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Abstract 
Average Square Even Sum Divisor Cordial Labeling (ASESDCL) of a graph 𝐺 with vertex set 
𝑉(𝐺) is a bijection 𝑓: 𝑉(𝐺) → {2,4, … … ,2|𝑉(𝐺)|} such that for every edge 𝑢𝑣, 𝑓∗ is defined as 

follows, 𝑓∗(𝑢𝑣) = {1     𝑖𝑓 𝑓(𝑢) + 𝑓(𝑣)| ቀ
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 0                                      𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  with the 

condition that |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| ≤ 1 where 𝑒 ௙∗(0) & 𝑒 ௙∗(1) denote the number of edges labeled 
with 1 and not labeled with 1. If 𝐺 admits ASESDCL then 𝐺 is Average Square Even Sum Divisor 
Cordial Graph (ASESDCG). In this paper, we investigate the ASESDCL of the cycle of join zero 
divisor graphs (ZDG). we also provide some examples to illustrate our main result. 
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1. INTRODUCTION 
The studies of labeling play important roles in graph theory. Given that G is a graph, a labeling 
can be thought of as an allocation of numbers to both edges and vertices that meet certain 
requirements. Zero divisor graphs, introduced in [2], are a class of graphs that have gained 
significant attention in recent years due to their rich structural properties. The cycle of join zero 
divisor graph obtained by taking the join of G with a cycle of length 2. Labeling a graph with 
integers is a fundamental concept in graph theory that has numerous applications in various fields. 
In particular [4,8,9,10,11] has been studied extensively in recent years. All graphs considered in 
this paper we introduced the concept of ASESDCL for cycle of join zero divisor graphs. 
2. PRELIMINARIES 
Definition: 2.1 Let 𝑅 be a commutative ring (with 1) and let  𝑍(𝑅) be its set of zero-divisors. We 
associate a simple graph 𝛤(𝑅) to 𝑅 with vertices 𝑍(𝑅)∗ = 𝑍(𝑅) − {0}, the set of nonzero zero-
divisors of 𝑅 and for distinct 𝑥, 𝑦 ∈ 𝑍(𝑅)∗, the vertices 𝑥 𝑎𝑛𝑑 𝑦 are adjacent if and only if 𝑥, 𝑦 =
0.Thus 𝛤(𝑅) is the empty graph  if and only if 𝑅 is an integral domain. 
Definition: 2.2 The path union of graph 𝐺 is the graph obatained by adding an edge between 
corresponding vertices of 𝐺௜ to 𝐺௜ାଵ, 1 ≤ 𝑖 ≤ 𝑛 − 1 where 𝐺ଵ, 𝐺ଶ, … . 𝐺௡(𝑛 ≥ 2) are 𝑛 copies of 
𝐺. It is denoted by 𝑃(𝑛, 𝐺). 
Definition: 2.3 For a cycle 𝐶௡, each vertex of 𝐶௡ is replaced by connected graphs 𝐺ଵ, 𝐺ଶ, … . 𝐺௡ 
known as the cycle of graphs. We shall denote it by 𝐶(𝐺ଵ, 𝐺ଶ, … . 𝐺௡). If we replace each vertex by 
a graph 𝐺, i.e., 𝐺ଵ = 𝐺 = 𝐺ଶ = ⋯ . 𝐺௡ such a cycle of a graph 𝐺 is denoted by 𝐶(𝑛, 𝐺). 
Note: The terms are interchangeable. 
3. Main Result: 
Definition: 3.1 Let 𝐺 = (𝑉, 𝐸) be a graph with 𝑝 vertices and 𝑞 edges 𝐺 is said to have average 
square even sum divisor cordial labeling if there is a bijection 𝑓: 𝑉(𝐺) → {2,4, … … ,2|𝑉(𝐺)|} such 
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that for every edge 𝑢𝑣, 𝑓∗ is defined as follows, 𝑓∗(𝑢𝑣) = {1     𝑖𝑓 𝑓(𝑢) +

𝑓(𝑣)| ቀ
௙(௨)ା௙(௩)

ଶ
ቁ

ଶ

 0                                    𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒   

With the condition that |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| ≤ 1 where 𝑒 ௙∗(0) & 𝑒 ௙∗(1) denote the number of 
edges labeled with 1 and not labeled with 1. If 𝐺 admits ASESDCL then 𝐺 is ASESDCG. 

Theorem: 3.2 The cycle of join ZDG 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧ସ)ቁ where 𝑝 ≥ 2, 𝑚 ≥ 3 is 

ASESDCG. 

Proof: consider 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧ସ)ቁ be a cycle of join zero divisor graph 

𝑐𝑎𝑠𝑒 𝑖) 𝑝 = 2, 𝑚 ≥ 3 
The vertex set 𝑉(𝐺) =  ൛𝑡ଵ,ଵ, 𝑡ଶ,ଵ, 𝑡ଷ,ଵ, … … , 𝑡௠,ଵ, 𝑠ଵ,ଵ, 𝑠ଶ,ଵ, … … . , 𝑠௠,ଵ ൟ, the edge set 
൛𝑡௝,ଵ, 𝑠௝,ଵ 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚 ൟ  ∪ ൛𝑡௝,ଵ, 𝑡௝ାଵ,ଵ𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚 − 1 ൟ ∪

