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ABSTRACT

With the aim of achieving efficient time-frequency representations of higher-dimensional signals, we introduce the
notion of a multidimensional non-separable quadratic-phase wavelet transform by employing the convolution structure
of the multidimensional quadratic-phase Fourier transform. Unlike the traditional approach, which associates the
classical mother wavelet with the transform kernel, the proposed method employs a convolution-based structure to
formulate the analyzing family. This strategy not only reduces computational complexity but also offers significant
potential for applications across various scientific and engineering disciplines. The preliminary analysis encompasses the
formulation of a novel convolution associated with the multidimensional quadratic-phase Fourier transform.
Subsequently, we derive the fundamental properties of the proposed integral transform, including orthogonality and an
inversion formula. Additionally, various uncertainty inequalities are obtained corresponding to the pro-posed transform.
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1. INTRODUCTION

The Fourier transform is a fundamental tool in time-frequency analysis, offering a powerful means to understand
functions in terms of their frequency content [1,2]. While the classical Fourier transform has been extensively studied in
the one-dimensional setting, many real-world signals, such as images, videos, and geophysical data, are inherently
multidimensional. In such cases, the multidimensional Fourier transform (MDFT) arises naturally, providing a rigorous
and elegant framework for analyzing functions defined over R™, where n > 2 [3-5]. For any function the MDFT off is
formally defined as

1 gt
FIN@ == | fye dt, (1)
27'[ 2 R™
Where t = (ty t,, ..., t,) € R", {= ({1, &, ..., §y) € R™, and the superscript Tdenotes the transpose operator.

The MDFT provides precise information about the spectral content of a signal and is particularly effective for
analyzing stationary signals. However, despite its advantages, the MDFT suffers from inherent limitations, such as, its
inability to provide simultaneous localization in both spatial and frequency domains. This lack of time-frequency
resolution makes it unsuitable for analyzing non-stationary, localized, or rapidly changing features within signals.

To overcome these limitations, the multidimensional wavelet transform (MDWT) was developed as a natural
extension, enabling multiscale and localized analysis [6,7]. Unlike the MDFT, the MDWT decomposes a signal into
spatially localized basis functions at various scales, thus offering better resolution for transient or spatially varying
phenomena. Its ability to adapt to local features makes it an effective tool for analyzing images, textures, and other
multidimensional signals where localized structures are essential. For an admissible mother Wavelet 1 € L2(R™), the
MDWT of any function f € L*(R") is defined by

(Wof)(a,b) = % [ row (=) (1.2)

a

Where a € R* denotes the scale parameter and b = (by, by, ..., b,,) € R™ the translation parameter. This definition
allows the MDWT to capture both spatial and frequency information at multiple resolutions, making it highly
effective for the analysis of multidimensional, non-stationary signals.

The MDWT has found successful applications across various fields of science and engineering owing to its
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capability to provide localized time-frequency representations [8, 9]. Although the MDWT has proven to be a powerful

tool for analyzing multidimensional signals, it exhibits several notable limitations, including a lack of directional
sensitivity, limited adaptability to non-separable structures, and inadequate resolution when dealing with non-stationary
or chirp-like signals. These shortcomings restrict its effectiveness in applications that demand high precision in joint
time-frequency localization.

To address these challenges, various extensions of MDWT have been developed [10]. Notably, the
multidimensional fractional wavelet transform (MDFrWT) enhances analysis by operating in the fractional Fourier
domain, enabling rotated time-frequency representations suitable for frequency-modulated signals [11-14]. The
multidimensional linear canonical wavelet transform (MDLCWT) further generalizes MDWT by embedding it within
the linear canonical transform framework, allowing greater flexibility through scaling, chirping, and shearing [15-19].

Recently, Castro [20] introduced a novel multidimensional quadratic-phase Fourier transform (MDQPFT), which
unifies and generalizes several existing time-frequency representations within a single unified framework. The
MDQPFT is generated by a collection @ of n X n real matrices defined as

Q={A =[a;],B =[b;;];det(B) # 0,C = [c;;],D = [d;;],.E = [e;;]}, (1.3)

For 1< i, j < n. mathematically, the MDQPFT of a function f e L?(R™) with respect to the matrix tuple Q = {4,B,C,D,E}
is defined as

. n/ - -
Folfl@ = [det(B) (i) Zf £(0) ei(@Tag+cTBt Tce+TDT+TEY) dt, (1.4)
RTL

Where B is a symmetric matrix and1 = 1,1,..., D)7 e (RM).

