initial guesses
and linear operators as follows

F($)=—x+1+e*,
0, (é/) e,
0, (¢)=e".

L,(F)
L,(0)
L;(®)

with
L (C +Ce* +Cre ) =0,

FII! FI
o'
@H

L,(C,ef +Cie ) =0,
Ly(Cye* +Cre ) =0,

where C ; (i =11to 7)are the arbitrary constants.

We  construct the
equations

(1=p)L(F(¢sp)-

(15)

zeroth-order  deformation

F($)=ph N[F (&),

(<)) =ph, N[ &) €1¢p). 9GP )

(16)

(-p)L(6{&p)
(I-p)L| A & p)-®y( &) =ph, N[ F &:p).©(&:p). 9 &) |
(17

subject to the boundary conditions
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F(0:p)=-x.  F'(0:p)=1.  F'(wip)=0, F,(0)=0, F/(0)=0, F,(0)=0,
0(0; p)=1, O(o; p)=0, ©,(0)=0, ©,(x)=0,
®(0; p)=1, ®(0; p)=0, @,(0)=0, @, (0)=0,
(18) (25)
Where where
aﬁﬂtm a%e“p )= 3
Apaen 1 F‘?’ g M|
NA&R]R 1+ ac(;) (26>
9%
4 ( - z Z - @ +®n—lj
(19) R (Q{lgj@m ,
4 0O Hq)”\f )1 ©
M[FiGn oo 15r) AT ARG
3 oc ( 27)
B(¢p) _ar(&ip)
F] adl
m+1( (é/’p) aé/ a qé/ )+qup) I{vb( ) q)n 1+M®n—l+ ( n—l—t Z - 1 n—l 4
Pr . . . > (28)
{%aexaap) adxaamw(a@xaamn [0, ne,
d J d O a1
(20)
Fo(&p) N 0O p)2)
N[ F(¢:p).0(&:p).0(Sp) |= (é: 7) (&p)
oG Nb 6§ Convergence of HAM
Sc &D(é’ ;P) oF (é/ ; p) The auxiliary parameters 7,71, and 7,
+m+l[F (é/;p ) o o (g P ) 7 @(é’ p ) > controls and adjust the convergence of the obtamed
series solutions. To acquire the apt values for these
2n ) ) parameters 7i - curves are portrayed in Fig. 2. From
where  p €[0,1] is the embedding this figure, the presumable interval of auxiliary

parameter, hl Jh ,and h jare non-zero auxiliary

parameters and 2V, 1 ,N. , and N , are nonlinear

operators.
The nth-order deformation equations are follows

L (E1 (g)_l,1 F, (é/)) =h, RnF (é/)’

(22)
L, (®n (é/)_ln 0, (é’)) =h, R;(? (é,),
(23)
L, (ch (é’)_Zn o, (g)) =, R;:D (é’)a
(24)

with the following boundary conditions
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parameter is [—1.4,0.0]. The solutions are
convergent for whole region of §  when

h,=h,=h,=-0.65. Table.

convergence of the method.

1 shows the

6r— .
—F ()
=4
E —01)
=\ o1
S 0\ :
§-2
w4
. : : s
-1.5 -1 0.5 0

hy hy by

Fig. 2. #i-curves of F”(O) ® '(0) and
() '(O) for 15" order approximation.
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Table 1. Convergence of HAM solutions for
different orders of approximations when

Fig. 15 shows the possessions of the
Brownian motion parameter Nb on the temperature

/=20 M=m=05 R=0L, =20 No=03 y=N=y=0=028=30profiles of the flow. It is observed that with the

Order | —f"(0) | -©'(0) | -®@'(0)
5 0.936668 | 0.613336 | 1.177725
10 0936614 | 0.613506 | 1.175343
15 0936612 | 0.613362 | 1.175846
20 0936612 | 0.613443 | 1.175672
25 0936612 | 0.613453 | 1.175740
30 0936612 | 0.613463 | 1.175732
35 0936612 | 0.613464 | 1.175727
40 0936612 | 0.613464 | 1.175727
45 0936612 | 0.613464 | 1.175727

Results and Discussion

The percussion of retained pertinent
parameters on the  velocity, temperature,
concentration, friction factor, local Nusselt number
and local Sherwood number are explained.

For numerical solutions we considered the
non-dimensional parameter values as

augmentation in Nb , temperature of the nanofluid
enlarges in both y =0and y # 0 cases. This may
take place since the Brownian motion develops the
colloidal fluid particle interaction. Physically when
there is higher thickness in the sheet, particle to
particle interaction is more. Hence flow over
exponentially slendering sheet shows higher
temperature profiles compared with exponentially
stretching sheet. Fig. 16 describes the weight of
Nb on the concentration profiles of nanofluids. Rise
in values of Nb shows reduction in nanoparticles
diffusion for ¥ =0 and y # O cases.