൛𝑡ଵ,ଵ, 𝑡௠,ଵൟ.Therefore|𝑉(𝐺)| = 2𝑚 𝑎𝑛𝑑 |𝐸(𝐺) | = 2𝑚.𝑇ℎ𝑒 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔 𝑓: 𝑉 →

{2,4, … … ,2|𝑉(𝐺)|} 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓(𝑡௝,ଵ) = 2(2𝑗 − 1) 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚, 𝑓൫𝑠௝,ଵ൯ = 4𝑘 𝑤ℎ𝑒𝑟𝑒 1 ≤

𝑗 ≤ 𝑚. The edge labeling is  𝑓∗൫𝑡௝,ଵ𝑠௝,ଵ൯ = 0 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚,  𝑓∗(𝑡௝,ଵ𝑡௝ାଵ,ଵ) = 1 𝑤ℎ𝑒𝑟𝑒 1 ≤

𝑗 ≤ 𝑚 − 1, 𝑓∗(𝑡ଵ,ଵ𝑡௠,ଵ) = 1. Therefore |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |
ଶ௡

ଶ
−

ଶ௡

ଶ
|. Hence ASESDCG. 

 𝑐𝑎𝑠𝑒 𝑖𝑖) 𝑝 ≥ 3, 𝑚 ≥ 3 
The vertex set 𝑉(𝐺) = ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,௣, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡ଶ,௣, … 𝑡௠,ଵ, 𝑡௠,ଶ, … , 𝑡௠,௣, 𝑠ଵ,ଵ, 𝑠ଶ,ଵ, … . , 𝑠௠,ଵൟ 
the edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑡௝,௣ , 𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௣𝑠௝,ଵ, 𝑡ଵ,௣𝑡௠,௣ 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1ൟ ∪

൛𝑡௝,௣𝑡௝ାଵ,௣ 1 ≤ 𝑗 ≤ 𝑚 − 1ൟ 
Therefore |𝑉(𝐺)| = 𝑚(𝑝 + 1) 𝑎𝑛𝑑 |𝐸(𝐺) | = 2𝑚𝑝 
Define 𝑓: 𝑉(𝐺) → {2,4, … … ,2|𝑉(𝐺)|}  
𝑓൫𝑡ଵ,௣൯ = 2, 𝑓൫𝑡ଶ,௣൯ =2𝑝 + 4, 𝑓൫𝑡ଷ,௣൯ =4𝑝 + 6, … … . 𝑓൫𝑡௠,௣൯ =2(𝑚 − 1)𝑝 + 2𝑚 
𝑓൫𝑡ଵ,௞൯ = 2𝑘 + 2 
𝑓൫𝑡ଶ,௞൯ = 2𝑘 + 2𝑝 + 4 
𝑓൫𝑡ଷ,௞൯ = 2𝑘 + 4𝑝 + 6 
. 
. 
 𝑓൫𝑡௠,௞൯ = 2𝑘 + (𝑚 − 1)2𝑝 + 4 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑘 ≤ 𝑝 − 1 
𝑓൫𝑠ଵ,ଵ൯ = 2𝑝 + 2 
𝑓൫𝑠ଶ,ଵ൯ = 4𝑝 + 4 
. 
. 
 𝑓൫𝑠௠,ଵ൯ = 2(𝑚𝑝 + 𝑚) 
Then the edge labeling as follows 
 𝑓∗൫𝑡௝,௞𝑡௝,௣൯ = {0  𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  1 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଵ ൯ = {0  𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  1  𝑖𝑓  𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௣𝑠௝,ଵ ൯ = 0, 𝑓∗൫𝑡௝,௣, 𝑡௝ାଵ,௣൯ = 1 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚 − 1, 𝑓∗൫𝑡ଵ,௣, 𝑡௠,௣൯ = 1 
Therefore |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |𝑚𝑝 − 𝑚𝑝| ≤ 1 
Hence the graph is ASESDCG. 
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Example: 3.3 A ASESDCG for 𝐺 = 𝐶൫5, 𝛤(𝑧ଵ଴) + 𝛤(𝑧ସ)൯ is given in figure 3.3 where 𝑚 =

5, 𝑝 = 5 the vertex set 𝑉(𝐺) =  ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,ହ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡ଶ,ହ, … 𝑡ହ,ଵ, 𝑡ହ,ଶ, … , 𝑡ହ,௣} ∪

{𝑠ଵ,ଵ, 𝑠ଶ,ଵ, … , 𝑠௠,ଵൟand the edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑡௝,௣ , 𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௣𝑠௝,ଵ, 𝑡ଵ,௣𝑡௠,௣ 1 ≤ 𝑗 ≤ 5,1 ≤ 𝑘 ≤

4ൟ ∪ ൛𝑡௝,௣𝑡௝ାଵ,௣ ൟ. Therefore | 𝑉(𝐺)| = 30 𝑎𝑛𝑑 |𝐸(𝐺) | = 50. |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |25 − 25| ≤

1 
Hence the graph 𝐺 =  𝐶൫5, 𝛤(𝑧ଵ଴) + 𝛤(𝑧ସ)൯ is ASESDCG. 
 
 
 
                                                                              𝑠ଵ,ଵ 
                                                                                                                
                                                           𝑡ଵ,ଶ                        𝑡ଵ,ଷ 
 
 
                                                    𝑡ଵ,ଵ                          𝑡ଵ,ସ 
 
             𝑡ହ,ଷ                  𝑡ହ,ସ                                 𝑡ଵ,ହ                          𝑡ଶ,ଵ                𝑡ଶ,ଶ 
 