The MDQPEFT is characterized by the presence of five real-valued, free n X n parametric matrices, which provide
significantly enhanced flexibility for analyzing signals with complex structures, such as chirp-like or non-stationary
components, that are poorly handled by classical Fourier-based techniques. The inclusion of these matrix parameters
enables adaptable modulation, chirping, dilation, and shifting, thereby making the MDQPFT a powerful and versatile
tool in both theoretical analysis and applied signal processing.

Building upon the strengths of both the MDWT and MDQPFT, we aim to integrate the MDQPFT framework with
the MDWT to form a generalized multidimensional quadratic-phase wavelet transform (MDQPWT). Such a fusion is
expected to not only encompass existing transforms, such as the MDFT, MDFrWT, and MDLCWT, as special cases, but
also to provide deeper insights and enhanced adaptability for analyzing multidimensional non-stationary signals.

The paper is organized into two main parts: In Section 2, we introduce the multidimensional quadratic-phase
wavelet transform (MDQPWT) and investigate its fundamental properties. In Section 3, we derive several uncertainty in
equalities associated with the proposed MDQPWT.

2. CONSTRUCTION AND PROPERTIES OF THE MDQPWT

In this section, we begin by revisiting the fundamentals of the MDQPFT, which serves as the cornerstone for
constructing the MDQPWT. We then proceed to formulate the MDQPWT and explore its key properties, including the
orthogonality relation, energy preservation, range theorem, and inversion formula.

2.1 Multivariate Quadratic-Phase Fourier Transform.
This subsection presents the essential preliminaries of the MDQPFT.
Definition2.1.The MDQPFT of a functionf e L*(R™) with respect to a matrix tuple Q = {4, B,C,D,E}, Where B is a

symmetric matrix and collection Q of n X n real matrices, is defined as
Foll@ =A@ [ FO8e(50) . @1)
R"

N
. - . 1 2
Where ISQ G, t) = eL(ZTAZ+ZTBt+tTCt+1DZ+1Et)and A(B,n) = /det(B) <2n) )

Remark 2.2.
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(i) The MDQPFT (2.1) is non-separable, that is, it cannot be expressed as a tensor product of one-dimensional
QPFT kernels.

(i) We can rewrite the MDQPFT (2.1) in terms of the Fourier transform F as

Folfl©@ = ()"/2,/det(B) e 45+1" DOR[G](BTt),

Where

G(t) = f(t) ei(tTct+TTEt). (2.2)
(iii) For any square integrable function f, the inverse of the MDQPFT is
given by

FO=AE | FolfIOBG 0 23)

RTL
(iv) For all functions, f,g € L?(R™) the MDQPFT preserves the inner product:
1 S -
G | F050 de= [ 5o 1QFGIE) & 2.4
R% R™
(v) The MDQPFT is an isometry on L?(R™), i.e., it preserves the L?-norm:
1
IFolA1ll, = Gy Iz, ¥ f € L2R™) . (25)

Next, we establish the convolution operation associated with the MDQPFT.

Folf1(@F,lg](@) = [A (B,n)]? f f®)g(t') Bq(C, D) Bo(C,t) dtdt’

RX R™
B (t+t")+(t+t") T C(e+t))+ T E(t+t')>

S| F el

R™x R™

X ei(28743+21D0) o -icTet'+ ' ¢ct) gy gyt

Settingz=t+t'andt' =z —t gives
Folf1@Fqlg1(D)
AR CTIC

RX R™
—1) el @ (28)21(2D)Y) el @™Bz zTcz IEz)e—i(tTc(z—t)+ z-t)Tcy dt dz

- @ ( [BCEE Ik (Z—”T“)dt> Ky (@ 2)dz
Rn Rn

=A (B' n) fRn(f @Q g) (Z)ISQ’(Q Z)dZ

=Fo [(f @0 9)@]®,
Where Q' = (24,B,C,2D,E) and

(f ®0 9)@ = A (B,n) fRnf(t)g(z _ et (TCE-0+ G-0Tey g

Hence, the convolution operation associated with the MDQPFT is defined as follows.

Definition 2.3.Given a pair of functionsf, g € L?(R™), the MQPFT convolution with respect to the collection Q =
{A,B,C,D,E} is denoted by ®, and is defined as

F®PN@ =AB) | FOgz—t)e  CED+E-OTCg (2.6)
RTL

Where A (B, n)is given in (2.1).

Some important properties of the MDQPFT convolution are summarized in Table 1.

TABLE 1.Properties of the MDQPFT convolution ®,.

