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ABSTRACT

In this study, we investigate the structure of Nash equilibrium points in finite (N)-person games. We show that, in two-
player games, the interchangeability of equilibria and the convexity of the equilibrium set are equivalent properties. In
contrast, this statement does not hold for three-player games. Furthermore, for completely mixed games, we derive the
necessary inequality constraints on the number of pure strategies available to the players. It is proved that the
equilibrium point in two-player completely mixed games is unique. However, for three-player completely mixed games,
this uniqueness does not generally hold unless certain additional conditions, such as the convexity of the equilibrium set,
are satisfied. For a three-player completely mixed game in which each player has two pure strategies, the equilibrium
point is unique. The proof of this result requires several combinatorial arguments, which will be presented and explained

in detail.
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INTRODUCTION

John Nash extended the theory of finite non-cooperative
games by introducing the concept of the equilibrium point.
He proved that every finite non-cooperative game possesses
at least one equilibrium point in mixed strategies. In this
study, we examine the impact of this theorem on the
development of game theory and, more broadly, its
influence on industry and other scientific disciplines. More
generally, we investigate the changes that have taken place
following the introduction of this theory. When the number
of players is two and the game is zero-sum, the well-known
von Neumann Minimax Theorem applies. In two-player
zero-sum games, Kaplansky introduced the concept of
completely mixed strategies in 1945 and showed that, if
both players have optimal completely mixed strategies, the
payoff matrix must be square and each player has an
optimal strategy. In 1970, Raghavan extended this result to
two-player non-zero-sum bimatrix games [1-8].

In this research, we seek to generalize the results
established for two-player games to both general (N)-
person games and three-player games. In three-player
games, completely mixed strategies are well defined. We
observe that the convexity of the equilibrium set reflects the
instability of equilibrium points in bimatrix games.

It should be noted that the primary reference used in this
research is the article entitled:

“Structure of Equilibria in N-person Non-cooperative
Games”

by Raghavan et al. ([7]).

Nash Equilibrium

If game theory aims to provide a solution to a game, that
solution must constitute an equilibrium. Suppose that game
theory predicts a particular strategy profile as the solution
to a game. This prediction implies that the players will
choose that strategy profile. Such a prediction is valid and
consistent with actual behavior only if the players indeed
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follow it. This occurs when each player's selected strategy is
a best response to the other players' predicted strategies.
These best-response strategies capture the essence of the
Nash equilibrium concept. Alternatively, a Nash
equilibrium is defined as a strategy profile in which no
player can unilaterally change their strategy and improve
their payoff. This property is fundamental, since at a Nash
equilibrium no player can obtain a higher payoff by
deviating unilaterally from the chosen strategy profile [8—
12].
Nash Equilibrium in an n-Player Game
The Nash equilibrium of a static game with complete
information, represented in strategic form by G, is defined
as follows. A strategy profile

S*=(s1,83,-,S,) ES
is called a Nash equilibrium if, for every player,

ui(sf,sii) = ui(Si,Sii), VSi € Si! Vi EN,

In other words, given the player s*; correct belief about the
opponents' choices, namely s; € S;, player (i) should choose
si to maximize the payoff function u;(s;, sZ;). If a strategy
s; maximizes this function, then s; is called a best response
tos; € S; [13-16].
maximizes, which we denote by B;. Then s; is the answer to
the following optimization problem: [13-16].

grilg)fui(si,sii),Vi € N.
Based on the best response function, we can say that the
Nash equilibrium in a game G is achieved where we have:
[13-16].

S; € Bi(sii) = {Si € Si: ui(Si,Sii) = ui(sil!sii)' VSl’
€S}
And if in the set B;(sX;) is a member of the Nash
equilibrium, then the Nash equilibrium is
si = Bi(sZy)

Focal Nash Equilibrium
The game in which players use combined testing is called an
attention-motor game and is denoted by A(G,c), where ¢ =
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(¢;), c € R™, is given by a set of strategies (n_;, m_;, Bi),
such that each player i solves the following expression: [16-
18].
max
miiBs)

subject to

D i @OE Egilpm) - )]