   𝑠ହ,ଵ                                    𝑡ହ,ହ                                         𝑡ଶ,ହ                                                𝑠ଶ,ଵ 
                                                    𝑦ଶ,ଵ                                                                                                                             
                                                                                                                                     𝑡ଶ,ଷ 
             𝑡ହ,ଶ                  𝑡ହ,ଵ                                                                   𝑡ଶ,ସ                  
                                                   𝑡ସ,ହ                                𝑡ଷ,ହ 
                                 𝑡ସ,ସ                                                                  𝑡ଷ,ଵ 
 
 
                           𝑡ସ,ଷ                              𝑡ସ,ଵ           𝑡ଷ,ସ                         𝑡ଷ,ଶ 
 
                               𝑠ସ,ଵ               𝑡ସ,ଶ                                 𝑡ଷ,ଷ               𝑠ଷ,ଵ    
                                                                                                              
  Fig.3.3 𝐶൫5, 𝛤(𝑧ଵ଴) + 𝛤(𝑧ସ)൯ 
 
 

Theorem: 3.4 The cycle of join zero divisor graph 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧଺)ቁ where 𝑝 ≥ 2, 𝑚 ≥ 3 

is ASESDCG. 

 Proof: consider 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧଺)ቁ be a cycle of join zero divisor graph 

𝑐𝑎𝑠𝑒 𝑖) 𝑝 = 2, 𝑚 ≥ 3 
The vertex set 𝑉(𝐺) = ൛𝑡ଵ,ଵ, 𝑡ଶ,ଵ, 𝑡ଷ,ଵ, … … , 𝑡௠,ଵ, 𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଵ,ଷ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ, 𝑠ଶ,ଷ, … 𝑠௠,ଵ, 𝑠௠,ଶ, 𝑠௠,ଷൟ and 
the edge set 𝐸(𝐺) = ൛𝑡௝,ଵ𝑠௝,ଵ, 𝑡௝,ଵ𝑠௝,ଶ, 𝑡௝,ଵ𝑠௝,ଷ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑠௝,ଶ𝑠௝,ଷ 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚ൟ ∪

{𝑡௝,ଵ𝑡௝ାଵ,ଵ, 𝑡ଵ,ଵ𝑡௠,ଵ 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚 − 1} 
Therefore|𝑉(𝐺)| = 𝑚(𝑝 + 2) 𝑎𝑛𝑑 |𝐸(𝐺) | = 𝑚(𝑝 + 4),𝑇ℎ𝑒 𝑙𝑎𝑏𝑒𝑙𝑖𝑛𝑔 𝑓: 𝑉(𝐺) →
{2,4, … … ,2|𝑉(𝐺)|} 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑓(𝑡௝,ଵ) = 𝑝(4𝑗 − 3), 𝑓(𝑠௝,ଵ) = 𝑝(4𝑗 − 3) + 2, 𝑓(𝑠௝,ଶ) = 
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𝑝(4𝑗 − 3) + 6, 𝑓(𝑠௝,ଷ) =  𝑝(4𝑗 − 3) + 4 where 1 ≤ 𝑗 ≤ 𝑚, The edge labeling is 𝑓∗(𝑡௝,ଵ𝑠௝,ଵ) =

0, 𝑓∗(𝑡௝,ଵ𝑠௝,ଶ) = 0,  𝑓∗(𝑡௝,ଵ𝑠௝,ଷ) = 1, 𝑓∗(𝑠௝,ଵ𝑠௝,ଶ) = 1, 𝑓∗(𝑠௝,ଶ𝑠௝,ଷ) = 0, 𝑓∗(𝑡௝,ଵ𝑡௝ାଵ,ଵ) =

1 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚, 𝑓∗(𝑡ଵ,ଵ𝑡௠,ଵ) = 1. Therefore |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |
(ସା௣)௠

ଶ
−

(ସା௣)௠

ଶ
|. The 

graph is ASESDCG. 
 𝑐𝑎𝑠𝑒 𝑖𝑖) 𝑝 ≥ 3, 𝑚 ≥ 3 
 The vertex set 𝑉(𝐺) =

 ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,௣, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡ଶ,௣, … . 𝑡௠,ଵ, 𝑡௠,ଶ, … , 𝑡௠,௣, 𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଵ,ଷ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ, 𝑠ଶ,ଷ, … , 𝑠௠,ଵ, 𝑠௠,ଶ, 𝑠௠,ଷൟ 
The edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑡௝,௣, 𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑡௝,௞𝑠௝,ଷ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑠௝,ଶ𝑠௝,ଷ, 𝑡௝,௣𝑠௝,ଵ , 𝑡௝,௣𝑠௝,ଶ, 𝑡௝,௣𝑠௝,ଷ 1 ≤

𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1} ∪ {𝑡௝,௣ 𝑡௝ାଵ,௣, 𝑡ଵ,௣𝑡௠,௣1 ≤ 𝑗 ≤ 𝑚 − 1ൟ 
Therefore |𝑉(𝐺)| = 𝑚(𝑝 + 3) and |𝐸(𝐺) | = 2𝑚(2𝑝 + 1) 
Define 𝑓: 𝑉(𝐺) → {2,4, … … ,2|𝑉(𝐺)|}  
 𝑓൫𝑡ଵ,௞൯ =  2(𝑘 + 1) 
 𝑓൫𝑡ଶ,௞൯ =  2(𝑘 + 𝑝 + 4) 
 𝑓൫𝑡ଷ,௞൯ = 2(𝑘 + 2𝑝 + 7) 
. 
. 
. 
 𝑓൫𝑡௠,௞൯ =  2(𝑘 + (𝑚 − 1)𝑝 + (3𝑚 − 2)) where 1 ≤ 𝑘 ≤ 𝑝 − 1 
𝑓൫𝑡ଵ,௣൯ = 2  
 𝑓൫𝑡ଶ,௣൯ = 2(𝑝 + 4)  
 𝑓൫𝑡ଷ,௣൯ = 2(2𝑝 + 7) 
 𝑓൫𝑡ସ,௣൯ = 2(3𝑝 + 10) 
 𝑓൫𝑡ହ,௣൯ = 2(4𝑝 + 13) 
. 
. 
. 
 𝑓൫𝑡௠,௣൯ = 2((𝑚 − 1)𝑝 + (3𝑚 − 2)) 
 𝑓൫𝑠ଵ,ଵ൯ = 2(𝑝 + 1) 
 𝑓൫𝑠ଶ,ଵ൯ =  2(2𝑝 + 4) 
 𝑓൫𝑠ଷ,ଵ൯ =  2(3𝑝 + 7) 
. 
. 
. 
 𝑓൫𝑠௠,ଵ൯ = 2 (𝑚𝑝 + (3 − 2)) 
 𝑓൫𝑠ଵ,ଶ൯ = 2(𝑝 + 3) 
 𝑓൫𝑠ଶ,ଶ൯ = 2(2𝑝 + 6) 
 𝑓൫𝑠ଷ,ଶ൯ = 2(3𝑝 + 9) 
. 
. 
. 
 𝑓൫𝑠௠,ଶ൯ = 2 (𝑚𝑝 + 3𝑚) 
 𝑓൫𝑠ଵ,ଷ൯ = 2(𝑝 + 2) 
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 𝑓൫𝑠ଶ,ଷ൯ = 2(2𝑝 + 5) 
 𝑓൫𝑠ଷ,ଷ൯ = 2(3𝑝 + 8) 
. 
. 
. 
 𝑓൫𝑠௠,ଷ൯ = 2 (𝑚𝑝 + (3𝑚 − 1)) 
Then the edge labeling as follows 
 𝑓∗൫𝑡௝,௞𝑡௝,௣ ൯ = {0   𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  1 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଵ ൯ = {0  𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  1  𝑖𝑓  𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଶ ൯ = {1    𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  0  𝑖𝑓  𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଷ ൯ = {1  𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  0   𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
𝑓∗൫𝑡௝,௣𝑠௝,ଵ ൯ = 0, 𝑓∗൫𝑡௝,௣𝑠௝,ଷ ൯ = 1, 𝑓∗൫𝑡௝,௣𝑠௝,ଶ ൯ = 0, 𝑓∗൫𝑠௝,ଵ𝑠௝,ଶ൯ = 1, 𝑓∗൫𝑠௝,ଶ𝑠௝,ଷ൯ = 0,   
𝑓∗൫𝑡௝,௣𝑢௝ାଵ,௣൯ = 1 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑚 − 1, 𝑓∗൫𝑡ଵ,௣𝑡௠,௣൯ = 1 
Therefore |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |𝑚(2𝑝 + 1) − 𝑚(2𝑝 + 1)| ≤ 1 
Hence the graph is ASESDCG. 
Example: 3.5 A ASESDCG for 𝐺 = 𝐶൫4, 𝛤(𝑧ଵସ) + 𝛤(𝑧଺)൯ is given in figure 3.5 where 𝑚 =

4, 𝑝 = 7. The vertex set 𝑉(𝐺) = ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,଻, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡ଶ,଻, … 𝑡ସ,ଵ, 𝑡ସ,ଶ, … , 𝑡ସ,଻} ∪

{𝑠ଵ,ଵ, 𝑠ଶ,ଵ, 𝑠ଷ,ଵ, 𝑠ଵ,ଶ, 𝑠ଶ,ଶ, 𝑠ଷ,ଶ, 𝑠ଵ,ଷ, 𝑠ଶ,ଷ, 𝑠ଷ,ଷൟThe edge set 𝐸(𝐺) =

൛𝑡௝,௞𝑡௝,଻, 𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑡௝,௞𝑠௝,ଷ, 𝑡௝,଻𝑠௝,ଵ, 𝑡௝,଻𝑠௝,ଶ, 𝑡௝,଻𝑠௝,ଷ, 𝑠௝,ଵ 𝑠௝,ଶ, 𝑠௝,ଶ 𝑠௝,ଷ1 ≤ 𝑗 ≤ 4,1 ≤ 𝑘 ≤ 6ൟ ∪