Property Description
Commutative (f OF 9)@) = (g ®o f)(@).
Associative ((f ®99) ®g h)(@) =f ®g (g ®g h) ().
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Translation (f ®9)z—k) = (f ®q et Ck+ITCO g (¢ — k)) (2).

Reflection (f ®q 9)(-2) = (f(=) ® g(-1)) ().

Convolution Theorem | For [f ® 9](Q) = Folf1(QFolg1(@, Q' = (24,B,C,2D,E).

2.2 The Proposed MDQPWT.

Based on the quadratic-phase convolution (2.6), we introduce the notion of the MDQPWT within the framework of
time-frequency analysis. This transform is designed to capture localized frequency content in multiple dimensions by
intertwining the merits of MDWT (1.2) and MDQPFT (2.1).

Definition 2.4. Let fe L?(R™), be a finite-energy signal. The MDQPWT of f, with respect to an analyzing
wavelet Y and a parametric collection Q = {4, B, C, D, E}, is defined by

WF) = (f(©) g DaB(-)) (b), @7

wheren = (a,b) € R*X R" and D is the usual dilation operator

Remark 2.5. The MDQPPWT (2.7) can also be written alternatively as:
(W2F)m) =ABn) [ fFOPI(0)dL, (2.8)
Where 1/); (t) is given by
v2© = =9 (") exp (TG -0+ G -0TC). @9)
e = 7= 5 )exp ti . .
To illustrate the proposed MDQPWT (2.7), we now present a lucid example.

Example 2.6. Consider the 2D-Morlet Wavelet ¢ (t) = elut=Itl?/z ) = (1, 42) > 0. then, corresponding to Y the family
1,[);02 of wavelet is given by

t—by i(yby + paby) (b7 +b3) tf (i#1 bl)
v( )—e"p{‘ « @ TPt ta)h

t5 i b
X exp {— 24 (ﬁ+ a—i) tz}. (2.10)

2a? a

Then, the MDQPWT of the 2D-Gaussian function f(t) = f(t;,t;) = eti+t with respect to Morlet Wavelet Y, u = (uy ,1y) =
(1,1) and real matrix tuple

1N/ ! , 5\ /15 11y 13
Q= 5 7 2 39 29 9 29
u 7P\ze) s f\z 7
13 6/ \7 49 3 3
is given by
(W)@
i|detB|1/2 i(by + b;)  (bf + b3) 2 2 tf i by
B 2mva P a T T a2 f]mn exp{t? + t2} exp _ﬁ’l' (_54_ §> t,
t2 i b, . .
Xexpl-otr+ (——+ E) t, Lexp{—i(tTc(b — ) + (b —t)T COYtdt,.  (2.11)
We now proceed to compute t”C(b — t)and (b —t )T Ct as follows:

T 0 g bl _tl 5 5

_tZ
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and
0

(b—t) Ct=(by—t; b= )| o

O Nn

t 5 5
(t;): 2bity — bty (2.13)

Plugging (2.12) and (2.13) in (2.11), we obtain
5i i(by + by) (b? +b3)
0 _ 1 2) g 2

1y, i b
Xf,me"p{‘ (‘1 + ﬁ)tl + (‘5* ?)tl}dtl
XfRe"p{‘(‘” ﬁ)tz + (‘a+ ;)tz}‘“z

5i {i(bl + b)) (bi+ bzz)}
) exp -

= 2
14va (-1 + % a 2a

(5 B (-h )

4(—1 + %)

(2.14)

X exp

Next, we establish a fundamental relationship between the MDQPFT given in (2.1) and the proposed MDQPWT
defined in (2.7).

Proposition2.7.Let (Wd?f) () and Fy[f] denote the MDQPWT and the MDQPFT of a function f € L>(R™), respectively.
Then, the following identity holds:
Fol(W2NHGN]@ = @m)™a A (B,1) Folf1([Qei @O 4G D@ F THIG@D) (b)  (2.15)

Where
¥ (1) = e—i(1+a®)tTct +(1-a)1ED) ¥ (D). (2.16)

Proof: Applying the definition of the MDQPFT yields
Fol¥5 0]@

_A (B,n) (t - b) pi(tTC-0+ (-0)T ct Gi(CTAT+TT Br+tTCt+IDTHTED) gt
R™ a

Va

=+/a A (B,n) Y(z) ei(@z+b)TC(=a )+ (-a )TC(az+Db))
RTL
X ot (§7 4%+ TTB(az+b)+(az+b)T C(az+b)+1DT+TE(az+b))dz.
=+a A (B,n) lI,(Z)ei((—az)TC(az)+(T B (az)+1E (a2) ) i (§TAG+TT Bb+bT Ch+TDE+TED) 4,
RTL
=a A (Bn) f V(2B (G, b)el(-an @+l B @ik (@) g,
Rn