Zj

() € AZ),

(i)' € Bs,,
(i), € {(me)*:myt € A(Z) YK}, VZ,. (6.1)
We denote the equilibrium of the game A(G,c) for each
playerias (n, m, ), such that it solves (6.1). An equilibrium
in A(G,c) is called pure in experiments if 1 is degenerate
for each i. An equilibrium (1,7, B) is called pure in
strategic behavior if £{(s;) is the unit vector for each i and
S;. An equilibrium in A(G,c) is called pure if it is pure in
both experiments and strategic behavior. The equilibrium
represented by (1, m, B) is called a focal Nash equilibrium
for A(G,c) if it is pure and the set of signals is equivalent to
the set of actions [16—18]. That is,

Si = Ai
and
Bl=idy,

Completely Mixed Games and Equilibrium Properties
in Three-Player Games
A game is said to be completely mixed if every equilibrium
is completely mixed. In other words, no player can be in
equilibrium with the other players while assigning zero
probability to any pure strategy. In two-player zero-sum
games, as well as in completely mixed non-zero-sum
games, the equilibrium set consists of a single point.
However, this property no longer holds for games with N >
3 players [19-20]. In this section, we construct a three-
player completely mixed game whose equilibrium set
€ consists of exactly two points. This demonstrates that,
without additional assumptions, the uniqueness of
equilibrium cannot be established in general.
Theorem 1: Suppose m=>n+I. Then for any given € 3
(x%,¥%, 2°), there is always a (x*,y°, z°) in € such that x*is
not a complete composite.
Proof
If x0 is not completely mixed, there is nothing to prove.
Therefore, assume that x0 is completely mixed. Without
loss of generality, for (r=1,2,3),

K. (x%y%2z) =v.=c
Consider the matrix

A -1 0
¢= [B 0 -I ]’
where (I) denotes an appropriately dimensioned row vector
whose entries are all equal to one.
The rank of (C) satisfies
n+1<m

Hence, there exist at least m linearly independent solutions

of
IT
[A -1 0 ] «
B 0 -I B
And clearly one of these solutions is independent of 0. Let
(11, @, B) be the solution. Clearly IT#0; otherwise, a==0,
and let (T1, a, B) be the normal vector. So we have

| B

=0.

that is,
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All = a1, BIl = 1.
On the other hand,

Ax° =0,Bx° = 0.
For the x coordinate, we get and if I1 is linearly independent
of x°> or ¢ #0 or B#0, then I1 and x°are linearly
independent. Now, we can create x* that is not a complete
combination and (x* y° 2% €€, which completes the
proof of the theorem.
Extension of Theorem 1
Remark 1: The inequality condition in Theorem 1 cannot be
weakened; this is shown in the following example.

Example 1. Suppose m=3, n=2, and [=2. Suppose
Ki(i,j, k) = (constant). We define,
2 2

LN -1 .oy [0 0 -3
Kz(l'jll)_ 0 1 2 ]'Kz(l']'z)_[_z -1 O]
where i refers to the column index and j to the row index.
Similarly,

K1k =% 01

3.0 0]'K3(i,2,k)=[(; :g 1

We have x, = G,g,g) as an equilibrium point and y, =
(%,%), zZy = (%,%) as the only members in s(y,, zy). Note
that m=n+Il-1 and s(y,,2,) is a perfect combination. Of
course, the game is not a perfect combination, because the
strategy (1,2, 2) is a pure equilibrium point. Later, we will
give an example with

We will construct m=3, n=2, and /=2, where all points of the
combinatorial equilibrium are complete.

We see that the claim of Theorem 1 is clear. However, with
a few additional conditions, we can prove the following.
Theorem 2. Suppose in a 3-player game m=n+/-1 and
(%0,Y0,20) € €. If yo or zo is not a complete combination,
then s(30,20) is not a complete combination.

Proof. For »=1,2,3, we assume that K,.(x, ¥y, Z9) = v, = 0.
We also assume that z is zero as the last coordinate of zo.

