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Abstract
The Gumbel distribution is an important probability model in extreme-value theory and reliability analysis. In the
present study, the hazard rate and reverse hazard rate functions of the three-parameter Gumbel distribution are
investigated within a Bayesian framework. Approximate Bayes estimators are obtained using Lindley’s
approximation under the LINEX loss function. The proposed estimation procedure incorporates prior information
about the unknown parameters and provides an alternative to the classical Maximum Likelihood Estimation
method. A simulation study is conducted for different sample sizes to assess the performance of the proposed
estimators. The performance is evaluated in terms of mean estimates and Mean Squared Errors. The results
indicate that the Approximate Bayes Estimators generally provide estimates closer to the true parameter values
with lower Mean Squared Errors than the corresponding Maximum Likelihood Estimators. Furthermore, the Mean
Squared Errors generally decrease as the sample size increases. The findings demonstrate the usefulness of the
Bayesian Lindley approximation approach for estimating the hazard and reverse hazard rate functions of the three-
parameter Gumbel distribution under an asymmetric loss function.
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1. Introduction

Reliability analysis plays an important role in the
study of lifetime and failure-time data, where the
estimation of wvarious reliability characteristics
provides useful information about the behaviour of
a system or unit over time. Among the important
characteristics of a lifetime distribution, the hazard
rate function describes the instantaneous failure risk
at a specified time conditional on survival up to that
time. The reverse hazard rate function, on the other
hand, is associated with the ratio of the probability
density function to the cumulative distribution
function and provides a complementary measure for
studying the behaviour of a lifetime distribution.
Thus, the joint consideration of hazard and reverse
hazard rate functions can provide a more
comprehensive understanding of the underlying
lifetime model.

The Gumbel distribution is one of the important
distributions in extreme-value theory and has been
widely considered for modelling extreme
observations. The flexibility of the three-parameter
form makes it useful for statistical modelling when
location, scale, and an additional shape-related
parameter are required. The theoretical development
and applications of extreme-value distributions have
been discussed extensively in the literature
(Gumbel, 1958; Kotz and Nadarajah, 2000; Coles,
2001).

Bayesian methods provide a useful framework for
parameter and reliability estimation by combining
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the information from the observed sample with prior
information about the unknown parameters.
Bayesian estimation of reliability characteristics has
been studied for several lifetime distributions under
different loss functions. For example, Srivastava and
Yadav  (2018) investigated the Bayesian
approximation of the reliability function of a three-
parameter  generalized compound Rayleigh
distribution under the squared error loss function. In
another study, Srivastava and Yadav (2018)
considered the Bayesian approximation of the
hazard rate function of the same distribution under
the general entropy loss function. These studies
demonstrate the applicability of Bayesian
approximation methods for the estimation of
reliability characteristics under different loss
functions.

The choice of an appropriate loss function is an
important aspect of Bayesian estimation because
different loss functions impose different penalties on
estimation errors. In particular, the LINEX loss
function is asymmetric and allows unequal penalties
for overestimation and underestimation. Zellner
(1986) developed Bayesian estimation and
prediction under asymmetric loss functions.
Subsequently, Srivastava and Yadav (2024)
considered reliability estimation under LINEX loss
for the Weibull model using Bayesian Lindley
approximation, further illustrating the usefulness of
an asymmetric loss function in reliability estimation.

Page: 1820



Bayesian Estimation of Hazard and Reverse Hazard Rates for the three parameters Gumbel Distribution under
LINEX loss (LLF) function

In the context of the Gumbel distribution, Pandey
and Srivastava (2025) studied the approximation of
the three parameters of the Gumbel model through
Lindley Bayes. They further investigated the
reliability estimation of the three-parameter Gumbel
distribution using Lindley's approximation under the
Bayesian framework. These studies provide a basis
for further investigating other important reliability
characteristics of the three-parameter Gumbel
distribution within the Bayesian framework.
For Bayesian estimation, the posterior expectations
involved in the estimation of functions of unknown
parameters may lead to complicated integral
expressions that are difficult to evaluate analytically.
Lindley (1980) proposed an approximate Bayesian
method for evaluating such posterior expectations,
while Tierney and Kadane (1986) also developed
accurate approximations for posterior moments and
marginal densities. In the present study, Lindley's
approximation is employed to obtain approximate
Bayesian estimates of the reliability characteristics
considered.
Motivated by the above developments, the present
study considers the estimation of two important
reliability characteristics, namely the hazard rate
function and the reverse hazard rate function, for
the three-parameter Gumbel distribution. A
Bayesian estimation procedure is developed under
the LINEX loss function, and Lindley's
approximation is employed to obtain the
corresponding Approximate Bayes Estimators. The
resulting estimates are compared with the
corresponding Maximum Likelihood Estimates
through a simulation study for different sample
sizes. The performance of the estimators is assessed
using mean estimates and Mean Squared Error
(MSE).
The main contribution of this study is therefore to
provide a unified investigation of the hazard and
reverse hazard rate functions of the three-parameter
Gumbel distribution under an asymmetric Bayesian
loss framework. The study extends the existing
Bayesian reliability work on the Gumbel model by
considering both hazard-related characteristics and
examining their estimation performance under the
LINEX loss function using Lindley's approximation.
Let be a random variable following the three-
parameter Gumbel distribution with parameters
a,f and y.The probability density function (pdf)
and cumulative distribution function (cdf) of the
distribution are given by

f(t) = Be—ﬁ(t—v—a)e—e_ﬁ(‘_y_“)

the cdf of three parameter Gumbel distribution is

F(t) = e P

The above distribution serves as the common underlying

model for the estimation of both the hazard rate and reverse

hazard rate functions considered in this study. The

corresponding reliability function is obtained from the cdf

as

(1.1)
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R()=1-F@t)=1—e< "™
(1.2)
The hazard rate function represents the instantaneous risk
of failure at time , conditional on survival up to that time.
For the three-parameter Gumbel distribution, the hazard
rate function is obtained by substituting the above pdf and
reliability function into its definition.
- o

