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Abstract: 
This study presents a numerical analysis of magnetohydrodynamic (MHD) flow and heat transfer in a ferrofluid 
over a stretching cylinder, as in integrating the effects of thermal radiation, viscous dissipation, and convection. 
The governing nonlinear boundary layer equations were converted into ordinary differential equations using 
similarity transformations and solved using the Keller–Box method. Water served as the base fluid with 
magnetite (Fe₃O₄) nanoparticles, and there were analogies with nonmagnetic nanoparticles such as Al₂O₃. The 
velocity and temperature distributions were examined in relation to several important parameters, such as the 
magnetic field strength, radiation parameter, Biot number, nanoparticle volume percent, and Eckert number 
(Ec). The results point to that viscous dissipation enhances the temperature within the boundary layer, whereas 
stronger magnetic fields diminish the velocity but solidify the thermal layer. In addition, radiation and 
convective heating improved the heat transfer. The findings were validated against the existing literature and 
showed strong agreement. 
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1. Introduction 
Heat transfer enhancement has become a critical 
area of research because of its wide-ranging 
applications in engineering and industry, including 
heat exchangers, electronic cooling, energy 
conversion systems, nuclear reactors, biomedical 
devices, and chemical processing. The efficiency 
of thermal systems is often constrained by the 
relatively low thermal conductivity of 
conventional fluids such as water, ethylene glycol, 
and engine oil. To address this limitation, 
nanofluids—created by dispersing nanoparticles 
into standard base fluids—have been proposed as 
advanced heat transfer media. Buongiorno [5] 
provided a comprehensive explanation of the 
mechanisms governing nanoparticle transport in 
nanofluids, while Das et al. [7] and Tiwari and 
Das [29] demonstrated their ability to enhance 
heat transfer and significantly improve thermal 
performance. 
 
Ferrofluids, which are made up of magnetic 
nanoparticles contained in a carrier liquid and can 
be controlled by applying magnetic fields 
externally, have garnered a lot of interest among 
other types of nanofluids. Ferrofluids are useful 
for applications like electronic cooling, magnetic 
sealing, biomedical engineering, magnetic drug 
targeting, and thermal energy storage because of 
their special combination of improved thermal 
conductivity and magnetic responsiveness. While 