=Va A (B,n) ISQ (S, b) f V(z) ei((—a )TC(az)+1 E (az)-(aq)T4 (a))- 2T cz-1D(a])—1Ez)
Rn
X ei((aZ)TA(aZ)+ @QT Bz+ 2T ¢cz+1D(aQ) +TEZ)dz

= V& A (B,n) Bq(, b)e—i((a()TA(aZ)+ TD(aZ))f llJ(Z)e—i((pr a?)zTcz (1-a)1Ez) Bo(aS, 2) dz
RTL

=& A B, 150 5, b)e (970 20) [ ygpi5,(as,2)
Rn

= V@ A (B,n) (G be” (COTAEOTPE@O)g 1y ac). (217)

lIJ(t) — e—i((l-l— az)ZTCt (l—a)TEZ)w(t).
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Invoking the Parseval’s identity for the MDQPFT given in 2.4 and using (2.17), we have
WEF) () = @oVala Bl [  Fol @ A0+ F TG0) B B

= Fo'|@mVa A (B, )Fqf1(Qei @40+ ED) @D | (b).

Consequently, the above relation can be expressed in the form:
FolW2 ) m]@ = @m)™Va A (B,n)F,[f1(Qe! @9 4@0+PE ) [y[ (aQ) (b)
This concludes the proof.

m
We now establish key results for the MDQPWT (2.7), including the orthogonality relation, inversion formula, and
range theorem. To proceed, we first define the admissibility condition for a function 1 € L?(R™) via the MDQPFT (2.1)

Definition2.8. A function i € L? (R™) is said to be admissible with respect to the matrix tuple Q = {4,B,C,D,E} if

2
by, = |det B| Mda < o,

Rt

(2.18)
Where {(z) is given by (2.16).

We now derive the orthogonality relation for the proposed transform (2.7), which will be used to show that the
MDQPWT defines an isometry from L?(R"™) to L?(R"XR™").

Theorem 2.9. Let (Wu?f) ) and (Wd?g)(n) denotes the MDOQPWTs of fand g € L*(R™), respectively. Then

[ wmenmwpm = eyr.0) (2.19)
RMXR
Where dn = da db and b, is defined in (2.18).

Proof. Proposition 2.7 asserts that, for any pair of functions £, g € L?(R™)
WP = @OMVaI B [ Fo [FI@el @O0 1060 FIGED) FolS,B) ds. and

W, g9)() = @m)"ValA (B,m)|? f Folg)(w)ei (@) 4@a)+10@w) F Tp(aw) Bo(w,b) do.
Rn
We now proceed as
Q q dn
[ wgnmwinm 2
R"X Rt

; T _ T 7 _7 —_—
— (27.[)211'/\ (B, n)|4fn . +el(a() A(al)—(aw)" A(aw)+1D(al) ID(aw)).FQ[f](C).FQ[g](w)
RTXRMTXR™X R

dndwd§
a

X Folyl(ad) Foll(aw) Bq (S, b) Bq(w, b)

; T _ T 7 -7 T TN
— |detB|2_fn ) +el((a() A(al)—(aw)' A(aw)+ 1 D(al) 1D(aw)).FQ[f](C).FQ[g](w)
R™ X R" X R

_ - da dw d§
X oI Foll(a) | [ BalGB) i, ) abf “525
R"

. T _ T T -7 = T 17 5N
= (2m)"|det B| o +et((a() A(@af)-(aw)" A(aw)+ 1 D(ad) 1D(aw))J:Q [£] (C)Fq[g](w)
RTXR*"X R

X Folpl@D Folt](aw)el@ 4w - @T4t+ 100 100 5

- da d
_ @m)" |det Bl Folf1QFolg1@ Folpll @2 2%

R™ X R* a

da dw d§
a

= @0 [ Folf1©Fs [g](Z){IdetBl I JMda} ac
R" R+

= b)) FlF1Q) Folgl @)

= lﬁp(f'g)z-

This concludes the proof. ]
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Remark 2.10. (i).For f = g, Theorem 2.9 yields the energy preserving property corresponding to the MDQPWT
2.7):

Q 2dn 2
[ dwenal S = 0718 (220)
R™ X R+

(ii). clearly, the operator (WIIJQ f) is a bounded and linear. Furthermore, if 4y, = 1, it defines an isometry from L*(R™) to
L*(R"XR"),