We have,
A -1 0
c=[5 o0 2

where B) is a submatrix of B with the last row removed.
Since C has nt+l-1 rows and n+/+1 columns, the following
equation has an axiom,

[A -1 0 ] (2) _ o
B, 0 -1 -
! B
which is independent of (x,, 0, 0). Now we set [1#0, because
otherwise (I, &, B) is an axiom vector. So we have the
following cases:
1. If 0#0, and since by assumption we have for j,
Ky (x0,J,20) = (Axo)]- =0, (3.1)

2. If a=$=0, then clearly by choosing (II, &, 8), I and xo are
independent;
3. If @=0 and S+#0, since for k<I, we have z2>0,

v3 = K3(x0,Y0,k) =0,
And

(Byxo)x = 0.

Then IT and xo are independent.
Let b; be the last row of B. We have (b;I1) < f or (b,I1) =
B. Let X =1+ Dxy+All, £ =x5+ All and x* = xy —
All and x'=(1+21)x0—AIl. We choose one of them depending
on whether XI1;=0 or XI1;=1 and (bJI1)<p or (biI1)>f. So we
have:
1. If 2I; =0 &'» for positive A, both x* and X are
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combinatorial strategies but not complete combinatorial
ones.
2. If ¥I1; = 1 (without loss of generality, we have XII; #
0), similarly for x" and %,
(a) if 2I1; = 0 and b;I1 < B, we choose %; if ZI1; = 0 and
bI1 = B, we choose x*;
(b) if 2I1; = 1 and b;I1 < B, we choose X ; if I1; = 1 and
b1 = B, we choose x'.
Considering cases (a) and (b) and the definitions of x* <X ¢
x', and X, we have,
Ax* < —Aa, A% < Aa, Ax' < —Aa, AX < A«,
Bix* < —AB,B,% < AB,Bix' < —AB,B;X < AB,
bx* < —AB,bx < AB,bix' < —AB,b;x < AB.

So for each j we have,
K3 (%0,J,20) = (Axg)j = 0 = K3(x",j,20) = (Ax™);
< Ax* < —Aa,

Therefore, we can say that there exists jo such that,
K, (x", jo,Zp) = —Aa.

In fact, when y; > 0, the equilibrium condition occurs.
Similarly, when we have k<I,

K3(x0,¥0, k) = (B1xo)i = K3 (x*,¥0,k) = (Byx™)i
< Byx* < —ApB,

Which occurs for ko<l, so,
K3(x",0,k) = (B1x")i = —AB.
Combining these relations shows that (x*,y,,2,) € €.
Similarly, the other states can be eliminated. Therefore,
s(¥o, Zp) is not a complete combination.
Remark 2. When m=n+/-2 and when player 2 or 3 lose a
pure strategy in an equilibrium (xq,¥y,2,), we cannot
conclude that s(yg,z,) is a complete combination. Even
when m=n=[=2, we have simple examples.
Unique Analysis of Equilibrium Points
We begin this section by proving the following result.
Theorem 3. Suppose that in a three-player game, the set of
combinatorial equilibria is complete and convex. Then € has
only one member
Proof. Let K, (x,y,z) be the expected payoff of the r-th
player, when x, y, and z are the combined strategies chosen
by players 1, 2, and 3. By the converse proof, let € have two
equilibrium points (x°,v°,z%) and (x’,y’,z’). By the
convexity assumption, for 0<A<1, we have
Ax°+ (1 —=Dx", Ay’ + (1 =)y, 1z° + (1 — )z")
E €.

Since the game is a perfect combination, the following

states occur.

1. By definition, for every pure strategy i, we have
KA+ @A -y, 22+ (1 —-Dz') =c,,

That is,
Ky Ay° + (1 — D)y’ Az0 + (1 — D)z")
=K (,y°2°) + (1 = D*K:(L,y', 2")
+A(1 =D (K (,v%,2) + K. (i,y',2°) = .

Since,
Kl(l"yO‘ZO) = Uerl(iry,rZ,) = Ui,

So we have
K (i,y%2z) + K. (i,y',2°) = a,.
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2. By definition, for every pure strategy j, we have
K,(Ax° + (1 = Dx',j,2z2° + (1 — D)z") = c,,

That is,
K,(Ax% + (1 = Dx’,j,2z° + (1 — 2)z")
= 12K, (x%,j,z°) + (1 — D)2K,(x',j,z")
+A(1 = D (K, (x°,],2") + K, (X', ], 2°)) = c,.
Since,
KZ(xolj'ZO) = Ug'KZ(x,rer,) = Ué;
So we have,

K, (x%,j,z") + K, (x',],2z°) = a,.

