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1. Introduction 

Stochastic orderings play a fundamental role in 
probability and statistics and have been studied by many 
authors. Various types of stochastic orders are currently 
used to compare random variables. 

This work deals with the concept of the star shaped 
order in the context of fuzzy random variables. Fuzzy set 
theory was introduced by Zadeh[6], and the concept of fuzzy 
random variables was introduced by Kwakernaak[4,5]. In 
this work, we discuss the properties of the star-shaped order 
and provide a suitable application using fuzzy random 
variables. 

The star shaped order is an important type of stochastic 
order used to compare random variables based on their 
variability and aging behavior. It is defined through the 
property that the ratio of quantile functions is increasing, 
which reflects a form of relative dispersion between random 
variables. Compared to other stochastic orders, the star 
shaped order lies between the usual stochastic order and the 
convex order, and it provides useful insights into how one 
random variable grows or spreads relative to another. 

This work is classified into four sections. Section 1 
contains the introduction, Section 2 presents the 
preliminaries for the study, Section 3 deals with theorems 
on the star-shaped order, and Section 4 provides suitable 
applications of the star-shaped order. 

2. Preliminaries: 
Definition 2.1: Fuzzy set [6] 
 We consider X be the universal set. Then a fuzzy 
set 𝐴ሚ = {(𝑥, 𝜇஺(𝑥))/ 𝑥 ∈ 𝑋} is defined by its membership 
function 𝜇஺: 𝑋 → [0,1]. 
Definition 2.2: 𝜶 − cut of a fuzzy set [6] 
 For each 0 ≤ 𝛼 ≤ 1, the 𝛼 − cut of a set 𝐴ሚ is 
denoted by 𝐴ሚఈ = { 𝑥 ∈ 𝑋; 𝜇஺෨(𝑥) ≥ 𝛼}.  
Definition2.3: Fuzzy random variable [4,5] 
 X (𝜔) is a fuzzy random variable if and only if 
X ఈ(𝜔) = [𝑋ఈ

௅(𝜔), 𝑋ఈ
௎(𝜔)] where 𝑋ఈ

௅(𝜔)and𝑋ఈ
௎(𝜔) are both 

random variables for each 𝛼 ∈ [0,1] and 𝑋 =
⋃ 𝛼ఈ∈[଴,ଵ] X ఈ(𝜔).  
Definition2.4 : 𝜶 − cut of the distribution function F of 
Fuzzy random variable [11] [12] 
 The 𝛼 − cut of the distribution function F of Fuzzy 
random variable X is defined by  

𝐷ఈ = 

൤𝑀𝑖𝑛 ൬
𝑚𝑖𝑛

𝛼 ≤ 𝛽
𝐹(𝑥ఉ

௅),
𝑚𝑖𝑛

𝛼 ≤ 𝛽
𝐹(𝑥ఉ

௎)൰ , 𝑀𝑎𝑥 ቀ
𝑚𝑎𝑥

𝛼 ≤ 𝛽𝐹(𝑥ఉ
௅),

𝑚𝑎𝑥
𝛼 ≤ 𝛽𝐹(𝑥ఉ

௎)ቁቃ 

Definition.2.5: Stochastic order [13] 
 If X and Y be fuzzy random variables with fuzzy 
cumulative distribution function F and G respectively then 
𝑋 ≤௦௧ 𝑌 ⟺ 𝐹(𝑡) ≥ 𝐺(𝑡) for all t.  
Definition.2.6: Star shaped order [13] 
 Let X and Y be two positive fuzzy random 
variables such that 
  𝐸(𝜙(𝑋)) ≤ 𝐸(𝜙(𝑌)) all star shaped 
function 𝜙: [0, ∞) → [0, ∞). 
 provided that the expectations exist. Then X is said 
to be smaller Y in the star shaped order. 
Definition.2.7: Fuzzy Star shaped order 
Let X and Y be two positive fuzzy random variables such 
that𝑋 ≤ௌௌ 𝑌 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

(inf 𝐸(𝜙(𝑋ఈ
௅)), inf 𝐸(𝜙(𝑋ఈ

௎)))

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
(inf 𝐸(𝜙(𝑌ఈ

௅)), inf 𝐸(𝜙(𝑌ఈ
௎))) 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

(sup 𝐸(𝜙(𝑋ఈ
௅)), sup 𝐸(𝜙(𝑋ఈ

௎)))

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(sup 𝐸(𝜙(𝑌ఈ

௅)), sup 𝐸(𝜙(𝑌ఈ
௎))) 

 For all fuzzy star shaped function 𝜙: [0, ∞) →
[0, ∞)and 𝛼 ∈ (0,1]. 