Next, we show that any /' € L*(R™) can be recovered from its transformed domain (Wll? H@
Theorem 2.11. For any f € L*>(R™), MDQPWT (Wu?f) () admits the reconstruction formula

1 dn
fO=— | onmusog 221)

Proof .Using Theorem 2.9, we have

! Q T

/5’1/) J-R"XR+(W¢ f)(n)(%, g)(n)p

Y Q el Y
f"’ fRnX R+(W"’ £ { fRng(t) Pl (t)di}t C;

= —7 Q QNI 7

by fRnXanX]R+(Ww @) () g@)

a?
1 dn
oy oy W D@ YEO 270 9(0)

X R*

.9 =

As g is arbitrarily in L?(R™), the result follows directly from the inner product properties. o

The following theorems address the pointwise convergence of the reconstruction formula (2.7), assuming that v is
admissible and f € L?(R™).

Theorem 2.12. Let P € L2(R™) be an admissible function. For any f € L*(R™), define

1 (v 0 0, N
fun(@® = %, fM fRn(W‘P Yp©) —,N>M>0.
Then, the MDOPFT of fu y satisfies

1 N 2
Folfunl@ = TFcz[f](Z){ldetm [ da}
Y M a
Proof. For N > M > 0, define the function

_ Q PN
fun® = = | | agpevs©Z
Then, as a consequence of the Cauchy-Schwarz inequality, it follows that

N dn
fM fwl(wffm) ol

N /s 2
Q 2 PNE da
<[] Joxgnarast | [ weeor e} "5

N 2 1/2 da
- [ Joznarast
M R™

N Yo (N /2
1 d
< ||¢||2{ | = da} { . fRnI(Wff)(n)Iza—Z}
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1/2
< o0,

<l (37~ )

This shows that fj, y is well defined on R™.
Next, we show that fy, y is uniformly continuous on R™. For any t,t" € R", we have

|fM,N(t) - fM,N(t,)|
= ‘i | ) [ ogrm (v -ugen)
ﬁlp J ' » ® a?
< L fo |(WQf)( )lzd_n & J-Nf | Q(t)— Q(t/)|2d_77 V-
= by Uy Jen Y Pl ez M JRn i i a?

Y2
< Il Uf (w2 - w2))| _} (2.22)

From (2.22), it is clear that |fM,N(t) fun(t)| = 0as |t —t'| > 0.hence fy y is uniformly continuous on R™.

Now, for any arbitrary function g € L2 (R™), we have

(fM,N,g)zf fMN(t)m dt
R
- fm{ f f WAL Z}g(ﬂdt
n
- f Rn(WQn(n){f wg,(t)gmdt}—z

- f f W2H@) (WQg)(n)
|detB|2

T T —_—
f f L((aZ) A(ad)—(aw)TA(aw)+1D(al)-1D(aw)) FQ [f] (Z).FQ[ ](w)
R™ X R™ X R

dn dw d§

X FQ[IIJ] (@0 Fol¥](aw) By (S, b) Bo(w,b) =——

|detB |2 ¢i(@)TA(a0)~(aw)T A(aw)+1D(ad) - TD(aw)) P TP
.FQ[f (C).FQ [g](w)
R™ X R™

da dw d§
a

X FQIIPI(aC) Fol¥l(aw) {f 15q(G,b) Bo(w,b) db
an

2m)"|detB| (" i T —(ae)T 7 3 S
= —f f ei(@)"A(a)-(aw)" A(aw)+1D(al) 1D(aw))J:Q [£1© FQ[g](w)
R™ X R

da dw dS
a

X Fol$]@D) Folp](aw)ei@ 4t w"4w M—fw)a - w
2m)"|det B
e el A G G IR
_ @m* Fol¥ll@Q)I?
i fRnFQ[f](Z){IdetBl fM — da} Folgl(® ds.

