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Abstract
Average Square Even Sum Divisor Cordial Labeling (ASESDCL) of a graph G with vertex set
V(G) is a bijection f:V(G) - {24, ... ... ,2|V(G)|} such that for every edge uv, f* is defined as

2
follows, f*(uv) ={1 if f(w) + f(v)| (w) 0 elsewhere with the
condition that |e ¢+(0) — e ¢+(1)| < 1 where e +(0) & e ¢+(1) denote the number of edges labeled
with 1 and not labeled with 1. If G admits ASESDCL then G is Average Square Even Sum Divisor
Cordial Graph (ASESDCG). In this paper, we investigate the ASESDCL of the cycle of join zero
divisor graphs (ZDG). we also provide some examples to illustrate our main result.
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1. INTRODUCTION

The studies of labeling play important roles in graph theory. Given that G is a graph, a labeling
can be thought of as an allocation of numbers to both edges and vertices that meet certain
requirements. Zero divisor graphs, introduced in [2], are a class of graphs that have gained
significant attention in recent years due to their rich structural properties. The cycle of join zero
divisor graph obtained by taking the join of G with a cycle of length 2. Labeling a graph with
integers is a fundamental concept in graph theory that has numerous applications in various fields.
In particular [4,8,9,10,11] has been studied extensively in recent years. All graphs considered in
this paper we introduced the concept of ASESDCL for cycle of join zero divisor graphs.

2. PRELIMINARIES

Definition: 2.1 Let R be a commutative ring (with 1) and let Z(R) be its set of zero-divisors. We
associate a simple graph I'(R) to R with vertices Z(R)* = Z(R) — {0}, the set of nonzero zero-
divisors of R and for distinct x,y € Z(R)*, the vertices x and y are adjacent if and only if x,y =
0.Thus I'(R) is the empty graph if and only if R is an integral domain.

Definition: 2.2 The path union of graph G is the graph obatained by adding an edge between
corresponding vertices of G; to G;;q,1 < i < n—1 where Gy, G5, ....G,(n = 2) are n copies of
G. It is denoted by P(n, G).

Definition: 2.3 For a cycle C,, each vertex of C,, is replaced by connected graphs Gy, Gy, .... G,
known as the cycle of graphs. We shall denote it by C(G4, G, ... G,,). If we replace each vertex by
a graph G, i.e., G; = G = G, = ---. Gy, such a cycle of a graph G is denoted by C(n, G).

Note: The terms are interchangeable.

3. Main Result:

Definition: 3.1 Let G = (V, E) be a graph with p vertices and q edges G is said to have average
square even sum divisor cordial labeling if there is a bijection f: V(G) — {2,4, ... ... ,2|V(G)|} such
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that for every edge wuv, f* is defined as follows, f*(uv)={1 if f(uw)+

f()| (%)2 0 elsewhere

With the condition that |e +(0) — e s+(1)| < 1 where e +(0) & e +(1) denote the number of
edges labeled with 1 and not labeled with 1. If G admits ASESDCL then G is ASESDCG.
Theorem: 3.2 The cycle of join ZDG C (m, F(zzp) + F(Z4)) wherep > 2,m > 3 is
ASESDCG.

Proof: consider C (m, r (Zzp) + I (24)) be a cycle of join zero divisor graph
casei)p=2,m=3

The vertex set V(G) = {tl 121,631, e e s Um1r S1,15 52,15 eor ve s St } the edge set

{ i1,Sj1 Wwhere 1 < j <m} { i1, tis,aWwhere 1 < j <m—1}U

{t1,1: m,1}.Theref0re|V(G)| =2mand |E(G) | = 2m.The labeling f:V —

{24, .... 2|V(G)|} defined f(t;,) = 2(2j — 1) where 1 < j < m, f(sjll) = 4k where 1 <
Jj < m. The edge labeling is f*(tj,ls]-,l) =0wherel<j<m, f*(tjitj41,1) = 1 where 1 <
j<m—1,f"(t11tm1) = 1. Therefore |e +(0) — e s+ (1)]| = |2?n - 2771 |. Hence ASESDCG.
caseii)p=3,m=3