H(t) = R0

—B(t—y—a) —e—Blt-y—0)
H (t) — Be e
(1.3)

Letu=t—y—a

Then
—pu _e_B“
H(t) = Be;_ﬁu
1—e¢
y=eM

Be_ﬁ”e_e_ﬁu
logH(t) = log [I—W]
(1.4)
log H(t) = logB — Pu — e™P — log(1 —e*™)
(1.5)
Then
H=2
Expression of B in terms of H
H(l —e™) = Pye™
Hence,
_ H(1-e™)
p =1
(1.6)
y=eP
ap

Derivative —
dH

Differentiating w.r.t H:

g 1-eY

dH  ye Y

Substituting back y = e~
& )

A e P

(1.7)
h(Bl x) =

B Jo T, [B o(Bx=1=0) —e (PO ;’—i B! ¢=Bb dp
(1.8)

Represents the posterior distribution of the parameter p.
It is obtained by combining the likelihood function of the
three-parameter Gumbel distribution with a gamma prior
for p.
Here,

-(Bx—y-w)

. [T, petPie™ is the likelihood
a
. G(B|X) = ﬁ— p*~! e Pis the Gamma prior for p
" a
and the denominator is the normalizing constant that
ensures the posterior integrates to 1.

Thus, h(Blx) represents the Bayesian posterior of  based
on the observed sample x.

| P

n B e(—B(x—Y—a))e—é(_ﬁ("_y_“))];’_‘: 1 e—fo

n
n+a—1 _—B(b+¥u;) —eBuj
5} e i ni:1e

% n
n+a—1_—B(b+Yu;) —e_Buid
[ preteperm [ ey

h1t) =
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Bn+a—le—B(b+Eui)_e—Ee_Bui

f wﬁ“**“le—ﬁ("ﬂ“i)—e—Ee‘ﬁ“idﬁ
0
Using the appropriate transformation and asymptotic

approximation, the posterior distribution can be expressed
in the following form:

h1t) =

n

h(B | t) o< e PO+Zu) 1_[ Y e
i=1

hB1t) = MB“+3_16—B(b+Zui)

I'(n+a)
(1.10)
now we replace f = H

h(H | ) = 2O et oo

I'(n+a)
(1.11)
n+a—1 Be_ﬁue_e_ﬁu
_ rmars fpemenm! (E Jorm
h(H 1D = C(n+a) \ 1-e=¢ P ©
(1.12)

where,u=t—y—o, uy=x, -7 — o
this is the posterior distribution of Hazard rate function.
(b+Zu)™® a1 . —H(b+Yu;
h(H | t) = ~—=— gnta-lgHb+2u)

I'(n+a)
(1.13)
Thus, the posterior distribution of the unknown parameters
associated with the hazard rate function is obtained. This
posterior distribution forms the basis for subsequent
Bayesian estimation.
Bayes estimator under LINEX (Linear Exponential) loss
function for the Hazard rate function.
The Bayes estimate of the hazard rate function under the
LINEX loss function is derived using the posterior
distribution of the unknown parameters.

Hy =~ [Eq (7)]
(1.14)
Hy, = —élogE(e"‘H | t)
E(e™ ) = ["e " h(H | t)dH

= [P (b+Zup™+e
= e —
0 T'(n+a)

- g

[ s 65 i1 =
f()oo Hn+a—1 e~ (k+(b+Xu))H dH

Hota~le—HOb+Xuw) g

(1.15)
After solving the equation (1.14) we get,
=5 n+a k
Hpy =="log (1+ b+2ui)
The Bayesian approach to estimating the unknown
parameters o,p and y

The combined prior distribution corresponding to the
parameters a,f3, and y can be expressed as

J(oB.y) = j, (@i, iy (Bl )

Taking
ji@=c
(1.16)

. -
JQ(Y) = ge 8
(1.17)
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. _B
(19) Jy(Bly) = & v+ el

(1.18)

(0, B,7) = j, (@i, (i, (Bl v)
_ © . —EpiHl H%*E)]
_ﬁy [} e Y

(1.19)

Joint posterior with likelihood equation number (1.5) and
(1.19) we get;

B
yEpEt! e[‘(%ﬁ)] L(xlapy)

h*(a,B,y)= [—(1+E)] (1.20)
M 5=t el OTL L(xlaBy) dadpay

The approximate Bayes estimators

V@) =v(wpy)

Vup = E(V|§) _ JI v(oupy)I" ooy )dadBdy (1.21)

JIJ I (a.py YdadBdy
¢ Lindley Approximation
Lindley’s approximation provides an efficient analytical
alternative to exact Bayesian computation by
approximating posterior expectations around the maximum
likelihood estimates. This approach avoids complex
multidimensional integrations while retaining the essential
Bayesian structure.