3. Theorems on interval valued fuzzy functions 
using star shaped orderings 

Theorem .3.1:  
 Let X and Y be two positive fuzzy random 
variables with distribution functions F and G respectively. 
Then𝑋 ≤ௌௌ 𝑌 if and only if, ∫ 𝑥 𝑑𝐹(𝑥)

ஶ

௬
≤

∫ 𝑥 𝑑𝐺(𝑥)
ஶ

௬
, 𝑦 ≥ 0. 

Proof:    
 For a crisp random variables X and Y, the test 
function 𝜙௬ is defined by  

𝜙௬(𝑥) = ൜
0,               𝑥 ≤ 𝑦

     𝑥,                𝑥 > 𝑦      
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 is star shaped. Here 𝜙௬ is increasing in [0, ∞). 
 Let us consider X and Y are fuzzy random variable 
then the fuzzy test function becomes.  
 𝜙௬(𝑥) ≅ ൫[𝜙௬(𝑥)]ఈ

௅ , [𝜙௬(𝑥)]ఈ
௎൯ 

[𝜙௬(𝑥)]ఈ
௅  = 

൝
0,                                                                                               𝑥 ≤ 𝑦, 𝛼 ∈ (0,1]

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቀ
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
𝑥ఈ

௅ ,
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
𝑥ఈ

௎ቁ ,                     𝑥 > 𝑦, 𝛼 ∈ (0,1]      
 

[𝜙௬(𝑥)]ఈ
௎ = 

൝

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

ቀ
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
𝑥ఈ

௅ ,
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
𝑥ఈ

௎ቁ ,                                𝑥 ≤ 𝑦, 𝛼 ∈ (0,1]

𝑥     ,                     𝑥 > 𝑦, 𝛼 ∈ (0,1]      
 

 both are star shaped. 
We know that,  
 If X and Y be two positive fuzzy random variables 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

(inf 𝐸(𝜙(𝑋ఈ
௅)), inf 𝐸(𝜙(𝑋ఈ

௎)))

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
(inf 𝐸(𝜙(𝑌ఈ

௅)), inf 𝐸(𝜙(𝑌ఈ
௎))) 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

(sup 𝐸(𝜙(𝑋ఈ
௅)), sup 𝐸(𝜙(𝑋ఈ

௎)))

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(sup 𝐸(𝜙(𝑌ఈ

௅)), sup 𝐸(𝜙(𝑌ఈ
௎))) 

 For all fuzzy star shaped function 𝜙: [0, ∞) →
[0, ∞)and 𝛼 ∈ (0,1]. 
By the above definition we get, 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቆinf න 𝑥ఈ
௅  𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, inf න 𝑥ఈ
௎ 𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
ቆinf න 𝑥ఈ

௅  𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, inf න 𝑥ఈ
௎ 𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

ቆsup න 𝑥ఈ
௅  𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, sup න 𝑥ఈ
௎ 𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
ቆsup න 𝑥ఈ

௅  𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, sup න 𝑥ఈ
௎ 𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

      
 𝑦 ≥ 0, 𝛼 ∈ (0,1]. 
Conversely,  

 Let 𝜙 be a star shaped function, then ℎ(𝑥) =  
థ(௫)

௫
 

is increasing in x on [0, ∞). Approximate h by a sequence 
of increasing step function ℎ௡.  
Then,  

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቆinf න 𝑥ఈ
௅  𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, inf න 𝑥ఈ
௎ 𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
ቆinf න 𝑥ఈ

௅  𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, inf න 𝑥ఈ
௎ 𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

ቆsup න 𝑥ఈ
௅  𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, sup න 𝑥ఈ
௎ 𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
ቆsup න 𝑥ఈ

௅  𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, sup න 𝑥ఈ
௎ 𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቆinf න 𝑥ఈ
௅ℎ௡𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, inf න 𝑥ఈ
௎ℎ௡𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
ቆinf න 𝑥ఈ

௅ℎ௡𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, inf න 𝑥ఈ
௎ℎ௡𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

ቆsup න 𝑥ఈ
௅ℎ௡𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, sup න 𝑥ఈ
௎ℎ௡𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
ቆsup න 𝑥ఈ

௅ℎ௡𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, sup න 𝑥ఈ
௎ℎ௡𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

Letting 𝑛 → ∞, we obtain, 
  

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቆinf න 𝑥ఈ
௅  𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, inf න 𝑥ఈ
௎ 𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
ቆinf න 𝑥ఈ

௅  𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, inf න 𝑥ఈ
௎ 𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