{𝑡௞,଻𝑡௞ାଵ,଻, 𝑡ଵ,଻𝑡ସ,଻ 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑘 ≤ 3}. Therefore | 𝑉(𝐺)| = 40 𝑎𝑛𝑑 |𝐸(𝐺) | = 120 
 |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |60 − 60| ≤ 1 
Hence the graph 𝐺 =  𝐶൫4, 𝛤(𝑧ଵସ) + 𝛤(𝑧଺)൯ is ASESDCG. 
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                                                                                                                             𝑠ଶ,ଵ                 𝑠ଶ,ଶ                                 
               𝑠ଵ,ଷ                                                                                                                                      
     𝑠ଵ,ଶ                          𝑡ଵ,ସ                                                                    𝑡ଶ,ଷ                                                
𝑠ଶ,ଷ 
𝑠ଵ,ଵ                                                                                                  𝑡ଶ,ଶ                                                 
𝑡ଶ,ସ 
                                                    𝑡ଵ,ହ 
      𝑡ଵ,ଷ                                                 𝑡ଵ,଺                       𝑡ଶ,ଵ                                              𝑡ଶ,ହ  
                   𝑡ଵ,ଶ   
                                                                                                                                 𝑡ଶ,଺ 
                                    𝑡ଵ,ଵ               𝑢ଵ,଻                           𝑡ଶ,଻ 
                                   𝑡ସ,଺                𝑡ସ,଻                                 𝑡ଷ,଻     𝑡ଷ,ଵ   
                                                                                                                                       𝑡ଷ,ଶ  
                       𝑡ସ,ହ                                       𝑡ସ,ଵ               𝑡ଷ,଺                                                    𝑡ଷ,ଷ 
                                                                                                                                                                      
𝑠ଷ,ଵ 
                                                             𝑡ସ,ଶ                                     𝑡ଷ,ହ    
           𝑠ସ,ଷ                                     𝑡ସ,ଷ                                                        𝑡ଷ,ସ                               
𝑠ଷ,ଶ     
                     𝑠ସ,ଶ                                                                                                                  𝑠ଷ,ଷ   
                                   𝑠ସ,ଵ 
 

Fig.3.5 𝐶൫4, 𝛤(𝑧ଵସ) + 𝛤(𝑧଺)൯ 
 

Theorem: 3.6 The cycle of join zero divisor graph 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧ଽ)ቁ where 𝑝 ≥ 3, 𝑚 ≥ 3 

does not ASESDCG. 
Example: 3.7 A ASESDCG for 𝐺 = 𝐶൫5, 𝛤(𝑧ଵ଴) + 𝛤(𝑧ଽ)൯ is given in figure 3.7 where 𝑚 =

5, 𝑝 = 5, the vertex set 𝑉(𝐺) = ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,ହ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡 ଶ,ହ, … 𝑡ହ,ଵ, 𝑡ହ,ଶ, … , 𝑡ହ,ହ} ∪

{𝑠ଵ,ଵ, 𝑠ଶ,ଵ, … , 𝑠ହ,ଵ, 𝑠ଵ,ଶ, 𝑠ଶ,ଶ, … , 𝑠ହ,ଶൟ, the edge set 
 𝐸(𝐺) = ൛𝑡௝,௞𝑡௝,ହ, 𝑡௝,௞𝑠௝,ଵ, 𝑡௝,ହ𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑡௝,ହ𝑠௝,ଶ, 𝑡ଵ,ହ 𝑡ଶ,ହ, 𝑡ଶ,ହ𝑡ଷ,ହ, … 𝑡ହ,ହ𝑡ଵ,ହ 1 ≤ 𝑗 ≤ 5,1 ≤ 𝑘 ≤ 4ൟ 
Therefore | 𝑉(𝐺)| = 35 𝑎𝑛𝑑 |𝐸(𝐺) | = 80 
 |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |44 − 36| = 8 
 ∴ |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| ≰ 1 
Hence the graph 𝐺 = 𝐶൫5, 𝛤(𝑧ଵ଴) + 𝛤(𝑧ଽ)൯ does not admit ASESDCG. 
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 𝑠ଵ,ଵ                 𝑠ଵ,ଶ 
                                                                                     
                                                             𝑡ଵ,ଶ                               𝑡ଵ,ଷ 
                                                                                                                                                         
𝑠ଶ,ଵ 
                𝑠ହ,ଶ                                     𝑡ଵ,ଵ                                   𝑡ଵ,ସ                 𝑡ଶ,ଶ                         
                         𝑡ହ,ଷ        𝑡ହ,ସ                                                𝑡ଶ,ଵ                                              
𝑠ଶ,ଶ 
                                                                𝑡ଵ,ହ                                                       𝑡ଶ,ଷ   
      𝑠ହ,ଵ                                           𝑡ହ,ହ                            𝑡ଶ,ହ                       
   
 𝑡ହ,ଶ 
 𝑡ହ,ଵ                                                              𝑡ଶ,ସ 
 𝑡ଷ,ହ 𝑡ଷ,ଵ 
                                      𝑡ସ,ସ          𝑡ସ,ହ 
                                                                                  𝑡ଷ,ଶ 
                         𝑡ସ,ଷ 
 𝑡ସ,ଵ            𝑡ଷ,ସ  
 𝑠ଷ,ଵ 
                  𝑠ସ,ଶ 
                                                      𝑡ସ,ଶ                                           𝑡ଷ,ଷ             
                                                                                                                        𝑠ଷ,ଶ 
 𝑠ସ,ଵ 

 Fig. 3.7 𝐶൫5, 𝛤(𝑧ଵ଴) + 𝛤(𝑧ଽ)൯ 

Theorem: 3.8 The cycle of join zero divisor graph 𝐶 ቆ3, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧ସ)ቇ where 𝑝 ≥ 3, 𝑚 = 3 

ASESDCG 

Theorem: 3.9 The cycle of join zero divisor graph 𝐶 ቆ3, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧଺)ቇ where 𝑝 ≥ 3, 𝑚 = 3 

is ASESDCG.  