The vertex set V(G) = {t11,t12, - t1p ta1s 220 wos Eapy oo bt Emzs woor tmps S1.15 S2,05 e +» St }
the edge set E(G) = { ktip GkSintipSintiptmpl S j<m1<k<p-— 1}u
{tiptispl SjSm—l}

Therefore |V(G)| = m(p + 1) and |E(G) | = 2mp

Define f:V(G) - {2,4, ... ... 2V (6|}

fltip) =2, f(tap) =20+ 4, f(tsp) =4 + 6, e o f(Emp) =2(m — Dp + 2m

f(tix) =2k +2

f(tox) =2k +2p+4

f(tsx) =2k +4p+6

f(tmi) =2k+(m—1)2p+4wherel<k<p-1
f(sl,l) = 2p + 2
f(SZ,l) = 4p + 4‘

f(sm1) = 2(mp +m)

Then the edge labeling as follows

f(txtip) ={0 ifkisodd1<j<m1<k<p-11lifkisevenl1<j<m1<k<

p—1

f*(t xkSi1)=1{0ifkiseven1<j<m1<k<p—-11if kisodd1<j<m1<k<
-1

f (tipsi1) =0,f (tjp tjsrp) = Lwhere 1 <j <m—1, f*(t1p typ) =1

Therefore le (0) —ep(D)|=Imp—mp| <1

Hence the graph is ASESDCG.
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Example: 3.3 A ASESDCG for G = C(5,'(210) + I'(z4)) is given in figure 3.3 where m =
5,p = 5 the vertex set V(G) = {t11,t12, - t15 21, t22, o basy o bs1) ts 20 e s p )} U
{511,521 » Sm1 Jand the edge set E(G) = {tj,ktj,p,tj,ksj,l, tipSitvtiptmp 1 <j<51<k<
4} U {t; ptj+1,p }- Therefore | V(G)| = 30 and |E(G) | = 50. e ;+(0) — e ;- (1)| = |25 — 25| <
1

Hence the graph G = C(S, I'(zy) + F(z4)) is ASESDCG.

Theorem: 3.4 The cycle of join zero divisor graph C (m, r (zzp) + I (zﬁ)) wherep > 2,m=>3
is ASESDCG.

Proof: consider C (m, r (Zzp) +TI (26)) be a cycle of join zero divisor graph
casei)p=2,m=3

The vertex set V(G) = {t1,1: 21,6315 won oo ytm 1,511,512, 513, 52,1, 52.2) 52,3 o= sm,l,sm,z,sm,g,} and
the edge set E(G) = {tj 151, £;1j,2, tj15)3, Sj15j,2 Sj2Sj3 where 1 < j < m}u
{tj1tir11t1tm Where1 < j <m — 1}

Therefore|V(G)| = m(p + 2) and |E(G) | = m(p + 4),The labeling f:V(G) -

(24, .....2[V(G)1} defined f(t;1) = p(4) — 3), f(s5,1) =p(4 —3) + 2, f(5;2) =
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p(4j —3) + 6, f(sj3) = p(4j — 3) + 4 where 1 < j < m, The edge labeling is f*(t; 15;1) =
0,f"(tj1852) =0, f*(tj18;3) = 1, f(51152) = 1, f7(8j28j3) = 0, f"(tj1tj+1,1) =
1where 1< j <m, f*(t;1tm:) = 1. Therefore |e ;(0) — e p+(1)| = | 2% - &2
graph is ASESDCG.

caseii)p=3,m=3

The vertex set V(G) =

{t11, t120 o trpr E210 E220 woos b s oo Ents Emzs woos Canps S11 1,20 51,3, S2,1 52,20 52,37 -+ » Sm1» Sm,2» Sm.3 )
The edge set E(G) = {tj,ktj,p, ti kSj1s tikSj20 tjkSj 315,152, 5j,25,3: L pSja s tjpSj2s tipSj3 1 <
JEM1I<k<p—13U{tj,tis1p tiptmpl <j <m—1}

