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Abstract

Star shaped order is the basic concept as Star order. It is used to order random variables. This work explores the concept
of Star shaped order within the context of fuzzy random variables and includes suitable application.
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1. Introduction

Stochastic orderings play a fundamental role in
probability and statistics and have been studied by many
authors. Various types of stochastic orders are currently
used to compare random variables.

This work deals with the concept of the star shaped
order in the context of fuzzy random variables. Fuzzy set
theory was introduced by Zadeh[6], and the concept of fuzzy
random variables was introduced by Kwakernaak[4,5]. In
this work, we discuss the properties of the star-shaped order
and provide a suitable application using fuzzy random
variables.

The star shaped order is an important type of stochastic
order used to compare random variables based on their
variability and aging behavior. It is defined through the
property that the ratio of quantile functions is increasing,
which reflects a form of relative dispersion between random
variables. Compared to other stochastic orders, the star
shaped order lies between the usual stochastic order and the
convex order, and it provides useful insights into how one
random variable grows or spreads relative to another.

This work is classified into four sections. Section 1
contains the introduction, Section 2 presents the
preliminaries for the study, Section 3 deals with theorems
on the star-shaped order, and Section 4 provides suitable
applications of the star-shaped order.

2. Preliminaries:
Definition 2.1: Fuzzy set [6]

We consider X be the universal set. Then a fuzzy
set A = {(x,u,(x))/ x € X} is defined by its membership
function u,: X — [0,1].

Definition 2.2: a — cut of a fuzzy set [6]

For each 0 < @ <1, the a —cut of a set 4 is
denoted by A, = {x € X; pz(x) = a}.

Definition2.3: Fuzzy random variable [4,5]

X (w) is a fuzzy random variable if and only if
X (@) = [XE(w), XY (w)] where XL (w)andXY (w) are both
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random variables for each a« €[0,1] and X =
Uae[0,1] aX a(w)-

Definition2.4 : a — cut of the distribution function F of
Fuzzy random variable [11] [12]

The a — cut of the distribution function F of Fuzzy
random variable X is defined by

Dq =

[Min (amgi"ﬁF(xg), amsinﬁF(x;{)),Max (am;’;F(xg), o ;’;F(x;;))]
Definition.2.5: Stochastic order [13]

If X and Y be fuzzy random variables with fuzzy
cumulative distribution function F and G respectively then
X <Y F(t) =G(¢t) forall t.

Definition.2.6: Star shaped order [13]

Let X and Y be two positive fuzzy random

variables such that
E(p(X)) < E(¢p(Y)) all star shaped
function ¢: [0, ) — [0, ).

provided that the expectations exist. Then X is said
to be smaller Y in the star shaped order.

Definition.2.7: Fuzzy Star shaped order
Let X and Y be two positive fuzzy random variables such
thatX SSS Y
min
0<ac=<1l

(inf E(¢ (X)), inf E(p (X))
min
“0<a<1

(inf E(¢ (Y1), inf E($ (YY)
0o X (Sup E(p(XE)), sup E((XL))

< 0 o o e 1(GUp E($()), sup E(p(¥Y)))

For all fuzzy star shaped function ¢: [0, ) —

[0, 0)and « € (0,1].
3. Theorems on interval valued fuzzy functions

using star shaped orderings
Theorem .3.1:

Let X and Y be two positive fuzzy random
variables with distribution functions F and G respectively.

ThenX <ssY if and only if, [“xdF(x)<
fyoox dG(x),y = 0.
Proof:

For a crisp random variables X and Y, the test

function ¢,, is defined by

_ 0, X<y
vo={ 13
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is star shaped. Here ¢,, is increasing in [0, 00).
Let us consider X and Y are fuzzy random variable
then the fuzzy test function becomes.

¢y ()]a

¢y (x) =

max
0<a<l1 0 <a<l
x .,
both are star shaped.
We know that,
If X and Y be two positive fuzzy random variables

(inf E(@ (X)), Inf E($(X¥)))
< <o L (nfE(G(YE), inf E((Y¥)))
0 <’”j"< (5P E@QXD), sup E(9 (X))

< o o (Sup E(A(YE), sup E(G (YY)
For all fuzzy star shaped function ¢: [0, ) —
[0,0)and « € (0,1].
By the above definition we get,

max
Xg,

max U)
x
O<a=s1%)”

[
{ min min XL min xU)
0<a<1 0<a§1“’0<a£1“’
[
{ x>ya€(01]

0< <1
min

min 1 ” L L : * U U
0<as1<mffy xadF(xa)'mffy Xq dF(xa)>
min i ” L Ly * U U
S0<asl<mffy Xg dG(xa),lnffy x4 d(;(xa)>

max

0<ac<l1 (Supf xg dF(xé).supf Y dF(x! ))
< ) X
max ® oo
< 0<a<1 (supf xk dG(xé),supf xY dG(xé’))
< ) X

y=>0,a€(01].
Conversely,

Let ¢ be a star shaped function, then h(x) =
is increasing in x on [0, ). Approximate h by a sequence

of increasing step function h,,.
Then,

o)
X

min . *® ] )
O<a<i (mffy xk dF(xé),lnffy xY dF(xé’))
min i ” L L : * U U

< O<a< 1<1nffy Xy dG(xa),mffy xJ dG(xa)>

max

0<a< 1<supf xk dF(xé),supf xU dF (xY ))
< ) i

max i )
So<as< 1<supfy Xg dG(xé;),supfy xY dG(xg)>
min i ” L Ly ; * U U
0<a< 1<1nffy xahndF(xa),mffy xahndp(xa)>

min

i L LN\ : U U
= O<a<l1 (mffy XahndG(xa),mffy Xqh,dG(xy )>
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¢y(x) = ([(py(x)]%u [¢y(x)]¢lx])