Proof: 𝑜𝑟 𝑝 ≥ 3, 𝑚 = 3, 𝐶 ቆ3, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧଺)ቇ be a cycle of join zero divisor graph, The 

vertex set 𝑉(𝐺) = ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,௣ିଵ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡ଶ,௣ିଵ, … 𝑡௠,ଵ, 𝑡௠,ଶ, … , 𝑡௠,௣ିଵ, } ∪

{𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଵ,ଷ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ𝑠ଶ,ଷ, … 𝑠௠,ଵ, 𝑠௠,ଶ, 𝑠௠,ଷൟ and  
the edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑡௝,௞𝑠௝,ଷ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑠௝,ଶ𝑠௝,ଷ 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1ൟ ∪

൛𝑡௝,ଵ𝑡௝ାଵ,ଵ, 𝑡ଵ,ଵ𝑡௠,ଵ1 ≤ 𝑗 ≤ 𝑚 − 1ൟ 
Therefore | 𝑉(𝐺)| = 3𝑝 + 6 𝑎𝑛𝑑 |𝐸(𝐺) | = 9𝑝 
Define 𝑓: 𝑉(𝐺) → {2,4, … … ,2|𝑉(𝐺)|}  
 𝑓൫𝑡ଵ,௝൯ = 2𝑗 
 𝑓൫𝑡ଶ,௝൯ = 2( 𝑗 + 𝑝 + 2) 
 𝑓൫𝑡ଷ,௝൯ = 2(𝑗 + 2𝑝 + 4) where 1 ≤ 𝑗 ≤ 𝑝 − 1 

 𝑓൫𝑠ଵ,ଵ൯ = 2𝑝, 𝑓൫𝑠ଵ,ଶ൯ = 2(2𝑝 + 2), 𝑓൫𝑠ଵ,ଷ൯ = 2(3𝑝 + 4) 
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 𝑓൫𝑠ଶ,ଵ൯ = 2𝑝 + 4, 𝑓൫𝑠ଶ,ଶ൯ = 2(2𝑝 + 4), 𝑓(𝑠ଶ.ଷ) = 2(3𝑝 + 6) + 2,  
 𝑓൫𝑠ଷ,ଵ൯ = 2𝑝 + 2, 𝑓൫𝑠ଷ,ଶ൯ = 2(2𝑝 + 3), 𝑓൫𝑠ଷ,ଷ൯ = 2(3𝑝 + 5)  
Then the edge labeling as follows 
 𝑓∗൫𝑡௝,௞𝑠௝,ଵ ൯ = {1  𝑖𝑓   𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤ 𝑝 − 1  0  𝑖𝑓  𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଶ൯ = {1  𝑖𝑓   𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤ 𝑝 − 1  0  𝑖𝑓  𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଷ൯ = {0  𝑖𝑓   𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤ 𝑝 − 1  1  𝑖𝑓  𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑠௝,ଵ 𝑠௝,ଶ൯ = 1, 𝑓∗൫𝑠௝,ଶ 𝑠௝,ଷ൯ = 0, 𝑓∗൫𝑡ଵ,ଵ𝑡ଷ,ଵ൯ = 1, 𝑓∗൫𝑡௝,ଵ𝑡௝ାଵ,ଵ൯ = 0, where 1 ≤ 𝑗 ≤ 2 

Therefore |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = ቚ
ଽ௣ାଵ

ଶ
−

ଽ௣ିଵ

ଶ
ቚ ≤ 1 

Hence 𝐶 ቆ3, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧଺)ቇ is ASESDCG. 

Example: 3.10 A ASESDCG for 𝐺 = 𝐶 ൬3, 𝛤(𝑧ଶହ) + 𝛤(𝑧଺)൰ is given in figure 3.10 where 𝑚 =

3, 𝑝 = 5, the vertex set 𝑉(𝐺) =

൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,ସ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡 ଶ,ସ, 𝑡ଷ,ଵ, 𝑡ଷ,ଶ, … , 𝑡 ଷ,ସ, 𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଵ,ଷ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ, 𝑠ଶ,ଷ, 𝑠ଷ,ଵ, 𝑠ଷ,ଶ, 𝑠ଷ,ଷൟand 
the edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑡௝,௞𝑠௝,ଷ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑠௝,ଶ𝑠௝,ଷ 1 ≤ 𝑗 ≤ 3,1 ≤ 𝑘 ≤ 4ൟ ∪

൛𝑢௝,ଵ𝑢௝ାଵ,ଵ, 𝑢ଵ,ଵ𝑢ଷ,ଵ1 ≤ 𝑗 ≤ 2ൟ. Therefore |𝑉(𝐺)| = 21 and |𝐸(𝐺) | = 45. |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| =

|23 − 22| ≤ 1 

Hence the graph  𝐶 ൬3, 𝛤(𝑧ଶହ) + 𝛤(𝑧଺)൰ is ASESDCG. 