ቆsup න 𝑥ఈ
௅  𝑑𝐹(𝑥ఈ

௅)
ஶ

௬

, sup න 𝑥ఈ
௎ 𝑑𝐹(𝑥ఈ

௎)
ஶ

௬

ቇ

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
ቆsup න 𝑥ఈ

௅  𝑑𝐺(𝑥ఈ
௅)

ஶ

௬

, sup න 𝑥ఈ
௎ 𝑑𝐺(𝑥ఈ

௎)
ஶ

௬

ቇ 

Hence proved. 
Theorem. 3.2: 

Let 𝜙: [0, ∞) → [0, ∞) and 𝑔: [0, ∞) → [0, ∞) be 
increasing and star shaped functions such that 𝜙(0) =
𝑔 (0) =  0 then the composition of two 𝜙 and 𝑔 also star 
shaped. 
Proof:  
We have,  
 𝜙 and 𝑔 are star shaped functions and 
increasing in [0, ∞). 
We know that,  
 If any star shaped functions 𝜙 and 𝑔 are increasing 

in [0, ∞) then 
థ(௫)

௫
 and 

௚(௫)

௫
 both are increasing in x. where 

𝑥 ∈ (0,1).  We want to prove that the composite function of   
𝜙 and 𝑔(ie., 𝜙 ∘ 𝑔) is also star shaped. 
 Let 𝜓 be the composite function of 𝜙 and 𝑔. Then  

𝜓 =  𝜙 ∘ 𝑔 
𝜓(𝑥) = (𝜙 ∘ 𝑔)(𝑥) 

𝜓(𝑥) =  𝜙(𝑥) ∘ 𝑔(𝑥) 

To prove 𝜓(𝑥) is star shaped to prove  
ట(௫)

௫
 is increasing.  

Since, the product of two increasing function is again a 
increasing function.  

Therefore, 
ట(௫)

௫
 is increasing in 𝑥, 𝑥 ∈ (0,1). 

Hence the composition of two star shaped function again a 
star shaped function . 
Theorem. 3.3.  

Let X and Y be two positive fuzzy random 
variables such that  𝑋 ≤ௌௌ 𝑌 and 𝑔 is any star star shaped 
function with 𝑔(0) = 0, then 𝑔(𝑋) ≤ௌௌ 𝑔(𝑌). 
Proof:  
 We have X and Y be two positive fuzzy random 
variable.  
We know that,  
 X is less than Y under star shaped order 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

(inf 𝐸(𝜙(𝑋ఈ
௅)), inf 𝐸(𝜙(𝑋ఈ

௎)))

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
(inf 𝐸(𝜙(𝑌ఈ

௅)), inf 𝐸(𝜙(𝑌ఈ
௎))) 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

(sup 𝐸(𝜙(𝑋ఈ
௅)), sup 𝐸(𝜙(𝑋ఈ

௎)))

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(sup 𝐸(𝜙(𝑌ఈ

௅)), sup 𝐸(𝜙(𝑌ఈ
௎))) 
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 For all fuzzy star shaped function 𝜙: [0, ∞) →
[0, ∞)and 𝛼 ∈ (0,1]. 
 g is any star shaped function. Then  

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

(inf 𝐸(𝜙(𝑔(𝑋ఈ
௅))), inf 𝐸(𝜙(𝑔(𝑋ఈ

௎))))

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
(inf 𝐸(𝜙(𝑔(𝑌ఈ

௅))), inf 𝐸(𝜙(𝑔(𝑌ఈ
௎)))) 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

(sup 𝐸(𝜙(𝑔(𝑋ఈ
௅))), sup 𝐸(𝜙(𝑔(𝑋ఈ

௎))))

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(sup 𝐸(𝜙(𝑔(𝑌ఈ

௅))), sup 𝐸(𝜙(𝑔(𝑌ఈ
௎)))) 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

൫inf 𝐸൫(𝜙 ∘ 𝑔)(𝑋ఈ
௅)൯, inf 𝐸൫(𝜙 ∘ 𝑔)(𝑋ఈ

௎)൯൯

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
൫inf 𝐸൫(𝜙

∘ 𝑔)(𝑌ఈ
௅)൯, inf 𝐸൫(𝜙 ∘ 𝑔)(𝑌ఈ

௎)൯൯ 
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
൫sup 𝐸൫(𝜙 ∘ 𝑔)(𝑋ఈ

௅)൯, sup 𝐸൫(𝜙 ∘ 𝑔)(𝑋ఈ
௎)൯൯

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
൫sup 𝐸൫(𝜙

∘ 𝑔)(𝑌ఈ
௅)൯, sup 𝐸൫(𝜙 ∘ 𝑔)(𝑌ఈ

௎)൯൯ 
Here, we take (𝜙 ∘ 𝑔) = 𝜓 then,  

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

(inf 𝐸(𝜓(𝑋ఈ
௅)), inf 𝐸(𝜓(𝑋ఈ

௎)))