E(v(aB,yx)= V(e)%[ S (V1,04 + V1562 + V13651
[ T
v3;033]tv,a; + v,a, + via; + a, + a;
(1.22)
Evaluated at MLE = (@, B, §) where;
a; =p,6; +p,0;2+p;0;3

(1.23)
a, = p,;02; +p,05 +P;023
(1.24)
as = p,03; + p,03, + P;033
(1.25)
Ay = V3053 + V3673 + V30,3
(1.26)

(V31621 + V2,655 + V530 3]+A(v3,03, + V3,03, +
1

+0 (—2)
n

1
as = E(VHGH + V5,65, + V33033)
(1.27)

S =[o118y11 + 20158151 + 2015031 + 2030531 + 05 lp0 +
o330331] (1.28)

T = [o118112 + 20150155 + 20130135 + 2053053, +

02200 + 033033,] (1.29)

A = [0y €113 + 20150153 + 20138 33 + 20530533 +

022003 + 0330333] (1.30)

For applying Lindley approximation to equation number
(1.22)

The Likelihood function described by equation number
(1.5)

LogH(t) = = logp — Pu— e — log(1 — ™)

where,q = e F%

L =1logB—Pu—q—log(l—e9)
ot _ _ Be‘ﬁue_e_ﬁu

by =5, =B —Pe B“+W
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—n_ Bge™1
=B-Bq+—=

—Bu—e—Bu
_ ot _ 1 —Bu _ ue Bug—e
t,= B - ¥ + ue I
_ 1 _uqe_q
=z-u tuq -
—Bu,—e—Bu
_ 9 _ o no_pu, BeTPre®
=g =f-pef+ BB

Bge ™
=B-Ba+=
BZ —Bue—e_ﬁu ]_e_Bu
811 — _ﬁ2e—,8u + ﬁZe—Zﬁ‘u + € ( )_

J—e—e P

ﬁze—zﬁue—Ze_ﬁu

(e

5 2 5 ﬁqu—q(]_q) BZqZE—Zq
= —p’q + B’ + -
]ﬁ q+Bq —= (e
ly=—5+u e=Pu —qy2e=2e7M" 4
uze—ﬁue—e_ﬁu(j_e—ﬁu) u29—2[5’ue—28_3u
J—e—ePu B <1_e—e_ﬁu)2
L2 22, waeTlU-9)  wqle™™
=—=+tuq—u + -
52 q q I—e—a ) (]_equ)z
—Bu, —e—Bu -Bu
g e
1—e—e P¥
ﬁze—zﬁue—Ze_ﬁu
<l—e‘e_ﬁu)2
_ _p2 2 5, Bae(I-q) _ B’q’e™
=—pq+pq +——= e
U= —1+e P+ BueFu — “‘f"me_iju
I1-e—€”
ﬁue_ﬁue_e_ﬁu(]—e_ﬁu) Bue_zﬁue_ze_ﬁu
1—e—e P B <1_e—e_ﬁu)2
~9 | Puge™i(/—q)  Buq’e”™
=—1+q+fuq——= -
q ﬁ q 1-e—4 1-e™1 , (]_e—q)z
_ _ ue—Pug—e P
0 =—1+e P+ Bue B“—w*‘

ﬁue‘ﬁue_e_ﬁu (I-e~Bw) _ Bue ~2pug-2e=Fu

J—e—eP¥ <1_e—e_ﬁu)2
~9 | Buge9(/-q)  Pugle”X
=—1+q+ puq—-5 -
q ﬁ q JEr ]—e—qB (]_e—q)z
— —_p—pu
Uy = —1 + B 4 pueFu — 2 ey
I1-e—€”
ﬁue_ﬁue_e_ﬁu(]—e_ﬁu) Bue_zﬁue_ze_ﬁu
[—e—e"Fu B <1_e—e_ﬁu)2
~9 | puge™I(/-q) _ Pug’e™™
=—]+q+puq—-LE -
q ﬁ q J—e—4 ]—e— 4 , (I_e_Q)Z
_ _e~Bu -pu
e s g BT
J—e—e"P¥
ﬁze—zﬁue—Ze_ﬁu
<l—e‘e_ﬁu)2
__p2 2,2 4 Blae™i(I-q) _ p’q’e™™
=—pla+pqa+—— e
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BZ —-Bu —e_Bu ]_e_Bu
331 — _ﬁze—ﬁu +ﬁ2€—2,8u + € € ( )_

1-e—e Fu

ﬁze—zﬁue—Ze_ﬁu

<l—e‘e_ﬁu)2

— _p2 2 2, Blae™d(I-q)  pPq’e ™
=—pq+pq +——= e
—Bue—e_Bu

ue

0 = —1+ e Pt + Bue P — —

ﬁue‘ﬁue_e_ﬁu (I-e~Bw) _ Pue _ZBue_ZE_Bu

I—E_E_ﬁu <1_e—e_ﬁu)2
_ _uge™d | Puge”I(-q) _ PBug’e
=-l+q+pu-5 I-ed (I-e~9)’
Where,q = e P*

35— _ 2
Gy =B3q—383¢° +283¢° + Bqe”(1-3q+29°) _

1-e~4
3p3q%e29(1-q) . 2B°q7e1
(1-e~9)? (I-e9)? (1.31)
3ge~q(I- 2
Uy = 25+ 03q = 3wq? + 2ulq? + IS0
3lq’e2(1-q) | 203q%e=31
(1-e79)? (I—e" Ty’ (1.32)

U35 = B7q = 3B°q° + 28°¢° + Blae~U=3q+2¢%) _
1-e~14
3B3q26‘2‘7(1—q) 2/331136_3‘7
(1-e~9)? (I-e ) (1.33)

0y = BPuq — 2p%uq’ +

B2uge=9(1-2q) _ 2B%uq’e=24

1-e~4 (]—e‘q)2

_ 2. 2, BPugqe”9(I-2q) 2B%uq’e?1
Uypp = BPuq — 2p%uq’ + — ——"— (I—e~9y
_ 2. 2, BPugqe”9(I-2q) 2B%uq’e?1
U5 = BPuq — 2p%uq’ + — ——"— (I—e~9y
_ 2. 2, BPuqe 9(I-2q) 2B%uq’e?1
Uspp = BPuq — 2p%uq’ + — ——— (I—e~9y