 
                                                                                  𝑠ଵ,ଵ                𝑠ଶ,ଵ                  𝑠ଷ,ଵ   
 
  
                                                                                              
                                                             𝑡ଵ,ଵ                   
                                                                   𝑡ଵ,ଶ                  𝑡ଵ,ଷ                𝑡ଵ,ସ   
      𝑠ଷ,ଷ            𝑠ଶ,ଷ           𝑠ଵ,ଷ                                                  𝑠ଵ,ଶ                 𝑠ଶ,ଶ                 𝑠ଷ,ଶ 
 
                            
 
 
 𝑡ଷ,ସ         𝑡ଷ,ଷ          𝑡ଷ,ଶ            𝑡ଷ,ଵ                         𝑡ଶ,ଵ                  𝑡ଶ,ଶ              𝑡ଶ,ଷ                 𝑡ଶ,ସ 

Fig. 3.10 𝐶 ൬3, 𝛤(𝑧ଶହ) + 𝛤(𝑧଺)൰ 

Example: 3.11 A ASESDCG for 𝐺 =  𝐶 ቆ4, ൬𝛤(𝑧ଽ) + 𝛤(𝑧଺)൰ቇ is given in figure 6 where 𝑚 =

4, 𝑝 = 3, the vertex set 𝑉(𝐺) =  ൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, 𝑡ଷ,ଵ, 𝑡ଷ,ଶ, 𝑡ସ,ଵ, 𝑡ସ,ଶ} ∪

{𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଵ,ଷ, 𝑠ଵ,ସ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ, 𝑠ଶ,ଷ, 𝑠ଶ,ସ, 𝑠ଷ,ଵ, 𝑠ଷ,ଶ, 𝑠ଷ,ଷ, 𝑠ଷ,ସൟ, the edge set 𝐸(𝐺) =

൛𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑡௝,௞𝑠௝,ଷ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑠௝,ଶ𝑠௝,ଷ 1 ≤ 𝑗 ≤ 4,1 ≤ 𝑘 ≤ 2ൟ ∪ ൛𝑡௝,ଵ𝑡௝ାଵ,ଵ, 𝑡ଵ,ଵ𝑡ସ,ଵൟ1 ≤ 𝑗 ≤ 3. 
Therefore |𝑉(𝐺)| = 20 𝑎𝑛𝑑 |𝐸(𝐺) | = 36. |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |20 − 16| = 4 ≰ 1 
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Hence the graph 𝐺 =  𝐶 ൬4, 𝛤(𝑧ଽ) + 𝛤(𝑧଺)൰ does not admit ASESDCG. 

          𝑠ଷ,ସ                 𝑠ଶ,ସ               𝑠ଵ,ସ                      𝑠ଵ,ଵ               𝑠ଶ,ଵ            𝑠ଷ,ଵ 
                                                                                   
                                                                        
                                                                                                    
     
                  𝑡ସ,ଶ                      𝑡ସ,ଵ                             𝑡ଵ,ଵ                        𝑡ଵ,ଶ 
   
                                                                                
                  𝑡ଷ,ଶ                    𝑡ଷ,ଵ                                 𝑡ଶ,ଵ                       𝑡ଶ,ଶ            
 
                                                                   
                                                                                       
 
           𝑠ଷ,ଷ               𝑠ଶ,ଷ               𝑠ଵ,ଷ                       𝑠ଵ,ଶ               𝑠ଶ,ଶ               𝑠ଷ,ଶ 

Fig. 3.11 𝐶 ൬4, 𝛤(𝑧ଽ) + 𝛤(𝑧଺)൰ 

Theorem: 3.12 𝐶 ቆ𝑚, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧ଽ)ቇ where 𝑝 ≥ 3, 𝑚 ≥ 3 is ASESDCG.  

Proof: Let 𝐺 = 𝐶 ቆ𝑚, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧ଽ)ቇ be a graph. The vertex set 𝑉(𝐺) =

൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, … , 𝑡ଵ,௣ିଵ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, … , 𝑡ଶ,௣ିଵ, … 𝑡௠,ଵ, 𝑡௠,ଶ, … , 𝑡௠,௣ିଵ} ∪ {𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ, … , 𝑠௠,ଵ, 𝑠௠,ଶൟ 
and edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑡ଵ,ଵ𝑡௠,ଵ1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1ൟ ∪ {𝑡௝,ଵ𝑡௝ାଵ,ଵ1 ≤

𝑗 ≤ 𝑚 − 1}. Therefore |𝑉(𝐺)| = 𝑚(𝑝 + 1) 𝑎𝑛𝑑 |𝐸(𝐺) | = 2𝑚𝑝 
Define 𝑓: 𝑉 → {2,4, … … ,2|𝑉(𝐺)|}  
 𝑓൫𝑡ଵ,௞൯ = 2𝑘 
 𝑓൫𝑡ଶ,௞൯ = 2(𝑘 + 𝑝 + 1) 
 𝑓൫𝑡ଷ,௞൯ = 2(𝑘 + 2𝑝 + 2) 
. 
. 
. 
 𝑓൫𝑡௠,௞൯ = 2(𝑘 + (𝑚 − 1)𝑝 + (𝑚 − 1)) where 1 ≤ 𝑘 ≤ 𝑝 − 1 
 𝑓൫𝑠ଵ,ଵ൯ =  2𝑝 
 𝑓൫𝑠ଵ,ଶ൯ = 2(2𝑝 + 1) 
 𝑓൫𝑠ଵ,ଷ൯ = 2(3𝑝 + 2) 
. 
. 
 𝑓൫𝑠ଵ,௠൯ = 2(𝑚𝑝 + (𝑚 − 1)) 
 𝑓൫𝑠ଶ,ଵ൯ = (𝑝 + 1)2 
 𝑓൫𝑠ଶ,ଶ൯ = 2(2𝑝 + 2) 
 𝑓൫𝑠ଶ,ଷ൯ = 2(3𝑝 + 3) 
. 
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. 