3. By definition, for every pure strategy we have k
K;(Ax® + (1= Dx", 2y° + (1 = Dy’ k) = c3,

That is,
K3 (Ax® + (1 — )x', Ay° + (1 — )y’ k)
=AK3(x% y° k) + (1 = D)*K3(x',y", k)
+A(1 = D (K3(x%, ", k) + K5(x',y°, k) = c5.

Since,
K3(x01y0'k) = Ué’,K:;(X’,y’,k) = Ué'

So we have,
K3(x0vy,vk) + K3(x,vy01k) = (13.

For t>0 and small t, we set
x*=1+)x°—tx',y* =1 +t)y° —ty', z*
=1 +t)z° —tz'.

where x*, y*, and z* are all mixed strategies. Since
(x%,y% 2% # (x',y',2"),

We have t>0 such that at least one of them is not a complete
combination. We show
(x*,y*,z") €€

According to the above situations, we have:
1.
K (i,y*z") ={1+t)2K,(i,y°2z°% + 2K, (i,y',2")
_t(l + t)(Kl(i! yOlZ,) + Kl(il yIvZO))
=1+ 0% +t2v] —t(1 + ay.

2.
K, (x*j,z") =(1+t)2K,(x%),z% + t2K,(x',j,z")
_t(l + t)(KZ (xorjvzl) + KZ (x’,j,ZO))
= (1+t)%v? + t?vy — t(1 + t)a,.
3.
Ki(x*, v k) =1 +6)2K(x%v% k) + t2K;(x',y', k)
_t(l + t)(K3 (xO‘ y,! k) + K3 (.X", yO‘ k))
=1+ )% + t?v; —t(1 + t)as.

As a result (x*,y%,z") €€, which contradicts the
assumption of complete composition of €. So this theorem is
complete. O

Remark 3. Let m=3, n=2, and k=2 to construct a
counterexample for the uniqueness of equilibrium points in
complete combinatorial games. When m = n =k = 2, we
have the following result.

Theorem 4 (Main Theorem). Suppose a 3-player game has
pure strategies for each player. If the game is complete
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combinatorial, then the equilibrium point is unique.

In the following, we must state some preliminary points to
prove this theorem. As in previous chapters, we assume,
a; =K;(1,1,1) - K,(2,1,1),b, = K,(1,1,1) — K,(1,2,1),
a, =K(1,1,2) - K,(2,1,2),b, = K,(1,1,2) — K,(1,2,2),
a; =K(1,21) —K,(2,21),b; = K,(2,1,1) — K,(2,2,1),
a, = K(1,2,2) —K,(2,2,2),b, = K,(2,1,2) — K,(2,2,2),
¢ =K3(1,1,1) — K3(1,1,2),

c, = K3(1,2,1) — K5(1,2,2),

c3 = K3(2,1,1) — K;3(2,1,2),

c, =K3(2,2,1) — K53(2,2,2).

Let (p,(1-p)), (q,(1-q)) and (1,(1-r)) be the combined
strategies for 3 players. For the sake of simplicity, we
denote the combined strategies by (p, q,1).

Let (pg,qo,7p) € € and 0 < py, qo, 7y < 1. Therefore, we
have,

qoro(ar —az; —az —ay) + qo(a; — ay) +1p(az — ay)

+a, =0,
PoTo(by — by — b3 — by) + po(by — by) +15(b3 — by)
+b, =0,
Poqo (€1 — €2 — €3 — €4) + Po(€2 — €4) + qo (€3 — €4)
+c, =0.
As a result,
M =a,—a,—as+as,d, =a; —as s =az —ay, A,
= a4'
P4 =by — by — b3y — by, = by — by, liz3 = by — by, iy
= b4‘
Vg =C —Cp—C3 = Cy, Uy = Cp —Cy, V3 = C3 = Cy,Vy
= C4.