0 <m;1x< 1 (supf xéhndF(xé;),supf x,’{hndF(xg)>
= y y

max @ ®
So<a< 1<supfy xéhndG(xé;),supfy xghndG(xg)>

x_S y,a € {-&tﬂng n — oo, we obtain,

x>y,a€(01] min

inff xk dF(xL),inff xY dF(xU)>

0<ac< 1( Y : @ Y : @

X<y« %(8,27272 1 (inff xk dG(xé),inff xY dG(xf{))
= y y

max

O<a< 1<supfy xk dF(xé),supfy xd dF(xg)>

<o <mgxs 1 (supfy xk dG(xé),supfy xY dG(xé’))
Hence proved.
Theorem. 3.2:

Let ¢:[0,0) — [0, ) and g: [0, ) — [0, ) be
increasing and star shaped functions such that ¢(0) =
g (0) = 0 then the composition of two ¢ and g also star
shaped.

Proof:
We have,
¢ and g are star shaped functions and
increasing in [0, o).
We know that,
If any star shaped functions ¢ and g are increasing

in [0, ) then —— ¢(x) and @ both are increasing in x. where
x € (0,1). We Want to prove that the composite function of
¢ and g(ie., ¢ o g) is also star shaped.

Let ¥ be the composite function of ¢p and g. Then

Y= ¢og
Yx) =(pog)x)
P(x) = p(x) o g(x)

Y -

To prove Y (x) is star shaped to prove —— is increasing.

Since, the product of two increasing functlon is again a

increasing function.

1.0()

Therefore, is increasing in x, x € (0,1).

Hence the composmon of two star shaped function again a
star shaped function .
Theorem. 3.3.

Let X and Y be two positive fuzzy random
variables such that X <sc Y and g is any star star shaped
function with g(0) = 0, then g(X) <gs g(¥).

Proof:

We have X and Y be two positive fuzzy random

variable.
We know that,
X is less than Y under star shaped order

o L Gnf E@ (X, nf EP(XE)))
< Tgémoﬁl (GnfES(V)), inf E(p (¥)))
0 < < 1(UP EQUE), sup EGE))
<0 o < 1UPE(@(XH)), sup E($(YE)))
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For all fuzzy star shaped function ¢: [0, ) —

[0,0)and @ € (0,1].
g is any star shaped function. Then
0 <m0ins 1 (nfE(@(g (X)), infE(p(9(Xa))))
<o M GnfE@ (g InfE (g (VY )))
0 < 0 < 1GUPE@B(GEXEN), sup E(@(g (X))

<0 < s 1GUP E(B(g(YEN), sup E(b(g(¥))))
0 <m;" L, (infE((¢ ° )(X)), infE((¢ » 9) (X))
<, <m0§"$ L(infE((e
- 0 9)(YH)),infE((¢ o 9)(¥Y)))
0 < a< 16U E((P°XD) supE((¢ ° (X))

<o<a<i(CwE(@
o 9)(Yy)),sup E((¢ > 9)(¥Y)))
Here, we take' (¢p o g) = Y then,
0 < a < 1(NFEQPXD), InfEQ (X))
M (nfE@p(YE)), inf E@p (YY)
0 < < 1(5Up EGH(XE)), sup EGp(XE)))

“0<a<1
max
<0< a < 16WPE@F), sup E@(Y))
Since, composite function of two star shaped function.
Therefore, 1 is star shaped.
From the above statement, we can conclude that
9(X) <ss g(Y)
Hence proved.
4. Application to two stochastic processes:
Proposition: Let [X,

identically distributed random variables and let h be a star
shaped function. Then the function g and g defined on the

set of positive integers by
gm) = E(h(X 1=, X;)) is star shaped.
Proof :

For given n>1, let 4; = [1,..,n+1] —i,j=1, ...
n+1.Then assuming h is star shaped.
Zi
Let us consider S,, = X; + -+ X,, and SA]. " +EA+X then,
1 n

min

o 22 2 (4 ) v (15, )

min . j . j
< O<a<1 (me <_Sn h (Sn)>a,me (Sn h (Sn)>a>

0 < a1 (0B (r((5%))supE (()8))

Sa. L S,

max A 4

= 0<a31<supE<S—n’h(5n)> .supE(s—n’ h(sn)>
a

Summing on both sides and using the assumption

X;’s are independent and identically distributed, we get
n+1) (infE(S,)%, infE(S,)Y)

=M

0< <1

0 < < 1((1 fE(Sn a:infE(Sn)g))

and
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] be a sequence of independent and

)

max
M+ o, < 1GupE(S)q sup E(Sp)a)
max
<M < o < 1(GUPE(S)E, sup E(5,)3))

min inf ga(m) inf ga(m)
0<a<1 n ’ n
min nfga(n+ 1) Lnfgg(n+ 1
_0<a'<1 n+1 ’ n+1
and
L U
max ga(n) ga (M)
O0<ac<sl1 up n » Sup n
. max . ga(n+1) su ga(n+1)
“0<a<l1 p n+1 ' p n+1

= 1,2,..and @ € (0,1].
which is equivalent to g is star sahped.
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