Cror = Lop = Ui = U330 = L3253 = Uoz3 = Lopz = £p3 =
Uiz = Lo3 = Uy = U35 (1.34)
3. ,—qr_ 2
U = B3q — 3% + 2B3q° + 2L ji—jqq”q -
3piq’e2A0U-q) | 2B7¢'e”
(1-e~9)? (1-e~9)°
3. ,— _ 2
Uz = BPq = 3B%7 + 2p°¢° + B ji—jqquq 2
3piq’e2AU-q) | 2B7¢'e”
(1-e~9)? (1-e~9)°
3. ,— _ 2
U35 = Bq — 387 + 28°¢° 4 Blae”?U-3a+2q7)

1—-e~4
3piq’e2A0U-q) | 2B7¢'e”
(1-e~9)? (1-e~%)°
€ = U333 = Lspp = L33 = Lz = Lyy3 = L33 = U3
(1.35)

Now, From equation number (1.31) to (1.35)
Crininling
—[ty] = [3221522252231
33103320333
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—|Cix] = O _ &1
[t P25~
30070 3”4 3030730 2,720 3220 3 3,-3(
3_332+233+£q9 (1—3q+2q) 3% 28% 20 - 247 7+ﬂuqe (1-2q) Zﬁuqe 332+233+ﬂqe (lsq+2q) 3% M(1-q) | 2B%%
ﬂ q ﬁ q B q 1-¢71 (1 o ) (1_e-q)3 ﬁ uq B uq 1-71 (1 e-q) ﬁ q ﬂ q ﬁ q ol (1 e-q) (1_e-q)3
2 opk 2 ﬁzuqe‘q(l—lq)_Zﬂzuq:e‘zq 2,9 o) ) uzqe'q(l—3q+2qz)_3u g% M(1-q) = 2udqle ™ T Bzuqe'q(l—Zq)_Zﬁzuqzo'zq
Bruq - 28°uq” + — (1-6"7)2 ﬂ3+uq W+ e+ e - e +(1-e'q)3 Bruq - 2B°uq” + = (1-9'“)2
12 33, Pae(1- 3q+2q2]_3ﬂ3qze'2q(1—q) 2piq%e™ ) BPuge”d(1- 74)_2521442@'2‘7 22 12, Bee1- 3q+2qz)_353q29'm(1—q] 2%
Fo-36¢+ ¢ +— e e Brug - 2"ug* + ——— (e Fa-38" +2p' +— e ()
(1.36) p =0 _fl, 1
K11K12K13 3 oy y 8 VZ
= (K21 KKy o .
K KoK Then substituting all the above value in S,T and A
31832533 btain
Determinantal value of —[Eijk] weo ’
D= S = [o11 8111 + 20150121 + 2013813 + 2653003, +
02001 + 033033]

(K (KpoKss — Ko3Kso) + Kip (Ko Ky — Ko3Kyp) + }
(K1 Ka = K31Ky))

Adjoint of matrix = - V4 iik

Cofactor of matrix = - |_€ iik J

ay = [KypKss — KKy = My
apy = —[Ky K3 — Kyp3Ky ]
= KpKy3 = Ky K33 = My,
a3 = [Ky Ky — KoKy = My;
ay = [KpKs3 — KypKy5]
= KK = KKy = My,
ay = [KpKsy — Ky Ky3] = My,
ay; = [Ky Ky, — KKy ]
= KpKs3; = Ky K3y = Mys
a3 = [KpKyy — Ki3Ky,] = My,
as, = —[K 1Ky — Ki3Ky ]
= [K3Ky — KiKy3] = M3,
a3 = [KpKy — KoKy ] = My;
-1 Adjoint of[lil k]
-] =—= 1" =

| g1_|k|
M My Mis
D D D
Mia Maz M3
D D D
Mi3 Mas M3
D D D
611621013
= 1012022023
013623033
Approximate Bayes Estimator Approach
V(o,pv) =V
Vap = E(V|X)

evaluated from equation number (1.19) and (1.22)
joint prior density

1@ B,1) =, @i, (&)

= S, gpitt (148
- 6FE,Y B exp[ (6 +y)]
p =logJ =logc—logd —logTE + (E+

1)logP —&logy — (%+5)
9 _
Pr = da
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= oy (ﬁfq - 38°q’ + 28°q¢’
BooTtU =30+ 209)

1-07"
30302071 - 10)
(-7
2ﬁ3q3e—3q
(l—e‘qf)

+ 20, (ﬁzuq - 2B°uq’

2000t = 20)
+ -
1—07"
2ﬁ2uq28—2q
(1—e~)?

+ 203 <ﬁ3q —-3B%q? + 2B°¢°

N BooTrU =30+ 209

1-07"
30302071 - 10)
(-7
2ﬁ3q3e—3q
(l—e‘qf)

+ 20y, ([)’Zuq - 2B%uq’

2000t = 20)
1—07"
2ﬁ2uq28—2q
(1—e™9)

+ 02 ([)’Zuq - 2B%uq’

2000t = 20)

11—
2ﬁ2uq26—2q>

C(I1-e9)?
+ 03 <ﬁ3q - 36°q’ + 2p°q’
BooTtU =30+ 209

11—
30302071 - 10)
(-7
2ﬁ3q3e—3q
(I—e 4 32
T = [o118112 + 2615015, + 261515, + 203055, +
0250020 + 633053,]

B uqe (1 - 2q)
=0y (ﬁzuq —2B%uq’ + T

ZBZque—Zq
(1—e~9)?