Kandelousi and Ellahi [14] showed the efficacy of 
ferrofluids in magnetic drug targeting applications, 
Berkovsky et al. [4] and Rosensweig [24] 
established the basic principles and engineering 
uses of magnetic fluids. 
The study of magnetohydrodynamic (MHD) flow 
has gained increasing importance because the 
application of a magnetic field provides an 
efficient means of controlling electrically 
conducting fluids. The interaction between the 
magnetic field and ferrofluids significantly 
influences the momentum and thermal boundary 
layers, thereby affecting the heat transfer 
characteristics. Several researchers have 
investigated MHD nanofluid and ferrofluid flows 
under different physical conditions. Akbar et al. 
[2] numerically analyzed the influence of magnetic 
fields on Eyring–Powell fluid flow over a 
stretching sheet. Ellahi et al. [8] investigated 
natural convection MHD nanofluid flow over 
cylindrical geometry, while Zeeshan et al. [31] 
examined MHD flow of water/ethylene glycol-
based nanofluids through porous media. 
Furthermore, Sheikholeslami [28] analyzed the 
combined effects of magnetic fields and thermal 
radiation on nanofluid heat transfer, highlighting 
the importance of magnetic control in thermal 
engineering applications. 
Boundary-layer flows over stretching surfaces 
have been widely explored due to their strong 
connection with industrial processes such as 
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polymer extrusion, wire drawing, continuous 
casting, glass fiber production, and metal spinning. 
Mahapatra and Gupta [16] analyzed stagnation-
point flow over stretching surfaces, while Ishak 
[13] investigated the role of viscous dissipation in 
flow and heat transfer across permeable surfaces. 
Aziz [3] proposed similarity solutions for 
convective boundary conditions, and Makinde and 
Aziz [17] extended this framework to nanofluid 
systems. Further contributions by Hayat et al. [11] 
and Shehzad et al. [27] examined convective 
boundary effects in non-Newtonian fluid flows. 
Thermal radiation plays a crucial role in high-
temperature engineering applications such as 
combustion chambers, gas turbines, solar 
collectors, nuclear reactors, and aerospace 
systems. Its impact on mixed convection and 
magnetohydrodynamic (MHD) flows has been 
highlighted in several studies. Hossain and Takhar 
[12] studied radiation effects on mixed convection 
over vertical plates, while Hayat et al. [10], Raptis 
et al. [21], and Sajid and Hayat [25] demonstrated 
that radiation significantly modifies the thermal 
boundary layer and heat transfer rates. More recent 
investigations by Khan et al. [15] and Waqas et al. 
[30] incorporated radiation into nanofluid models, 
confirming its substantial role in enhancing heat 
transfer. 
Cylindrical geometries have also attracted 
considerable attention because of their prevalence 
in engineering systems such as pipelines, cooling 
tubes, nuclear fuel rods, heat exchangers, and 
electronic cooling devices. Ahmad et al. [1] 
examined mixed convection boundary-layer flow 
over circular cylinders with radiation effects. 
Gangadhar et al. [9] studied ferrofluid flow over 
stretching cylinders under convective heating and 
radiation, showing that cylindrical geometry 
strongly influences velocity and temperature 
fields. Rashad [22,23] extended this line of 
research to radiative MHD ferrofluid flows over 
inclined and wedge-shaped stretching surfaces, 
incorporating slip effects. 
Additional physical mechanisms have been 
introduced to improve the accuracy of heat 
transfer models. Pantokratoras [20] investigated 
viscous dissipation in natural convection, while 
Malik et al. [18] and Salahuddin et al. [26] applied 
the Cattaneo–Christov heat flux model to capture 
finite-speed thermal propagation in non-
Newtonian fluids. Malvandi et al. [19] emphasized 
nanoparticle migration in hydromagnetic nanofluid 
flows within microscale domains. Foundational 
work on convective heat transfer modeling has 
been comprehensively presented by Cebeci and 
Bradshaw [6]. 
Despite extensive progress in MHD nanofluid and 
ferrofluid research, relatively few studies have 
simultaneously addressed the combined effects of 
magnetic fields, thermal radiation, convective 

heating, and stretching cylindrical geometries 
within a unified framework. Such investigations 
are vital for advancing the design of modern 
cooling systems and magnetically controlled heat 
transfer technologies. 
Motivated by these gaps, the present study focuses 
on magnetohydrodynamic boundary-layer flow 
and heat transfer in ferrofluids over stretching 
cylinders, incorporating both radiation and 
convective boundary conditions. The governing 
nonlinear equations are reduced to similarity 
ordinary differential equations and solved 
numerically. The analysis highlights how key 
parameters influence velocity profiles, temperature 
distributions, skin-friction coefficients, and local 
Nusselt numbers, offering valuable insights for 
optimizing advanced thermal engineering systems. 
2. Mathematical Analysis: 

We present a stretched cylinder with a 
radius of r=a. Consider the nanofluid's 
axis symmetric boundary layer flow. Heat 
transfer with thermal radiation is 
convective to the boundary condition at 
the surface when MHD is used. The 
temperature at the surface is given as 
T=Tw, while the fluid's velocity at the 
surface is taken as =Uw. The axial 
coordinate "x" determines both U-w and 
T-w. 

 
Due to the stretching motion, a boundary 

layer develops over the surface of the 
cylinder. A uniform magnetic field of 

strength  is applied in the radial 

direction. Under the assumption of a small 
magnetic Reynolds number, the induced 
magnetic field is negligible compared to 

the applied field. 
The governing equations describing this 
physical system are given as follows: 

  (1) 

(2) 

(3) 
  
Since the radial velocity component is 
much smaller than the axial velocity in the 
boundary layer region, it follows that 

  (4) 
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Therefore, the viscous dissipation term 

simplifies to . 