Therefore |V(G)| = m(p + 3) and |[E(G) | = 2m(2p + 1)

Define f:V(G) - {2,4, ... ... 2V ()|}

f(tie) = 2(k+1)

f(tar) = 2(k+p+4)

f(tsx) =2k +2p+7)

|. The

f(tmi) = 2(k+(m—1p+(Bm—2))wherel <k <p-1
f(tl,p) =2

f(tz,p) = 2(p +4)

ftsp) =2@2p +7)

f(tsp) = 2(3p + 10)

f(tsp) = 2(4p +13)

f(tm,p) = 2((m —Dp+(@Bm-— 2))
f(s11) =2( +1)

f(s21) = 2@2p+4)

f(s31) = 2Bp+7)

f(sm1) =2 (mp+ (3 -2))
f(s12) =2 +3)

f(s22) =2@2p +6)

f(s32) =2@Bp+9)

'f(sm,z) =2 (mp + 3m)
f(51,3) =2(p+2)
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f(52,3) =2(2p+5)
f(s33) =2Bp +8)

f(Sms) = 2 (mp + (3m — 1))

Then the edge labeling as follows

f*( kGip)=1{0 ifkisodd1<j<mi1<k<p-11lifkisevenl<j<m1<k<
-1

f ( ksj,l)z{O ifkiseven1 <j<m1<k<p-11if kisodd1<j<m1<k<
-1

f (tixsiz)={1 ifkisodd1<j<m1<k<p—-10if kisevenl<j<m1<k<
-1

f ( kS]"g):{l ifkiseven1 <j<m1<k<p-—-10 ifkisodd1 <j<m1<k<
-1

f (tp511) =0, F*(tp5j3) = L f*(tp5j2) = 0, F*(51572) = L f*(s52573) = 0,

f (],pu,ﬂ,p) =1wherel<j<m-—1, f*(typtmp) =1

Therefore |e +(0) —e (D] = |m2p+1) —m2p+ 1| <1

Hence the graph is ASESDCG.

Example: 3.5 A ASESDCG for G = C(4,'(214) + I'(2¢)) is given in figure 3.5 where m =

4,p =7. The vertex set V(G) = {tl,ll tl,z, vy t1,7, t2,1, t2,2, ey t2'7, aes t4,1, t4,2, ey t4'7} U

{511, 52 1,53,1» 51,2, 52,2, §3,2, 51,3, 52,3, S3 3}The edge set E(G) =

{ 570 6 kSj G kS 20 6 keSj30 6,781, € 78,20 6,75),3Sj1 Sj20 Sj 2 Sjgl < J <41 <k < 6} U

{tk,7tk+1,7, ty7ts7 where 1 < k < 3}. Therefore | V(G)| = 40 and |E(G) | = 120

Hence the graph G = C(4, I'(zy4) + F(ZG)) is ASESDCG.
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Fig.3.5 C(4,'(214) + ['(26))

Theorem: 3.6 The cycle of join zero divisor graph C (m, r (Zzp) +r (29)) wherep > 3,m > 3
does not ASESDCG.

Example: 3.7 A ASESDCG for G = C(S, I'(zy) + F(Zg)) is given in figure 3.7 where m =
5,p =5, the vertex set V(G) = {t11,t12, -, tr5, ta1, Ea2) wer L 250 e Es1) L0 ey b5} U
{511,521 -+ 551,512,522 «ee» 55,2}, the edge set

E(G) = {tjktis tjkSj1 tjsSi1 GkSj2 tsSja tus tas tastas - tsstis 1 < j <51 <k <4}
Therefore | V(G)| = 35 and |E(G) | = 80

le 7+(0) —ep+(1)] = [44 — 36| = 8

~lep(0) —ep (D] £1

Hence the graph G = C(S, I'(z49) + F(Zg)) does not admit ASESDCG.