+ 204, (ﬁzuq - 2B%uq’

N B?uqe=9(1 — 2q) B 2B%uq’e=21
I—e1 (1—e™9)?

I-R p’
+2013 ZBT p—E

I-R p’
+ﬁzc[—p B (p—§>

4 I1—R
R p
2p°R+p’(1 —R)
+ B

+ 203 (ﬁzuq - 2B%uq’

N B?uqe=9(1 — 2q) B 2B%uq’e=21
I—e1 (1—e™9)?

2
+ 0y, (E +ulq — 3u’q? + 20 ¢?

BooTrU =30+ 209

1—07"
303020720 - 10)
(I=o77y?
2dgle=3a
(1-e™9)’

+ 033 ([)’Zuq - 2B%uq’

N B?uqe=9(1 — 2q) Zﬁzuqze‘zq>

1—eq (1—e™9)?
A =[oy 013 + 20150103 + 20130133 + 20530553 +
025 0p03 + 6330533]

Bqe~9(1-3q+2q?)
=0y <ﬁ3q = 3B3q7 + 2B°¢° + = —

3p7q’e2A0U-q) | 2B7¢le” 2
2 —
(I_e—q)2 + (]_e—q)3 + O12 ﬁ uq

Bluqe”9(1-2q) _ 2%uq’e”’
1-e~4 (]—e_q)2

2B%uq’ +

1-e~14

3p3q%e=29(U-q) | 2p3q3e73 2
2 —_
=50k +(1—e‘q)3 + 205 | B7uq

2,2, Bluge”9(-2q) _ 2p’ug’e™’
2p°uq’ + ——= (7Y +

3ge=a(I- 2
2013 (ﬁjq —383q7 + 2B3q7 + BaelUTSar2a])

Bluge”(1-2q)
o2 (52?1‘2 —2puq’ +— -
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2 2 =2
M) + 033 (ﬁfq - 3% + 28°¢ +

(1-e~9)?
Bqe”9U-3q+2q>) 3B°q’e™2(-q) | 23q7e734
1-e4 (I1-e~9)? (1-e~1)°

Vap = E(V|§) =v+ (vijo; + V0, + V305 + 04 +
1
GS) + E [(SGH + TGZI + AG31)V1 + (5012 +

T(522 + AG32)V2+(8613 + T(523 + AG33)V3]
=v+¢ +9,

¢, = (via; + V23, + vya3 + a4 + as)

1
(P2 = E [(SGH + TGZI + A031)V1 + (8612 + T(522 +
Ac3,)v,+(Soy3 + Toys + Acs;)vs]

evaluated at the MLE V= (&,8,7) ) where;

a; = p,011 + P,012 + P;013
el 1
= 0.0 + [T_;

- 1 1
Jou +[F =5+ 5o

a8 = p,0y1 + P,02 + P;023

e+l 1 £ 1 1

= [T—;]Gzz + [7—5+rz]023
a3 = p,03; + p,03; + P;033

! £ 1 1

= [T—;]Gn + [7—5+rz]033

a4 = V13013 + V130713 + V3003

as = %(Vn(’n + V2202 + V33033)

Approximate Bayes Estimate of three parameter
Gumbel distribution for Hazard rate function
under LINEX loss function.

HapL = — ::log [E, (e7)]
Hiw = I e H1* (a,p,y )dadpdy
ABL ™ T (i dadpdy
The Lindley Approximation technique is applied to
simplify the equation
Hap = E[vix]
=~ e_kH + (p5 + (pé

—pu_—e—Bu
_k ﬁe |3ue €

V =ekH 'VH_[I—e‘e_B“]

LogV = log(e™)
kBe_B“e_e_Bu

logV = —
8 J—e—e Fu
v = 0
v, = —ke_kHHﬁ 5 HB =

a Be_Bue_e_ﬁu
% J—e—eP¥

V3 = 0

VH = 0

vV, =v;=0

v;3=v3=0 )

Uy = e_kH [kZ(HB) — kHBB]
V33 =03 =0

1733 = 0
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E[e ™™ |x] ~ e + ¢, + ¢,
Hyp, = _£108(3_kH+<P5+§06)
9 = (via; + Vo3, + v3a3 + a4 + as)
9, = % [(Soy; + Toy + Acyy)vy + (Soy, + Toy, +
Aoc3,)Vv,+(Soy; + Toy; + Acsy)vs]
¢, = 0a; + (—ke ™™ Hg)a, — Oa; + 0o, +

0(513 + 0023 +%(0 011 + e_kH [kZ(H/;)Z -
kHBB] (522 + 0033)
p; = e kH [—kHﬁaz +§(k2H§—kHBB)022]

v, = {kp(1 = R)(—pa, + ca, — Bas) +
(p2(1 = R)? = kp(1 = R)(1 = p)) [Pe(oy, +
o) + Bor3 +%(Bz(011 +033) + 02022)]}

g =e™A,

1
(P6 = 5 [(SGH + T(521 + AG31)O + (SG]Z + TGZZ + AG32)

- ke_kHHﬁ+(S(513 + T(523 + AG33)O]

Qs = _ge_kHHﬁ(SO']2+TO-22+AO-32)
A2: (50'12+T0'22+A0-32)

§06 = —%e_kHH‘BAZH

Hyp, =

—élog (e‘kH+e‘kHA1”+ (—%e"‘HHﬁAZH))

Ay, = H —log (1 +A)— gHﬁAz)
This is the estimation of Hazard rate function under
LLF.
Table 1.1: MSEs and mean estimates for o, p, and
v under ABS and MLE
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Graph ll(a) e Beta : ABS vs MLE