Lemma 1. When m=n=k=2 the game is complete with
(p_0,q9_0,r 0)€e and po and qo are unique for ro; in other
words, if (p*,q", 1) € € then p(py,qo,7y) € € p* = Py and
q" = qo. The same claim holds for po and qo.
Proof. We consider the following equations,
qri, +qA, +rid; + 1, =0,
priyy + puy +rpz +u, =0,
pqvi +pv, + qus + v, = 0.
Let us assume that (pg, qo,7y) is a solution of the above
system, and that every (p,q,r) holds true in € with the
condition 0<p,q,r<l. Clearly, qo vit+vz, rto Ai1tA2, and 1o
pi+pe cannot all be zero, so (1, qo, 7y) that holds true in the
above system of equations contradicts the completeness of
the game. Therefore, at least one of them is not zero. Let us
assume that ro A1+A2#0, then we have,
Go(rody +43) + (1oAz +2,) =0,
q*(rody + 43) + (rpds + 4,) = 0,

(1)

As a result, g*=qo and
(p*v o, rO)v (pOr qo, rO) €¢,

So p*=p=. Otherwise, € contains a line segment connecting
(»*,90,70) and (pg,qo,7y), Wwhich contradicts the
completeness of €.
Similarly, if we have ryu; + u, # 0,

qo (oM + U2) + (optz + py) =0,

q*(ropy + p2) + (ot + 1) = 0,

As a result, g*=go and
(p*v o, rO)v (pOr qo, rO) € €,

So p* = p,. Next, we show that the occurrence of the two
relations ryA; + 4, = 0 and ryu, + 1, = 0 is not possible.
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In the case where qyv; + v, # 0, from the third equation of
the system (1), we have,

(qovs+vs)
vt vy) =— V3 +v,) > =07,
Po(qovs 2) (qovs 1) = Do (Gov147v,)
We will arrange,
__ (qus+v,)
(qui+v,)’

p is a continuous differentiable function in a neighborhood
A of qo with the condition 0<p<1 when q€A. By
Deriving p with respect to q, we have,

dp vV —V,yV3
—=—"—"-"",forq €A
dq  (qvy +v;)? 1

If vyv, —v,v3 = 0 then p=po for q€A. That is, the line
segment {(poy, q,7y): q € A} S € which is impossible.

d . .
If viv, —v,v3 >0 then ﬁ > 0 and so in this case the

functionp = — % is an increasing function of q in A.
We put,

py = sup{p: (p,q,7,) € €}.

Clearly, there exists g1 such that (p;,q,,75) € €. Also pi<l
and qi<l. Since 194, + A, = rpu; + u, =0 then qyvy +
v, # 0. This shows that Z—z l¢,> 0 and hence (p, q3,79) €

€ exists with the condition p, > p;which contradicts the
maximal condition p:. Similarly, we get a contradiction for
when v, v, — v,v; < 0. And this completes the proof of the
lemma.
Lemma 2. Suppose € is a complete composite and for each
we have,
f@) = @Az + ) (rus + p)vy — (rds + ) (riy
+ux)vy — (T2 + ) (Tps + Uy Vs
+ (A + ) (ruy + uy)v, =0.

Then € has a unique point.

Proof. Suppose that (py, qo,75), (P*, q*, 7*)are two distinct
points in € if possible. By Lemma 1, p, # p*, qo # q*, and
1o #r*. In the following analysis, the following cases
occur:

(a)) rody + A, = 0. 1oy + pp = 0. Clearly (p*,q*, 1) € €,
and by Lemma 1, p* = p, and q* = q, must be true, which
contradicts our assumption.

(b) For every (py,q1,71) €E€, we have rAdy + 1, #0,
iy + Uy # 0. We assume that €3 = {ry: (py,q4,71) € €} is
closed on [0,1]. So, by the converse argument, we will show
that €3 is open. We assume that r1€es. There exists an open
interval A, such that,

(rus+us)
Ty

. (T/13 +/14)

1=,

p(r) =—
That for every r € A, 0 <p(r),q(r) < 1.
Also, (p(r),q(r),r) holds in the first and second equations (1).
In addition, the assumption f(r)=0 and any r € A, implies,
(p(M)q()vy +p(r)v, + q()vs + V) (A + A) (i
+uy) =0.