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
(inf 𝐸(𝜓(𝑌ఈ

௅)), inf 𝐸(𝜓(𝑌ఈ
௎))) 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

(sup 𝐸(𝜓(𝑋ఈ
௅)), sup 𝐸(𝜓(𝑋ఈ

௎)))

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(sup 𝐸(𝜓(𝑌ఈ

௅)), sup 𝐸(𝜓(𝑌ఈ
௎))) 

Since, composite function of  two star shaped function.  
Therefore, 𝜓 is star shaped. 
From the above statement, we can conclude that  

𝑔(𝑋) ≤ௌௌ 𝑔(𝑌) 
Hence proved. 
4. Application to two stochastic processes:  
Proposition: Let [𝑋௡] be a sequence of independent and 
identically distributed random variables and let h be a star 
shaped function. Then the function g and g defined on the 
set of positive integers by  
𝑔(𝑛) = 𝐸(ℎ(∑ 𝑋௜

௡
௜ୀଵ )) is star shaped. 

Proof :  
For given 𝑛 ≥ 1, let 𝐴௝ = [1, … , 𝑛 + 1] – i , j = 1, … , 
n+1.Then assuming h is star shaped.  

Let us consider 𝑆௡ = 𝑋ଵ + ⋯ + 𝑋௡ and 𝑆஺ೕ
=

∑ ௑೔೔∈ಲೕ

௑భା⋯ା௑೙
 then, 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቀinf 𝐸 ቀℎ(( 𝑆஺ೕ
)ఈ

௅ )ቁ , inf 𝐸 ቀℎ((𝑆஺ೕ
)ఈ

௎)ቁቁ

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
൭inf 𝐸 ቆ

𝑆஺ೕ

𝑆௡

 ℎ (𝑆௡)ቇ
ఈ

௅

, inf 𝐸 ቆ
𝑆஺ೕ

𝑆௡

 ℎ (𝑆௡)ቇ
ఈ

௎

൱ 

𝑚𝑎𝑥
0 < 𝛼 ≤ 1

ቀsup 𝐸 ൬ℎ ቀ( 𝑆஺ೕ
)ఈ

௅ ቁ൰ , sup 𝐸 ൬ℎ ቀ(𝑆஺ೕ
)ఈ

௎ቁ൰ቁ 

≤  
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
൭sup 𝐸 ቆ

𝑆஺ೕ

𝑆௡

 ℎ (𝑆௡)ቇ
ఈ

௅

, sup 𝐸 ቆ
𝑆஺ೕ

𝑆௡

 ℎ (𝑆௡)ቇ
ఈ

௎

൱ 

Summing on both sides and using the assumption 
𝑋௜’s are independent and identically distributed, we get 

(𝑛 + 1)
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
(inf 𝐸(𝑆௡)ఈ

௅ , inf 𝐸(𝑆௡)ఈ
௎)

≤ (𝑛)
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
൫(inf 𝐸(𝑆௡)ఈ

௅ , inf 𝐸(𝑆௡)ఈ
௎)൯ 

and 

(𝑛 + 1)
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(sup 𝐸(𝑆௡)ఈ

௅ , sup 𝐸(𝑆௡)ఈ
௎)

≤ (𝑛)
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
൫(sup 𝐸(𝑆௡)ఈ

௅ , sup 𝐸(𝑆௡)ఈ
௎)൯ 

𝑚𝑖𝑛
0 < 𝛼 ≤ 1

ቆ𝑖𝑛𝑓
𝑔ఈ

௅ (𝑛)

n
, 𝑖𝑛𝑓

𝑔ఈ
௎(𝑛)

n
ቇ

≤
𝑚𝑖𝑛

0 < 𝛼 ≤ 1
ቆ𝑖𝑛𝑓

𝑔ఈ
௅ (𝑛 + 1)

n + 1
, 𝑖𝑛𝑓

𝑔ఈ
௎(𝑛 + 1)

n + 1
ቇ 

   and     
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
ቆ𝑠𝑢𝑝

𝑔ఈ
௅ (𝑛)

n
, 𝑠𝑢𝑝

𝑔ఈ
௎(𝑛)

n
ቇ

≤
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
ቆ𝑠𝑢𝑝

𝑔ఈ
௅ (𝑛 + 1)

n + 1
, 𝑠𝑢𝑝

𝑔ఈ
௎(𝑛 + 1)

n + 1
ቇ 

𝑛 =  1,2, … and 𝛼 ∈ (0,1]. 
 which is equivalent to 𝑔 is star sahped. 
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