Alpha : ABS vs MLE

Method

Method - MLE
= ABS
- MLE

o.ae
0.990 20 a

Sample Size (n) o
a0 Graph 1.1(c)

40 60
Sample Size (n)

Graph 1.1(b)

Oaps | OmLE BABS ﬁMLE YaBs YMmLE

=
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51990] [95909]|573691](68656] [37269] [21811]

[=)

1.00494(1.0065 [0.48290 [0.47720[1.51374 [1.51832
8 ps B 5D 2

[=)

[0.0082[[0.014 {[0.0045 [0.00810.0072 [0.0128
56824] |67880]1668378](18823] [21386] (38019]

0.99531/0.9937 0.49088 0.48784(1.50579 |1.50773
6 54 0 0 S 1

[0.0076][0.013 [[0.0026 [[0.0046[[0.0053 [0.0094
06899] [52338]206548] 58942] [175591](53494]

[=1"

1.00028|1.0003 10.49461 10.49281(1.50091 |1.50122
7 33 2 6 S 4

S B

[0.0080[[0.014 [[0.0020 [0.0035[[0.0042 [0.0075
48981] [30930](094450] [72347] 144088] 145045]
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1.49918

0.995570.9941 (0.49446 (0.49261/1.49938 4

S 05 3 7 S

S

[0.0081[0.014 [0.0015 [0.0026|0.0024

63081] [51214] (0650741 [78235] 89380] [-0044

25564]

1.50224

0.99576/0.9943 0.49461 0.49282/1.50168 b

2 50 6 1 1

S 3

[0.0076([0.013 [0.0012 {[0.0022[0.0023

05821] 5214614206201 08110] 920517 |0-0042

52535]

0.99202(0.9893 0.49853 10.49804(1.50274 (1)'50366
2 62 4 5 5
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Gamma : ABS vs MLE

Method
- ABS
- MLE

chapter deals with the reverse hazard rate function,
we use (t) as the time variable instead of (x).
Therefore, the same posterior distribution is
considered by replacing (x) with (t), and the
corresponding values obtained above are substituted
to derive the Bayes estimators.

h(B[ x) =

I, [B e(_p(x_y_u))e_e(—B(x—v—fx))] Ilf_': 1 e—fo

//‘ ST B o(Bx=1=0) =P ) ;’—: B! ¢=Bb dp

20 60 80
Sample size (n)

According to Table 1.1 and Graph 1.1(a)-1.1(c), the

Then, the above posterior distribution is converted into the
following form
h(H* | t) =

Approximate Bayes Estimators under the LINEX o HO HO o] o o @,
Loss Function (LLF) are compared with the o ATV e Y r?a)(H 1(32) e f
Maximum Likelihood Estimator (MLE) for the e ¢
parameters «, B, and y. The numerical results ? n e H'®) o W H'D)
presented in Table 1.1 indicate that the Mean %e‘m( TV o e=Pu FIEZ)(H*EZ) TR g
Squared Error (MSE) of the Approximate Bayes A it ¢
Estimators is lower than that of the Maximum h(H* | t) =
Likelihood Estimator. The graphical results also ol _H® H M),
show that the Approximate Bayes Estimators remain (ng';i) ¢ e Bt ne ‘5“ I‘IZZ)
closer to the true parameter values than the ) ”
Maximum Likelihood Estimator. Hence, it can be 5 (H <f))n+a Bt e —ﬁu l"lza) AH )
concluded that the. Approximate Bayes Estimation Now under asymptotic approximation:
under LLF provides more accurate parameter e ~ ]
estimates than the Maximum Likelihood Estimation HY (D)
method. pone e P
2.1 The reverse hazard rate function ’ wonmtanl _H© 0
corresponding to the three-parameter Gumbel . (H_é,?l) e e7Pu
distribution is given by h(H™ | t) = By H O
H(t) = 22 FEER)T e anre
F(t) after solving all this complex term we get
B o(—B=r=0)) GG D
- — o) B | 6) = (e“_’},,’;) R e
(21) - I'(n+a)
Vietu=t—vy—a /1:(”_”’)
BePu ¢ —Pu e n+a g pyynta—1,—AH*(t)
H'®) ==—F—=— h(H(t) | £) = 2O ¢
I'(n+a)
H'(t) = pe (2.4)
(2.2) Bayes estimator under LINEX loss function for the
Then taklng logarithms on both side of the Reverse Hazard rate function.
likelihood function, we obtain For the Bayes estimator under the Linear
log H*(t) = log[Be™™ ] y= Exponential Loss Function (LLF), the posterior
e distribution is substituted into [— < logE (e™*H"® |
g
log H*(t) = log[By] _ LokT
log H*(t) = log B + log y t)] ,and the resulting expression is simplified as
(2.3) follows.
H*(t? = ﬁe_ﬁu I’-i;L _ [_ilOgE(e—kH*(t) | t)]
By this we find the value of k
_H'(®) (2.5)
B= E(e™ ' ®) = [* o=k Op(H* () | )dH" (t)
H* (D) _
p=— _ f —kE*(6) AT ()M e mAHT O dH ()
Deri dB 0 I'(n+a)
erivative H© f (H*(t)~a~! e~ (HDH O gH* (1)
Differentiating w.r.t H*(t) T ("“1) 0
dp 1 Solve all this
1 +a
aH' )y g o= _1; [L" ]
The posterior distribution obtained above is for the 5% PR (k+/1)
three-parameter Gumbel distribution based on the = "kﬂlo g (%)

sample observations (x;X,,....... X,). Since this
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;) = n::—alog [1 +
(2.6)

The Bayesian approach to estimating the unknown
parameters o,p and y

In Bayesian analysis, prior distribution is used to
incorporate prior knowledge about the parameter of a
distribution. For the parameters o, B and y of the three-
parameter Gumbel distribution, the following prior
structure is assumed.