Invoking Parseval’s formula for the MDQPFT completes the proof. ]

Theorem 2.13. Suppose that P € L*>(R™) is an admissible function. Then for any
f € L>(R™), we have

}}_%”f‘fM.N”oo = 0and }}_%”f‘fM,N”z

N—-ooo N—-oo

Proof. Applying Parseval’s formula for the MDQPFT along with Theorem 2.12, we obtain
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”f_fM,N”w < ”f_fM,N”1
IFolf1 = Folfu w1 ”1

1 N 2
Folf1®) - waq[f](o{metm f M da}

|det B| (¥ |Fql]1(ad)|”
.Fdf](()(l— 5, fM Ot 1

det B| [V |Fo[¥]@D)|”
1- b, fM 7 da

1

ds (2.23)

- [ IFeln1@
Rn

Moreover, since i is admissible, we can write

N 2 2
[ I,FQ[wi(aol o < fwwdp by <co. (2.24)

Consequently, from (2.24) we have

2
detB| (VN a
lim 1_I | (" [Fol$](ad)] dal = o,
i by Ju a
Finally, applying dominated convergence theorem to (2.23), we conclude that
}}E})”f_fM,N”m =0
N—-oo
By adopting the same approach as before, it follows that
}/Ii_%”f_fM,an =0
N—-oo
This concludes the proof. a

Finally, we characterize the range of the proposed transform (2.7) and show that Wu? (L?(R™)) forms a reproducing
kernel Hilbert space

Theorem 2.14. A function f € L*(R™ X R*) belongs to the range
w2 g(L*(R™)) if and only if
f') = = JHOXHORDAG) @ (2.25)
1 by Jpn x g+ Wl ¥er a2’ '
Where b is given by (2.18).
Proof. Let f € Wll? (L?(R™)).Then, there exists a function g € L?(R™) such that (WIIJQ a9 =f.

To verify that f satisfies (2.25), we proceed as follows:
fa=Wigm)
= [ 9@ a
an

_ 1 0 0 ndi) o
T by fRn {fmw(%g)(n)wﬁ(t) az}lllp,(t) dt
1 o

= — Wyg)(n) { f o (OPL(©) dt}—
by fn&nxn&’r( v ) A a?
= [ rmwio.ugen
by Jgn x r+ prTe *a?
Which evidently verifies our claim conversely, suppose f Satisfies (2.25). To shows that f € Wzl? ( L2(R™)), it suffices to find a
function g € L?(R"™) such that (Wl,,f2 f) = f. we construct such a function g as follows:

Let

_ 1 0y I
90 =] ooy

Then, it follows directly that ||gll, < [If]l, < o, implying g € L?(R™). Moreover, by Fubini’s theorem, we have
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(Wf,fg)(n’) = fmn g(t)ll)?o,(t) dt

- oy M ue
=5 fmn {fwm+ fFmye ) az}lﬂp,(t) dt

d
D WO B @),

szflmnxw
= f@.

This concludes the proof. a

Corollary 2.15. For any admissible wavelet { € L?(R"™), the range WI/)Q( L*(R™))forms a reproducing kernel Hilbert
space embedded in L*(R™ X R*), with reproducing kernel

By .n) = @2®), b2 ©),. (2.26)

3. UNCERTAINTY PRINCIPLES FOR THE FREE METAPLECTIC WAVELET TRANSFORM

The uncertainty principle forms a cornerstone of harmonic analysis, establishing the inherent limitations in the
simultaneous localization of a function and its transform [24]. In mathematical terms, the classical uncertainty principle
for the Fourier transform quantifies a trade-off between the spread of a signal in time and in frequency domains
[25].Specifically, it asserts that the product of the variances of a function and its Fourier transform has an on zero lower
bound. This foundational inequality has since been extended to various domains and analytical frameworks [26-31].
Given the rich structure and enhanced localization properties of the MDQPWT, it is both theoretically and practically
compelling to formulate uncertainty principles, such as Heisenberg’s and Pitt’s inequalities, within the framework of the
MDQPWT.

Theorem 3.1. Let (Wu?f)(n) denote the MDOPWT of a nontrivial function f € L*(R™). Then, the following
uncertainty inequality holds:

1 1

d 2 2 v ty

{fR . IbI2|(W$f)(n)|2—aZ} {fR |§|2ch[f]|C|2d§} > TV T 1Az, @1
nxRt n

2(2m)"omax(B)

Where Oy, g, (B) is the maximum singular value of the matrix B.

Proof. The classical Heisenberg-Pauli-Weyl uncertainty inequality for any function f € L>(R™) in the quadratic-
phase domain is given by [20]:

b FDIl2 (IS Folf1ll, —2—(30” JAGIIP (3.2)
By treating (Wl,,f2 f)(M) as a function of the time variable b and applying equation (3.2), we obtain:
n
b WD I I3 FlWimIll, = s—Iwinmll, .

or equivalently,

([ 1swsnra) ([ krlovgnmia)

2 1/2
—m{f [UsRI] db} (3.3)

Integrating (3.3) with respect to the measure da/ a2 We obtain
1, 1/, p
| U |b|2|(W$f)(n)|2db} {f IS |2|FQ[(W$f)(n)](<)|2d<} o
r+ URn R™

n 2dn
= 2 O'max(B) {fmn X Rt |( f)( )l } (3.4)

As a consequence of the Cauchy-Schwarz inequality, Fubini’s theorem, and (2.20), equation (3.4) can be expressed as:

de

I£113.