(5) 

 
Radiation Term 
Using Rosseland approximation 

 (6) 

Linearizing 
  (7) 

Thus 

  (8) 

It should be mentioned that the Rosseland 
diffusion approximation works inside the 
medium but not close to its edges. This 
approximation is only applicable to 
boundary layers that are optically thick. In 
the interior of an optically dense boundary 
layer, boundary surface radiation has very 
little influence. This is due to the fact that 
radiation from the boundaries is greatly 
attenuated before it enters the interior. 
In the above formulation represents the 

radiative heat flux,  

 (9) 

Divide by : 

 (4) 

Viscosity (Brinkman model) 

 (11) 

Thus 

 (12) 
 
Consider the similarity transformations 

 , (13) 

 (5) 

 

 (6) 

 
 (7) 

 
 

 (8) 

     
    (9) 

    (10) 

  (11) 
In similarity variables, these reduce to 

 

  (12) 
Where 
 

 
 

 
 

 
 
3. Numerical method: 
Substitute the above values in equations 
(17) and (18),  

 
Momentum: The skin friction coefficient 

 and the local Nusselt number  are 
defined as 

 
Where 

    (13) 
Using similarity transformations, these 
reduce to 

   (14) 

   (15) 
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 (16) 

 

 (17) 
 
Let: 

 
Keller box uses midpoints: 

  (18) 

 

 (19) 

 

 (20) 

 

 (21) 
 
 
Momentum: 

 (22) 

   (23) 
 

 (24) 

 

 (25) 

 

 (26) 
+ + + 

 

+ +

 (27) 
Where 

 (28) 

(29) 

=  

 (30) 

 (31) 

 (32) 

 (33) 

 (34) 

 (35) 

 (36) 

 
 
 

 (37) 

 

 (38) 
 
 
 

 (39) 
 

 

 (40) 
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We rewrite the global system as 

 
and factor 

 
Since this is a block lower bidiagonal 
system, LU reduces to: 

 Forward elimination only (no upper 
coupling) 

For  

 
 (41) 

General step  
From 

 
 

 (42) 

 

 

Here,  is a prescribed small positive 
number. 

4. Result and discussions: 
The temperature and velocity profiles of 
magneto hydrodynamic (MHD) ferrofluid 
flow along a stretching cylinder are 
investigated in this work in relation to 
various physical factors. The modified 
nonlinear equations were solved using the 
Keller-Box method, and the outcomes 
show stable and physically consistent 
behavior. Prandtl Pr = 6.2 (water), 
curvature parameter   = 0.2, nanoparticle 
volume percentage   = 0.02, and 
magnetic parameter   = 1, radiation 
parameter    = 0.5, and Eckert number 
   = 0.1 are frequently chosen values. 
The thermophysical properties of the base 
fluid (water) and nanoparticles (Fe3O4 
and Al2O3) utilized in the computations 
are listed in Table 1. These characteristics 
significantly affect the heat transmission 
of the nanofluid. 
 
Table 1 

Thermo 
physical 
propertie
s 

Wat
er 

Fe₃O
₄ 

Al₂O
₃ 

ρₛ(Densit
y) 

997 
kg/m
³ 

5180 
kg/m
³ 

3970 
kg/m
³ 

(cₚ)ₛ  
(Specific 
heat) 

4179 
J/kg·
K 

670 
J/kg·
K 

765 
J/kg·
K 

kₛ 
(Thermal 
conductiv
ity) 

0.61
3 
W/m
·K 

6.0 
W/m
·K 

40 
W/m
·K 

 
Figure 1 shows that as the magnetic 
parameter M increases, the velocity 
profile decreases. This phenomenon is 
caused by the Lorentz force, which acts as 
a resistive force against the fluid motion. 
A larger magnetic field produced by a 
higher M increases the resistive force and 
decreases velocity. This pattern is 
consistent with other studies 
demonstrating that magnetic fields reduce 
the momentum barrier layer. Fig. 2 makes 
it evident that the temperature profile rises 
with increasing M. This is due to the 
resistive Lorentz force's conversion of 
kinetic energy into thermal energy, which 
deepens the thermal boundary layer. 