Figs. 17 and 18 reveal the consequence of
thermophoresis parameter Nfon temperature and
concentration distributions. Growing values of N?
progress the temperature and concentration profiles
for both y =0and y # O case. Physically due to

20 M=m=05 R=01,F=20 Nb=03 y=N=y=0=02.8=30movement of nanoparticles from hot to cold region

These values are reserved in entire study apart from
the variations in consequent figures and tables.

The resistance force known as Lorentz
force is intensified by an expansion in the magnetic
parameter, which lowers velocity while rising

temperature and concentration in both ¥ =0 and

x # 0. This is delineated in Figs. 3 to 5.

Figs. 6 to 8 show the proclivity of Casson
parameter [5 on the distributions. It is seen that
velocity  dwindles and  temperature  and
concentration raise with /7. This appears due to the

increase of plastic dynamic viscosity with f. This

is observedinboth ¥ =0 and y #0.

Fig. 9 to 11 illustrate the impact of velocity
index parameter m on velocity, temperature and
concentration. These distributions accelerate with
m . This is due to the amplification of slenderness
in the sheet with m . This is observed in both
y=0and y #0.

If the radiation parameter is increased, heat
energy is emitted, and as a result, temperature rises
with R . The thickness of the thermal boundary
layer is much more in y # 0 than y =0 case.
This is represented in Fig. 12.

Temperature  decreases and  mixed
behaviour is observed for concentration profiles due
to the slow rate of thermal diffusivity caused by
rising Prandtl number Pr. It is observed that
thickness of the thermal boundary layer is much
bigger in y # () case compared to y = 0 case. This
is elucidated in Figs. 13 and 14.
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with the raise of Nt causes boost in nanoparticle
volume fraction and nanoparticle concentration
boundary layer thickness.

Due to the production of heat energy in the
flow region by the addition of heat source parameter
O temperature lift up with (. This is given in Fig.
19.

Through Fig. 20, we illustrate the
prepotency of Schmidt number Sc on concentration
profiles. It is perceptible that an enhancement in
Sc depreciates the concentration. This due to the
lower molecular diffusivity for the higher values of
Sc. Similar effect is observed on concentration
profiles for chemical reaction parameter y also in

Fig. 21.

1 . .
\ — =00
0.8} Z=0'2
S 06 M=0.0, 0.5, 1.0
~ 04
02
0
0
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— =00
o8y | =02
06f \
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S ‘\\\

04
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0 1 2 3 4 5 6
¢
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0(¢).
1
— =00
o8ty |7 7=0.2
0.6

g B=10,2.0,50

S 04
0.2 e
0 ) . — -

o 1 2 3 4 5 6 7
¢
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®(<).
1
— =00
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0.6
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02
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S04 0.6
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¢ N
Fig. 11. Effect of m on o v 2 3 4 5 6 7
¢
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€04
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o :
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— =00 ®
) on .
ospy 1702 (é,)
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06f \b
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Fig. 17. Effect of Nt on 6 8
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Fig. 21. Effect of y on
1
— =00 () (é’ ) .
o8k |7 x=0.2
06l W Impact of M and [ on friction factor is
§“04 Nt=0.1,02,0.5 shown in Fig. 22. It is seen that C , decelerates by
. elevating the values of M and f. Fig. 23,
02 \‘3:\:“\\ explores the fluctuations of local Nusselt number for
0 e various values of Nb and Nt which decreases
o oz ; 45 6T with the increase of Nb and Nf. From Fig. 24, it
Fig. 18. Effect of Nf on is noticed that local Nusselt number decreases with
o ( é/) S the increase of Q and R . Fig. 25 shows that local
' Sherwood number decreases by the increase of Pr
1 and Sc.
— =00
o8ry | =02 -1.5
06f W
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04
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14 : : : : e Nb and Nt are capable to magnify the
— =00 temperature of the fluid.

12 2702 e Enhancement in the velocity power index

Q=0.0,0.1,0.2 parameter index parameter exhibits the

acceleration in velocity, temperature and
concentration profiles.

e Immense thermal boundary layer is noticed
in y # 0 when compared with y =0.

e Schmidt number and chemical reaction
parameter have propensity to decelerate the

0.1 0.2 0.3 0.4 0.5

R concentration field.
Fig. 24. Effect of O and e There is a perceptible decrease in heat
R on Nu transfer rate with enhancing values of Q
' and R .
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