Also A, + A4, # 0, ruy + u, # 0. So p(r) and q(r) in the
third equation (1) hold. Consequently, for every r € A, ,
(p(r),q(r),r)Ee; that is, €3 is open. Consequently €; = [0,1]
and €5 # @. This contradicts the complete combinability of
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€.
©
oy + A, # 0,190, + 14, =0
r'Ay+A, #0,r'u, +u, =0,

Because 1y # r* and py = pp, = 0. Also us=ps=0. Such a
game cannot be a perfect combination.
(D)

Todi + 4, =0,u +uy, #0

A1+, =0,y +u, #0,

Which is similar to (C).

(E)
Todi + 4, #0,u +u, =0
A+, =0,y +u, #0,

where Wi#0 otherwise p=0 which contradicts the
assumption r* pi+pe#0. Similarly po,ps,pe#0  (so 1o
pstpa=0, r* ps+psa#0). Furthermore (pi,p2) and (us,p4) are
linearly independent since ropi+p2=0 and rops+psa=0. So for
a#0 we have (u3,pa)=o(p1,2), and,
e_ Tz t+ps
Uyt U

We place in the deleted neighborhood A, of the point 7y,

p(r) = _M
TU + [y

_ T/13 +A4
90 ==

Since pq,A; # 0and rouy +pu, =0, p(r) and q(r) are
defined in this omitted neighborhood. Furthermore,
according to our assumption on f(r) for every r€A(ro) except
r=ro, (p(1),q(r),r) holds in the three equations of system (1).
Also, p(r)=p* at all these points, which contradicts Lemma
1.
©)

Todi + 4, # 0,0 +u, =0

A+, #0,7°u +pu, #0.

As before iy, Uy, U3, e # 0. Also, for each r#ro, we have,
oo _THs il
Tyt

Which is similar to case (e).
The above cases complete the proof of the lemma.
Remark 4. If (pg, qo, 7o) € € then f(10)=0.
Proof of Theorem 4. We consider the following matrix,
a; Ay Qz 044
A= (bl b, b3 b4>,
€1 C C3 G

which is related to the purely combinatorial game. Since
this matrix lacks pure equilibrium, we have at least one
negative coordinate for each of the following vectors,

a; a; as Ay
vl B <b1>’ vz B ( b2 >' US B <_b1>‘ v4 B <_b2>'
1 -G C2 —C
—a, —a, —as —a,
vs B ( b3 >' v6 B ( b4 >' v7 B <_b3>' UB B <_b4>
C3 —C3 Cy —Cy

We assume that the matrix A has no zero element, which
means that there will be no equilibrium when two players
use pure strategies. For an arbitrary matrix A, the following
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6. Conditions can hold,
Syibsb, <0, 5¢c3¢, <0,
S3taqa, <0, 5¢103 <0,
Syraza, <0, 50,04 <0,
Ssiaja3 <0,5b,b; <O,
Se:aza, <0, sbyb, <O.

It is entirely possible that none of these hold.
We consider the following equations,
qrid, +qi, +ris + 1, =0,
Py + Pl +7Uz + iy = 0, (@)
pqv, +pv, + qus + v, = 0.