 
The influence of the radiation parameter 
Rd is shown in Figs 3 and 4, where 
temperature increases dramatically and 
velocity somewhat lowers as Rd 
increases. A thicker thermal boundary 
layer is the outcome of thermal radiation's 
enhancement of energy flow inside the 
fluid. This is consistent with earlier 
research in which radiation serves as an 
extra source of heat. 
Viscous dissipation effects are represented 
by the Eckert number. FromFigs 6 
(temperature) and 5 (velocity). An 
increase in Ec causes a notable rise in 
temperature and a modest drop in 
velocity. This occurs as a result of viscous 
dissipation, which raises fluid temperature 
by converting kinetic energy into internal 
energy. This effect becomes dominant in 
high-speed flows. The fluctuation with the 
Prandtl number is displayed in Figs 7 and 
9. A thinner thermal boundary layer and a 
decrease in the temperature profile are 
caused by higher Pr. It is a physical 
representation of low thermal diffusivity. 
Figs 8 and 10 show that when the 
curvature parameter γ grows, velocity 
decreases and temperature rise. 
This results from the cylinder's geometric 
effect, where curvature alters the 
thickness of the boundary layer. Increased 
curvature increases flow resistance and 
encourages heat buildup close to the 
surface. The impact of the nanoparticle 
volume fraction is depicted in Figs 11 and 
12. As ϕ grows, temperature rises and 
velocity falls. This happens as a result of 
fluid viscosity being increased by 
nanoparticles, which lowers velocity. 
when heat transport is improved by 
increased thermal conductivity.  
A comparison of Fe3O4 and Al3O4 
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reveals that: • Ferrofluid, or Fe3O4, has a 
greater magnetic interaction. • Al2O3 
exhibits a greater contribution to thermal 
conductivity. 
 
As a result, each have distinct effects on 
heat transport. 
The temperature profiles for curvature 
parameter   and radiation parameter    
for the first solution initially increase with 
  and   , as shown in Fig 9, but they 
drop with   and    as   grows greater. 

The temperature decreased as both   and 
   increased according to the second 
answer. In addition, Fig 9 shows how 
temperature profiles are affected by the 
Eckert number    and the heat 
generation parameter Φ. As    and Φ are 
enhanced, the thermal boundary layer 
grows. In conclusion, the Eckert number 
and heat generation parameter are crucial 
for enhancing temperature flow 
performance. 

 
 

Results: 

 
Fig1 Velocity profile for different M. 

 
Fig2 Temperature profile for different M 
 
 

 
Fig3 Velocity profile for different Rd 
 
 

 
Fig4 Temperature profile for different Rd 
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Fig5 Velocity profile for different Ec 
 

 
Fig6 Temperature profile for different Ec 
 

 
Fig7 Velocity profile for different Pr 
 
 

 
Fig8 Velocity profile for different \gamma 
 
 

 
Fig9 Temperature profile for different Pr 

 
Fig10 Temperature profile for different 
\gamma 
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Fig11 Temperature profile for different 
\varphi 

 
Fig12 Velocity profile for different 
\varphi 

 
Table 2 

 
 
Table 3 

5. Conclusions: 
 
This study provides a numerical investigation 
into the magnetohydrodynamic (MHD) flow 
and heat transfer of a ferrofluid over a 
stretching cylinder, incorporating the critical 
effects of thermal radiation, viscous 
dissipation (Eckert number), and convective 
boundary conditions. The governing 
equations were solved using the Keller-Box 
method, and the findings are summarized as 
follows: 
Magnetic Field Effects: Increasing the 
magnetic parameter (M) leads to a reduction 
in fluid velocity due to the resistive Lorentz 
force. Conversely, it enhances the temperature 
profile as the resistive force thickens the 
thermal boundary layer. 
 
Thermal Radiation and Viscous Dissipation: 
Higher values of the radiation parameter (Rd) 
and the Eckert number (Ec) significantly 
increase the fluid temperature and thicken the 
thermal boundary layer. Viscous dissipation is 

particularly crucial in high-speed flows for 
converting kinetic energy into internal energy. 
Curvature Effects: As the curvature parameter 
(γ) grows, the fluid velocity decreases and the 
temperature rise. This is due to increased flow 
resistance and heat accumulation near the 
surface caused by the cylindrical geometry. 
 
Nanoparticle Influence: An increase in the 
nanoparticle volume fraction (ϕ) results in 
higher temperatures due to enhanced thermal 
conductivity, but lower velocities because of 
the increased fluid viscosity. 
 
Fluid Properties: A higher Prandtl number 
(Pr) results in a thinner thermal boundary 
layer and a decrease in temperature, 
representing lower thermal diffusivity. 
Nanoparticle Comparison: Comparative 
analysis shows that Fe₃O₄ (magnetite) 
nanoparticles exhibit stronger magnetic 
interactions, while Al₂O₃ (alumina) 
nanoparticles provide a greater contribution to 
thermal conductivity.
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