Then, combined prior distribution corresponding to the
parameters a,f3, and y can be expressed as
J(oupy) =, (@i, (i (1Y)

Taking

@ =c

(2.7)

L) = e
(2.8)

ke_ﬁu]
u+b

>l=

B
. 1 ¢ -
J3(B| 'Y) = 1"_§ Y €B§+1 e[ Y]
(2.9)
3a,B,v) =3, (@i, (i (Blv)
R )
~ e’ Pt e
(2.10)
Joint posterior with likelihood equation number (2.3) and

(2.10) we get;

h*(a.B,y)=

(2.11)
The approximate Bayes estimators
YO = YD s
~ v(a,B,y))" (a,B,y )dadBdy
%an = BOVS) = s e

e Lindley Approximation
In statistical inference, while estimating the parameters of a
distribution, we often obtain very complicated integral
expressions in Bayesian estimation. These integrals are
difficult to evaluate analytically. Therefore, Lindley's
approximation is applied to simplify the estimation
procedure. With the help of Lindley's approximation,
Approximate Bayes Estimators can be obtained easily for
the parameters or functions of a distribution.

E (v (o B ylD)= V(6)+%[ S (V611 + V156, + V13651
[ T
V3303311 v,a; + vya; + via; + a, + as +O (nl—z)
Evaluated at MLE = (@, B, §) where;
a; =p,6; +p,0;2+pP;0;3
(2.13)
a, = p,;02; +p,05 +P;023
(2.14)
as = p,03; + p,03;, +P;033
(2.15)
g = V613 + V3673 + V30,3
(2.16)

B
V—EB§+1 e[_(%-'—?)] L(§|'1rﬁr“{)

B
JIf yeps! eH%W)l L(x|o,B,y) daddy

(V3162 + V2,655 + V5303 +A(v3,053, + V3,03, +
2.12)

IJIDDT Volume 16 Issue 84s 2026

as = %(VHGH + V2,62, + V33633)

2.17)
S = [0t + 20150151 + 20138131 + 20530531 + 02y +
0330331] (2.18) T=
(0118112 + 20158125 + 20138135 + 26530535 + 0 0ppn +
o33033,] (2.19) A=[o;l3+
26150123 + 20138133 + 20530533 + 0220503 + 0330333]
(2.20)
For applying Lindley approximation to equation number
(2.12)
The Likelihood function described by equation number
2.3)
log H*(t) = log f + log y
{=1logp +logy

(2.21)
{=1log f — pu
(2.22)

_ 9t _
6= 2 = B
82 = E -
b;=p
KH = 0
bp=10=1
€3 = E311: 0
€y = 3]
by =103 =1
l33=10
€ =1Ls333=10
(2.23)

2
€y = B
(2.24)

Cror = Loy = i = U330 = U3 = Loz = Uy = Ly = £y, =
U3 = Loz = U3 = 0(2.25)

Cpp = Ls33 = U3y = L33 = Lyzp = L3 = L33, = L33 =0
(2.26)
Now, From equation number (2.23) to (2.26)

Gt
—[Cii] = [C221 2220003
U3318332 0333
0 0
2
0 0 0
KK 2K 3
= [Ky1K5Ky3
K31 K3 Ks3

Determinantal value of — [Eijk]
D=
_ {Kn (KpKs3 — Kp3Ksp) + Kip(Kp Kz — KpsKyp) + }
(K21K3z — K31Kyp)
Adjoint of matrix = - lf iik
Cofactor of matrix = - |_f ijk J

ay = [KypKss — KKy = My,
—[K51 K3 — Ky3Ky4]

= KKy = Ky K33 =My,
a3 = [Ky Ky — KKyl = M3

anp =
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ay = [KjpKs3 — KypKy5]

= KpKj3 = KKy = My,
ay = [KpKss — Ky Ky3] = My,
ay; = [Ky Ky, — KKy ]

= KpKs3; = K1 K3p = Mys

9, = % [(Soy; + Toy, + Acyy)vy + (Soy, + Toy, +
Aocy,) v+ (So3 + Toys + Acsys)vs] (2.37)
evaluated atthe MLE V= (&,B,7) ) where;
a; = p,0y1 + P,012 + P;013

e+l 1 - 1,1
a3 = [KiKps = Kj3Kon] = My, =o0.0p + [T - ;] ot [7 -5t Y—z] o3
azp = —[K; 1Ky — Ki3Ky] (2.38)
= [Ky3Ky — K Kys] =M, a, = p,0y1 + P,0x + P03
a3 = [K1pKy — KjpKy ] = My; e+l 1 -£ 1 1
[—E»» ]—1 _ Adjoint of[€iji] _ = [T - ;] oy + [T -5t y—2] 0y3
ik -] (2.39)
M My M
f%f a3 = p,03; + p,03; + P;033
Mj2 Mpy M3 = [ﬂ_l] +[__§_1+L]
D D D B ¥ 032 L 033
Mi3 Mas M3
D D D (2.40)
©11021013 a4 = V12012 + V3013 + V23003
= |0612622023 (2.41)
613023033 _1
Approximate Bayes Estimator Approach a5 = 5 (V1101 + V2205 + V33033)
V(o,By) =v (242)
Vg = E(V|x) Approximate Bayes Estimate of three parameter Gumbel

evaluated from equation number (2.10) and (2
joint prior density

ICTSEINCIAGING
- oal-(+9)
p=logJ =logc—logd —logl'E+ (£ +
Diogh —glogy - (1+2)  227)