1

d 2

{f |b|2|(wgf)(n>|2—a’3} {f 13 2[Fo[ (W
R™ X Rt R™ X Rt

nfr
2 - ¥
} Omax(B)

Invoking Proposition 2.7, we rewrite the above inequality as:
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1/2

d
f BIRIWEAm | @mridet sl I8 1?[Fo[f1@)Fq[¥] IF15,
R™ X R*

/2
't nes
R™ X R* a Omax (B)
or equivalently,

Y 2 ) 1, .
[ wriwgna 33 geiRlnel <|det3|f Mda)d(} SPR . B—F
R™ X Rt R™ R+

2 (2m)" Opmax(B)
Finally, applying (2.18) yields the desired result. ]

While the classical Heisenberg uncertainty principle focuses on the spread (or variance) of a function and its
transform, Nazarov’s uncertainty principle offers a more geometric perspective by considering the support of the
function and its Fourier transform [32].Mathematically, ifS;and S, are two finite measurable subset of
R™ and f € L*(R"), then

f If(®)[*dt < KeKlsills] <f If @I dt+f IF[f](C)IZdZ> k>0, (3.5)
R R™\S; R™\S;

Where |S;|and |S,| denotes the Lebesgue measures of S; and S,respectively. In essence, it is impossible for a non-
trivial function and its Fourier transform to be simultaneously too small outside two compact (or small measure) sets. In
this regard, we have the following proposition for the MDQPFT.

Proposition3.2. Let Fy[f] denotes the MDOPFT of a function f € L2(R™), and let S;,S, be two finite measurable
subsets of R™.Then the following inequality holds:

f If (¢)I? dt SKeKlsl“SZ'(f If(t)lzdt+f IFQ[f](Z)IZdZ). (3.6)
- R\, R™\(S; \IB])
Where |S;|and |S,| denote the measrable S; and S, .

Proof. Invoking Nazarov’s inequality (3.5) for the function G (t), we obtain
[ RICIR SKeK'Sﬂ'Sz'(f coPd+ [ |f[a]<<)|2dz) k>0 @)
R R™\S; R™\S;

For the function G (t) = f(t) e!¢" Ct+1ED a5 defined in (2.2) ,we have
_i(ZTA7+TD _
FIGI(®) = e {&ASHIDOR, [F1(B71Q), (3.8)
Using (3.8) in (3.7), we obtain

f If(®)|? dt SKeK'Sl”SZ'<f |f(t)|2dt+
R™ R™\S;

1
i"/2+/detB

= [Folr 1870 dz).
|B] Jgn \(S2\IB])

Equivalently,
f If (D2 dt < KeKIsilIs2| <f |f(t)|2dt+f
R R™\S; R™\(S2\IB)
This completes the proof of Proposition 3.2. |

[FolF1®))° d<>

We now proceed to formulate a Nazarov-type uncertainty inequality for the MDQPWT.

Theorem 3.3. Let (Wd?f)(n) denotes the MDQOPWT defined in (2.7), and let S1, S, be two finite measurable subsets
of R™. Then the following inequality holds:

2d77
wen s )
f |(w f)(n)l <KeK'51“52'( f(Rn\Sl)XW . x>0 (3.9)
RY X R \+(2n)% IFolf1®|" dg /

R™\(S2\|B]) X R*
Proof. By substituting the function f with its MDQPWT (Wg £)() in (3.6), we obtain

[ Jwgnelas < wessasi ([ qwgpamlas+ [ (rlwgnmlof«) @0
R™ (R™\S1)

R™\(S2\IBD
Integrating (3.10) with respect to the measure da/aZ’ we obtain

2d
fmnx |(W¢f)(77)| n
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2d 2d¢d
<wesw([ i@l | Fol(wgnml@

R™\(Sz\IB)) X R* a
Applying Proposition 2.7, equation (3.11) can now be rewritten as:

2d
(wone|* S
X Rt

).(3.11)

2d 2 ’
< KeK'Sl"52'< oo, g O¥ENEI G+ 0" | Fol 1@ x (IdetBI fwwdﬁ dc) (312)

Finally, Invoking equation (2.18) leads to the desired result. |

R™\(S; \|B])) X R*

We now briefly recall the definition of the Schwartz space I(R™) within the L?(R") frame-work. It is defined
as

I(]R"):{f € C7(R™) : sup FDVF() < oo}, (3.13)

Where C” (R™) denotes the space of infinitely differentiable functions, D represents the standard partial differential
operator, and «, § are multi-indices with non-negative integer components.