IJDDT Volume 16 Issue 74s 2026 Page: 182



RESEARCH PAPER

Fig. 3.7 C(5,T'(z10) + I'(25))

Theorem: 3.8 The cycle of join zero divisor graph C <3, r (sz) + I (24)> wherep = 3,m = 3
ASESDCG -

Theorem: 3.9 The cycle of join zero divisor graph C <3, r (sz) + I (26)> wherep >3,m=3
is ASESDCG. -

Proof: orp >3, m=3,C (3, F(sz) + F(26)> be a cycle of join zero divisor graph, The

vertex set V(G) = {tl,l, 1,2 s tip—1, L2105 t2,20 s L2 p—1s o b1 Emo2s woes Empp—1, 3 U
{51,1,51,2: 51,3, 52,1, 52,252,3) -+ Sm,1) Sm,2» Sm,3} and

the edge set E(G) = {t; xSj1, tjkSj2 tixSia SjnSi2 Sj2Sis 1< j<m1<k<p-1}u
{tj,ltj+1,1; tiitmil<j<m-— 1}

Therefore | V(G)| =3p + 6 and |[E(G) | = 9p

Define f:V(G) - {24, ... ... 2V (6|}

f(tl,j) =2j

f(tz;) =2(j+p+2)

f(t3,j) =2(+2p+4)wherel <j<p-1

f(51,1) = 2p, f(51,2) =2(2p + 2), f(51,3) =23p+4)
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f(s21) =20+ 4,f(s2,) = 2Q2p +4), f(523) =2(Bp +6) + 2,

f(s31) =2p+2,f(s32) =202p +3),f(s33) =2(3p +5)

Then the edge labeling as follows

F(trsja) ={1if kisodd1<j<31<k<p—-10if kiseven1<j<3,1<k<
p—1

f*(tj,ksj,z)z{l if kisodd1 <j<31<k<p—-10if kiseven1<j<31<k<
p—1

f(txsjz) ={0 if kisodd1<j<31<k<p-11if kiseven1<j<31<k<
p—1

f*(Sj’l Sj’z) = 1, f*(Sj’Z S]"3) = 0, f*(t1,1t3,1) = 1, f*(tj,ltj+1,1) = 0, where 1 S] <?2

Therefore |e (+(0) — e s+ (1)| = |9p2+1 - 9p2—1| =1

Hence C (3, I'(z,2) + r(z6)> is ASESDCG.

Example: 3.10 A ASESDCG for G = C <3, I'(zy5) + F(Z6)> is given in figure 3.10 where m =
3,p = 5, the vertex set V(G) =

{t11,t120 s 10t 1, Ea 20 s E 2,00 B30, E3.2, vy £3,4) S1,15 51,20 51,3, S2,15 S2,2, 52,3, S3.1, S3.2 3.3 Jand
the edge set E(G) = {tj,ksj,l,tj,ksj,z,tj,ksj,3,sj,lsj,z,sj,zsj,3 1<j<31<k< 4} U
{uj,lujﬂ,l,ul,lug,ll <j< 2}. Therefore [V(G)| = 21 and |[E(G) | = 45. [e s+(0) —e (1)] =
|23 - 22| <1

Hence the graph C (3,F(225) + F(ZG)) is ASESDCG.

t
Fig. 3.10 C (3, I'(z5) + F(Ze))

Example: 3.11 A ASESDCG for G = C (4, <F(zg) + F(26)>> is given in figure 6 where m =

4’, P = 3, the vertex set V(G) = {tl,ll tl,Z’ tZ,l’ tz’z, t3’1, t3‘2, t4_‘1, t4_’2} V)

{S1,1, 51,2, 51,3, S1,4, 52,1, S2,2, 52,3, S2,4, $3,1, 53,2, S3,3» 53,4}, the edge set £(G) =
{tj,ij,l, tj,ij,z, tj,ij,g, Sj,lsj,z,sj,zsj'3 1 S] < 4,1 <k< 2} V) {tj,ltj+1,1' t1,1t4'1}1 S] < 3.
Therefore [V(G)| = 20 and |E(G) | = 36.|ef+(0) —e (1] =[20—-16] =4 £ 1
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Hence the graph G = C (4, I'(zg)+T (26)) does not admit ASESDCG.