We assume that we have (py, qo, 1) € €.
qo(roy +22) + (rods +24,) = 0> (1),
po(Totts + H) + (rops + py) = 0 - (2),
(Tody + A2) (Totty + 12) (PoGoV1 + Doz + o3 + 1) = 0.
That is,
Po(Motts + 12)q0 (1o Ay + A3) vy
+ po(rody + A2) (ropy + p2)v2
+ qo(Totty + 12) (o Ay + A3)v3
+ (rody + ) (ropy + p2)vs = 0.
Using (1) and (2), we can rewrite the above relationship as
follows,
(rotts + pa)(Tods + A)v1 — (Totts + ) (oA + A2) v,
— (rodz + A) (ropy + U2)vs + (redy
+ 22) oty + )V, =0,
Therefore, the function,
f(r) = (rus + u) (s + A)v1 — (rps + py)(rdy
+ A)v; — (rls + A) (T + p2)vs
+ (rAy + ) (e + pp)v, =0,
has one root at r=ro. By Lemma 2, we assume that f(r)Z0
and that f(r) is either linear or quadratic. If it is linear (the
obvious case), then for every (py, qo,79) € €, ro is unique,
and by Lemma 1, we have a unique equilibrium point. The
non-obvious case occurs when f(r) is quadratic. Without loss
of generality, we assume there are three quadratics, which
we call fp, fq, and fr. We have,
fp(o) = byc4ay — b3cya; — byczaz + bycsay,
fp(l) = bycyay — byc,a; — bycias + biciay,
fq(o) = a4C4by — azcyby — aycyby + azey by,
fq(l) = ayc3by — ajc3b, —azcibs + ajc by,
fr(0) = aybyci — azbyc; — agbycs + azb,cy,
fr(1) = azbsc; —a;bzc, — azbicz + aybycy.

We can also calculate the following expressions, which we
will need later,

fE (2
At
At

) = (€4 — €¢3)fq (1), when ¢;¢5 <0,

3 ) = (byby — bybs)f. (1), when by bs < 0,

c
- _4C ) = (€c1¢4 — €2€3)f4(0), when c,¢, <0,
4 C2

£,

c
2 ) = (€164 — €3¢3)f (1), when ¢;¢; <0,

(
(
£ (b L ) — (byb, — bybs)f.(0), when b,b; < 0,
(
(
(

c, — ¢y

F (52 = e — e (0), when egey <0,
fq ol a3a_3 a1) = (a,a4 — aya3)fr(1), when aya; <0,
fi (5o ) = @ — a,a0)f,(0), when aya, <0,
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a
fr :‘"":<a4 —4a3) = (a,a4 — ayaz)fy(0), when aza, <0,
£ (b4 = b3) = (bybs — byb3)f, (0), when by, < 0,
. a
fr [_>_j<a2 —Zal) = (a,a4 — aya3)fq(1), when aya, <0,

b
f ’~-’~’<b2 L bl) = (bybs — byb3)fy (1), when byb, < 0.

Two matrices are called equivalent if they have the same
nonzero entries and the same sign structure. There are 212
distinct matrix modulus equivalents. Of these, certain
matrices may be purely balanced and can therefore be
eliminated; for example, if the first column

+
f
+
We can remove it. For certain matrices, we can directly
check that f,(0)f,(1)<0 or f,(0)f,(1)<0 or
f+(0)f-(1) < 0, then there is only one positive root for a

quadratic, and by Lemma 1, the equilibrium is unique. For
example, if the symbolic structure is as follows,

For example, if the symbol structure is as follows,

-+ -+
<+, +, -, —> (0 (1) <O0.
+,—+—

We have considered all the cases, and the proof of the
theorem depends on the location of the roots in a suitable
quadratic. We will now discuss some of the common cases
that are repeated in all other cases:

1. First case: None of the conditions S1, S2, -+, or Ss hold.
For example, consider the following case,

— =+
A= <+, + -, —>.
+ =~

We know that f,.(0) = asbsc; —aybscy; —agbycs +

a,b,c, and f.(1) = azbzcy —abzc, —azbyc3 + a1bicy

So by substituting the elements of matrix A, we have,
fr(0)<0, 51 (1) >0.

Therefore f,.(0)f,-(1) < 0 and there is a unique root for r-

quadratic in the interval (0,1). Consequently, by Lemma 1,

the equilibrium point is unique.

Remark 5. In fact, when none of the conditions S to Ss hold,

and no element of A is zero, then we can check that each

row has exactly two positive signs and two negative signs,

when € is a complete composite. We can also claim that

a1a4<0, b1b4<0, a2a3<0, c1¢3<0, b2b3<0 and c2¢3<0.

2. Second case: We assume that one of the conditions Si,

S2, -++, or Se holds. Then we must:

a4a2><0 and b4b2<0. For example,

— ==+
N ]
— ==

Considering the sign of the elements of matrix A, we have,
Ay by

<1
as —a, by, — b,

0<

We assume,
by a4
p_b4—b2'q_a4—a2’

r=20.