. 
 𝑓൫𝑠ଶ,௠൯ = 2(𝑚𝑝 + 𝑚) 
Then the edge labeling as follows 
 𝑓∗൫𝑡௝,௞𝑠௝,ଵ ൯ = {1  𝑖𝑓   𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  0  𝑖𝑓  𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑡௝,௞𝑠௝,ଶ൯ = {0  𝑖𝑓  𝑘 𝑖𝑠 𝑜𝑑𝑑 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤ 𝑝 − 1  1  𝑖𝑓  𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛 1 ≤ 𝑗 ≤ 𝑚, 1 ≤ 𝑘 ≤

𝑝 − 1   
 𝑓∗൫𝑠௝,ଵ 𝑠௝,ଶ൯ = 0, 𝑓∗൫𝑡ଵ,ଵ𝑡௠,ଵ൯ = 1, 𝑓∗൫𝑡௝,ଵ𝑡௝ାଵ,ଵ൯ = 1, 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑗 ≤ 𝑝 − 1 
Therefore |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |𝑚𝑝 − 𝑚𝑝| ≤ 1 

Hence 𝐶 ቆ𝑚, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧ଽ)ቇ is ASESDCG. 

Example: 3.13 A ASESDCG for 𝐺 =  𝐶 ൬5, 𝛤(𝑧ଽ) + 𝛤(𝑧ଽ)൰ is given in figure 3.13 where 𝑚 =

5, 𝑝 = 3. The vertex set 𝑉(𝐺) =

൛𝑡ଵ,ଵ, 𝑡ଵ,ଶ, 𝑡ଶ,ଵ, 𝑡ଶ,ଶ, 𝑡ଷ,ଵ, 𝑡ଷ,ଶ, 𝑡ସ,ଵ, 𝑡ସ,ଶ, 𝑡ହ,ଵ, 𝑡ହ,ଶ, 𝑠ଵ,ଵ, 𝑠ଵ,ଶ, 𝑠ଵ,ଷ, 𝑠ଵ,ସ, 𝑠ଵ,ହ, 𝑠ଶ,ଵ, 𝑠ଶ,ଶ, 𝑠ଶ,ଷ, 𝑠ଶ,ସ,𝑠ଶ,ହൟ and 
edge set 𝐸(𝐺) = ൛𝑡௝,௞𝑠௝,ଵ, 𝑡௝,௞𝑠௝,ଶ, 𝑠௝,ଵ𝑠௝,ଶ, 𝑡ଵ,ଵ𝑡ହ,ଵ1 ≤ 𝑗 ≤ 5,1 ≤ 𝑘 ≤ 2 } ∪ {𝑡௝,ଵ𝑢௝ାଵ,ଵൟ. Therefore 
|𝑉(𝐺)| = 20 and |𝐸(𝐺) | = 30. |𝑒 ௙∗(0) − 𝑒 ௙∗(1)| = |15 − 15| ≤ 1 

Hence the graph 𝐺 =  𝐶 ൬5, 𝛤(𝑧ଽ) + 𝛤(𝑧ଽ)൰ is ASESDCG                                                                                                                     

 𝑡ହ,ଶ                𝑠ଵ,ହ             𝑠ଵ,ଵ             𝑡ଵ,ଶ 
                                                                                              
                                                                         
                                                                 𝑡ହ,ଵ                               𝑠ଶ,ଵ 
                     𝑠ଵ,ହ                                          𝑡ଵ,ଵ       
                                                                                                        𝑠ଵ,ଶ                             
                                                       𝑡ସ,ଵ                                                    
                                    𝑠ଶ,ସ                                           𝑡ଶ,ଵ                      𝑡ଶ,ଶ 
                                                                                𝑡ଷ,ଵ                𝑠ଶ,ଶ                                          
                                                                
                                                           𝑠ଵ,ସ                              𝑠ଵ,ଷ 
                                      𝑡ସ,ଶ                        𝑠ଶ,ଷ                                           
                                                                                           𝑡ଷ,ଶ 
                                                                        

Fig. 3.13 𝐶 ൬5, 𝛤(𝑧ଽ) + 𝛤(𝑧ଽ)൰ 

Observation: 

𝑖)𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧ସ)ቁ is a ASESDCG (𝑝 ≥ 3, 𝑚 ≥ 3) 

𝑖𝑖) 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧଺)ቁ is a ASESDCG graph (𝑝 ≥ 3, 𝑚 ≥ 3) 

𝑖𝑖𝑖) 𝐶 ቀ𝑚, 𝛤൫𝑧ଶ௣൯ + 𝛤(𝑧ଽ)ቁ does not admit ASESDCG (𝑝 ≥ 3, 𝑚 ≥ 3) 

𝑖𝑣) 𝐶 ቆ𝑚, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧ସ)ቇ is a ASESDCG (𝑝 ≥ 3, 𝑚 = 3) 
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𝑣)𝐶 ቆ𝑚, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧଺)ቇ is a ASESDCG (𝑝 ≥ 3, 𝑚 = 3) 

𝑣𝑖) 𝐶 ቆ𝑚, 𝛤൫𝑧௣మ൯ + 𝛤(𝑧ଽ)ቇ is a ASESDCG (𝑝 ≥ 3, 𝑚 ≥ 3) 

CONCLUSION: 
The study of ASESDCL within zero divisor 
graphs reveals interesting structural 
properties and contributes to the broader 
understanding of graph labeling. We derive 
several theorems for cycle of join graph of 
zero divisor graphs. Future research may 
explore further generalizations and the 
implications of these labeling in complex 
network analysis. 
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