Pitt’s inequality in the Fourier domain establishes a fundamental relationship between a sufficiently smooth function
and its Fourier transforms [33]. For every f € I(R") € L? (R"), the inequality is given by
[ 1= 1Fn@Prds < oo | 1ei@LRde0 <a<n, (3.14)
R7 R7
Where

b () ()

and I'() denotes the well-known Euler’s gamma function.
In the following proposition, we aim to derive an analogue of logarithmic uncertainty inequality for the non-
separable MDQPFT.

Proposition 3.4. For any f € I(R™), we have

2 (/) In[B]
Rnlnltllf(t)lz dt + fRnlnlzl |FQ[f](§)| ag = m— InTt — Wl fRnIf(t)IZdt (3.16)

Proof. For the function G (t) = f (t) e!(t" Ct+1ED) a5 defined in (2.2), we have

= 1 -i(¢T+4g+1D7) -1

| FIOIQ = e Folf1(B~10), (3.17)
Where A = (B~1)TAB~1 and D = DB™'. Moreover, we have
1 _
| FIGI®| = mﬂ:q[ﬂw )], and |G| = If (O] (3.18)
Applying inequality (3.14) to the function G (t), we obtain:
[ /= F61@PG < po [ 1Hl60Pd, 0= a<n (319
R™ R™
Using equation (3.18) in (3.19), we have

151 |FolF1(B9)| dg < Soaf [tI*[f(D]?dt ,0 < a<n.
Rn

1
|[det(B)| J-Rn

Equivalently, we can write
- _ 2
B [ 1 Rl 1@ g < o [ IeIRCO1%dE 0 < a<n (3.20)
R™ R™

Inequality (3.20) is the Pitt’s inequality for the MDQPFT.
Additionally, for every 0 < o < n, we define:

M(a) = |B|—“f 1217 Fo L1 |2dg — soaf HefD2de. (3.21)
R" RM
Differentiating (3.21) yields

M (a) = —IBI‘“lnIBlf 151 |FolF1@)] dg — IBI‘“f 151 I3 [Fo 19| dg
R™ R™
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—soaf It/ n]t| |f(t)|2dt—go;,f |1 £(D) [2dt .
R" R"

Where
o [FCEYCTYP () P ORI CRY) (e C5)
r () r ()
Putting & = 0 into the above equation, we get
r(n
96 = [lnn - rr((n//:))] (3.22)

By virtue of (3.15), we have, M(a) < 0 for all a € [0, n), with equality at @ = 0, i.e., M(0) = 0. therefore, for any
h > 0, it follows that M'(0 + h) < 0 as h - 0. Hence,

2 2 ,
“iBl [ [FolA 1@ dg— [ wiel FolA 1@ ds—go | mldifOPde  — @) [ [foPde<0.
R™ R™ R R
Finally, implementing the Parseval’s formula (2.4) yields the desired result. |

Next, we establish the logarithmic uncertainty inequality for the MDQPWT (3.20).
Theorem 3.5. Let (WQf) (n) denote the MDQPWT .Then, the following logarithmic inequalily holds:

n 2 1“'(71/4)
[ bl S+ @mre, [ mk Rl dcz%[r(%) ~m = o g .29

Proof. By virtue of the logarithmic—type uncertainty principle in the MQPFT domain given by equation (3.16), we
identify(Wdf2 f)(n) as a function of the time variable t and invoke this relation to obtain:

[ misHwgryenf” ab + f il [FoW 2N @|” dg
Rn

'("/4) In|B| i
[F(n/4) Inm = (Zn)n] fRnKWfﬁf)(n)I db.

Integrating with respect to da/ 2, We obtam

2d d
Rt XR"
rr(n/) In|B]| zdn
[ TCAN (Zn)"] fWW'( Wl (3.24)

Now, by applying Proposition 2.7, equation (3.24) can be rewritten as:

d 2
[ mptiwgnml Z+eor [ millF @ <|detB|f Mm) a1
R* XR R™ R*

d
wirml . (3.25)

|

Finally, substituting equation (2.18) into
(3.25), we obtain the desired result. O
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