_0p _
pl _a_
(2.28)
— O _ &1

270 B vy
(2.29)
ap —_é 1

p3=6_y= y?—}_

<N| —_

(2.30)
Then substituting all the above value in S,T and A
we obtain,
S = [0t + 20158151 + 2013831 + 2053053, +
02001 + 0330331] (2.31)
6110 + 26,0 + 26130 + 20530 + 65,0 + 6530
T = [o118y12 + 20158125 + 20130135 + 2053055, +

0250027 + 633053, ] (2.32)

0110 + 20120 + 26130 + 20230 + (op)) % + 6330

A =[085 + 20158123 + 20130133 + 20530033 +
0220503 + 0330333] (2.33)

61,0 + 26,0 + 26,30 + 26530 + 6,,0 + 6550
Vas = E(VIX) = v + (via; + Vo0, + V305 + oy +
as) + % [(Soy; + Toy + Acyy)vy + (Sop, +
T6y, + Acsy)V,+(So 3 + Toys + Acys)vs]

(2.34)
=v+¢ +9,

(2.35)
9, = (via; + V28, + v3a; +a, + as)
(2.36)

Es)tribution for Reverse Hazard rate function under LINEX
oss function.

Hip, = _il()g [Eh (e_kH*)]
g = WM @y ddadpey
ABL IIF 9" Coy YdadBy
The Lindley Approximation technique is applied to
simplify the equation
Hip, = E[vIx] = e + @5+ @
V=K sV H =[pe P4 ]
LogV = log(e™*H")
logV = —kB e ¥

vi=0
v, = —ke Pu(1 — pu) eKpe ™
vy =0
vip =0
Vip=vy =0
Viz=v3 = 0
vy, = e [ ke Pu(Bu? — 2u) + kPe~2Pu(1 —
Bu)?]
Va3 =V =0
v33 =0

E[e ™™ |x] e + ¢, + ¢,

Hip, = _£108(9_RH*+<P5+§06)

9 = (via; + Vo3, + v3a3 + a4 + as)

9, = % [(So,; + Toy, + Acsy)v; + (So, + Toy, +
Ac3)Vva+(Soy3 + Toys + Acs;)vs]

¢, = 0a; + (—ke‘Bu(l — Bu) kb ) a, — 0ay +
0o, + 005 + 00,3 + %(0 oy +

e~k [—kePu(Bu? — 2u) + KPe~2Pu(1 —
Bu)?Jos, + 0033)

@s = elBe P! [—ke‘ﬁu(l — Bwa, +

L (ke Pr(Bu? — 2u) + ke~ (1 — fu)?) o]
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VA= [—ke PU(1 - pu)a; + 4 (—ke P (Bu’ -
2u) + kle=2Pu(l - ﬁu)2)022]

—kBe—Bu 5
(Pszekﬁe Y

1
(P6 = E [(SG“ + TGZI + AG31)0 + (SGIZ + TGzz +

AG32) - ke_Bu(l -

Bu) e kpeP +(Soy5 +

T(523 + AG33)0]

k _
9= —5e P -

pu)e ¥ P (So ), +
T(522 + AG32)

A2= (50'12+TO'22+AO-32)

Ps = _ge_ﬁu(l -
puye+re A,
Qs+ @5 = e_kﬁe_ﬁum +

k _ - -Bu , -
(—Ee Bu(] — pu)ekBe Az)
@5 + @5 = e7kBe [A1 -

ge‘ﬁu(] - [)’u)Aé]

HA*BL =e k" 4 e_kﬁe_ﬁu [A] -

KemPu(1 - pun;)|
Hip =™ (144, -
KemPu(1 - pun;)|

Hjp, = Be Pv —élog (1 +A; -

k _ ’
Ze Pl - pu)a))
Table 2.1: MSEs

and

Mean Estimates for a, f,
and v under ABE and

MLE

Graph 2.1 (a)
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ABL vs MLE for Alpha

Graph 2.1(b)

ABL vs MLE for Beta

l

L

0499 0500 0501 0502 0503 0504

Sample Size (n)

Graph 2.1.(c)

Gamma: ABL vs MLE under LLF

1502 1504 1506

1500

1498

Sample Size (n)
Table 2.1 shows the Approximate Bayes Estimates of the
three-parameter Gumbel distribution for the Reverse
Hazard Rate Function under LLF. The tables and their
corresponding graphs show a similar pattern for the
parameters a, 3, and y. It is observed that the Approximate
Bayes Estimates are closer to the true parameter values than
the Maximum Likelihood Estimates. Furthermore, the
Mean Squared Errors decrease with increasing sample size,
indicating better estimation performance.
Conclusion
The present study considered the Bayesian
estimation of the hazard rate and reverse hazard rate
functions for the three-parameter ~Gumbel
distribution under the LINEX loss function.
Lindley’s approximation was employed to obtain the
corresponding Approximate Bayes Estimators, and
their performance was compared with that of the
Maximum Likelihood Estimators through a
simulation study for different sample sizes.
The simulation results show that, for the considered
parameter settings, the Approximate Bayes
Estimators generally remain closer to the true
parameter values and show lower Mean Squared
Errors than the corresponding Maximum Likelihood
Estimators. Moreover, the Mean Squared Errors
generally decrease as the sample size increases,

indicating improved estimation performance with
increasing sample size.

Overall, the results establish that Lindley’s
approximation provides a convenient Bayesian
approach for estimating the hazard and reverse
hazard rate functions of the three-parameter Gumbel
distribution under an asymmetric loss function. The
joint consideration of these two reliability
characteristics provides useful insight into the
reliability behaviour of the model.
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