S3,3 $2,3 $1,3 $1,2 S22 S3,2
Fig.3.11 C (4,F(29) + F(ZG))

Theorem: 3.12 C (‘m,F(ZpZ) + F(29)> where p > 3,m > 3 is ASESDCG.

Proof: Let G = C (m, F(zpz) + F(29)> be a graph. The vertex set V(G) =

{t1,1: ti2o o tip-1 ta 1 ta2 o tap—1 ot tmzs s tmp—13 U {S1,1, 51,2 S2,1, S2,2) =+ Sm1) Sm,Z}
and edge set E(G) = {tj,ks]-,l, tikSj2Sj1Sj2 tiatmi11 < j<m, 1<k <p-— 1} U{tjitjs111 <
j < m — 1}. Therefore |V(G)| = m(p + 1) and |E(G) | = 2mp

Define f:V - {24, ... ... 2V}

fti) = 2k

f(tar) =2k +p+1)

ftsy) =2(k +2p +2)

f(tm,k) =2k+(m—-—Dp+(m—-—1)wherel <k<p-1
f(51,1) = 2p

f(s12) =2@p+1)

f(s13) =2Bp +2)

f(s1m) = 2(mp + (m — 1))
f(52,1) =({@+12

f(sz,z) =2(2p+2)

f(Sz,z) =23p +3)
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f(Sz,m) = 2(mp +m)

Then the edge labeling as follows

f(trsin) ={1 if kisodd1<j<m1<k<p—-10if kisevenl<j<m,1<k<
p—1

f*(tj,ks]-,z):{O if kisodd1<j<m1<k<p-11if kisevenl <j<m,1<k<
p—1

f*(Sj’l Sj’z) = O’f*(tl,ltm,l) = 1, f*(tj,ltj+1,1) = 1, WheT'e 1 S] < p - 1

Therefore |e (+(0) — e ¢+(1)| = |mp —mp| < 1

Hence C (m,F(sz) + F(Zg)> is ASESDCG.

Example: 3.13 A ASESDCG for G = C <5, I'(zy) + F(zg)) is given in figure 3.13 where m =
5,p = 3. The vertex set V(G) =

{t1,1’ t1,2: 821,822,831, 832, ta 1, L4 2, U5 1, U5 2, S1,15 1,2 51,3, S1,4» 51,50 52,1, 52,2, 52,3 52,4,52,5} and
edge set E(G) = {tj,ksj,l, tjkSj2 Sj1Sj2, t1ats11 < J<51<k<2}U {tj,lujﬂ,l}. Therefore
IV(G)| = 20 and |E(G) | = 30. |e ;+(0) — e p-(1)| = |15 — 15| < 1

Hence the graph G = C (S,F(Zg) + r(Zg)) is ASESDCG

Fig.3.13 C (5,F(Zg) + F(Zg)>

Observation:
i)C (m, I (z2) + I'(z4) ) is a ASESDCG (p = 3,m > 3)

it) C (m, I'(2,p) + '(25)) is a ASESDCG graph (p > 3,m > 3)
iif) C (m, [ (zs) + I'(z5)) does not admit ASESDCG (p 2 3,m > 3)

iv) C <m,F(Zp2) + r(z4)> is a ASESDCG (p = 3,m = 3)
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v)C <‘m,F(Zp2) + r(z6)> is a ASESDCG (p = 3,m = 3)

vi) C <‘m,F(Zp2) + F(29)> is a ASESDCG (p = 3,m = 3)

CONCLUSION:

The study of ASESDCL within zero divisor
graphs  reveals interesting  structural
properties and contributes to the broader
understanding of graph labeling. We derive
several theorems for cycle of join graph of
zero divisor graphs. Future research may
explore further generalizations and the
implications of these labeling in complex
network analysis.
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