We have,
Kl (11 q' 2) = Kl (2, q; 2).
KZ (pl 112) = KZ (p; 2;2),
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KS (pl 112) < K3 (p! qr 1)
We know that € is a complete combination; that is,

K3 (p' q, 1) - K3 (pv q, 2)
_ a4b4C1 - a2b4_C2 - a4b2C3 + a2b2C4

(as —az)(by — by)

We know that,
KS (pl q, 1) > K3 (pr q, 2) = K3 (pl q, 1) - K3 (pr q, 2) >0,
On the other hand, we know that a>a4<0 and b2b4<0, so
(ay —az)(by — by) <0,

And so we must have,

azbyc; — aybic, —agbyc3 + aybycq = £,(0) < 0.
Also fr (1)<0; because otherwise there is only one root in the
interval (0,1) for r-quadratic and the proof for that has
already been discussed. Since we have ajas-a2 a3<0 and az

a4<0,
f < -
q _
a, —az

) = (@, - 2,a,)£,(0) > 0.

In the first row with the symbolic structure [-,-,-,+] of the
equation,
10(qoas + (1 — qo)az) + (1 —19)(qoaz + (1 — qo)as)
= O‘

In the first row with the symbolic structure [-,-,-,+] of the
equation,
qoa; + (1 —qolas > 0= qo(a; —ay) > —ay
= qo(as — az) < ay,

That is, for every (p,q,r)€e we have gy < ﬁ, and since
4— U2

a, — a, > 0 then

a
g<—r—.
Ay — Az
We know that there is only one acceptable root for the
second-degree q in the interval (O,aa‘*a ) because
4— U2

fq (a a‘*a ) > 0; so if f;(0) < 0, € has a unique member.
4— U2
Suppose we have f;(0) > Oand f, (1) > 0;

5 (22) = @a—aanm >0

€3 —C

And

b
o (52;) = iy = b2b)fr(0) <0,

For every (pg,qo,70) € €, we have,

4
by — b,

<Py <

c3—¢;’

And po is the unique positive root for the quadratics in this
interval. Therefore, € has a unique member.

3. Third case: Suppose that two of the following cases hold:
S1, Sz, or -+ or Se. We set,

+,+,—+
A=<+,—.—,+>,
— -

where S1 and S2 hold, as we already know,
C b, Cy by
( ) e (s Jee

"¢y — €1’ by — "cy —C3’ by — by
That is,
fr D _ byc,a; — bicya; — bycias + byciay
(by = by)(c; —¢1) (b, —by)(c; —¢1)
<0,
And
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f»(0)
(by — b3)(C4 — C3)
b4C4a1 - b3C4a2 - b4_C3a3 + b3C3a4
= > 0.
(by — b3)(c4 — c3)
Consequently f,(1)f,(0) <0 and so € has a unique
member.
On the other hand, we deal with all other matrices in a
similar way. When A has only nonzero entries, the proof of
Theorem 4 is complete.
Remark 6. If four of the conditions S1,-:-, S¢ hold and if A
has all nonzero entries, then the game has a pure
equilibrium. We have observed this from the computer
output.
Further remarks on N-player games
Some of the theorems proved in the previous sections can
be extended to general N-player games as follows.
Theorem 5 Let mi,..., mn (N>3) be the number of pure
strategies for a player in a noncooperative N-player game.
Also suppose that for each i

m; Zij- — (N = 3).
i*j
Then, for each equilibrium
D, x?, . x)) E€

We can balance again.

0 0 0 0

(x1 y s Xm0 Xy Xigqs on ,xN)

Find where xi is not a complete combination.
Theorem 6. In the above theorem, we assume that for each
i, we have

izj
If in equilibrium

(2, s, xR)

If one of the xi is not a complete combination for i#j, then
we can find another equilibrium.

(e, sy 2, X0 s X))
Find xi where xi is also not a complete combination.
Theorem 7 Suppose we have an N-player game that is a
complete combination. If the equilibrium set is convex,
then this set contains only one element.
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