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1.Introduction:

Stochastic orders pays a way to relate the location or magnitude of
random variables to check if one tends to take bigger values than the other. They
also compare vectors, probability distributions rather than just comparing values
like mean and variance (Stoyan [11]). They have been useful in reliability theory,
economics, insurance etc. For good review, refer Shaked and Shanthikumar [10]. A
Fuzzy Mathematics which was introduced by Zadeh [14] which is a concept of
fuzzy sets, offers a mathematical framework for modeling and analyzing systems
characterized by vagueness and uncertainity in a way that crisp mathematics fails.

Here we are going to study about convex transform order of fuzzy
random variables. Van Zwet [12] introduced the convex transform order between
two distribution functions F and G. Among the various stochastic orders, convex
transform order (CTO) is widely used for analyzing variability and aging
phenomena or tail behaviorism by analyzing whether one distribution’s can be
showed as convex transformation of other’s. This partial order is useful in the
reliability engineering, risk management and actuarial science. Along with CTO,
we study some related orders like star, super additive, TTT transform, decreasing
mean residual life order using FRVs. We have shown how they are related to CTO
other using fuzzy logic.
ngct? = XSf*? = X<fqu

U
X Sf—dmrl Y= X Sf—nbue Y

The concept of fuzzy random variable (FRV) was introduced by
Kwakernaak and Puri [4], [5] and Ralscue [7]. A fuzzy random variable is a
measurable function from a probability space to a collection of fuzzy sets. It is
viewed as the imprecise observation of the outcomes in a random experiment. In
some practical problems, data is often incomplete. To solve this, we have the
extention concept as fuzzy framework. This is more applicable in imprecise
conditions.

In section 2 we have given some preliminaries related to this paper, in
section 3, we discussed the relation of the fuzzy convex transform orderings to the
other partial orders and given a counter example and in section 4 we have discussed
application of CTO using FRVs in Poisson process through an example.

2. Preliminaries:
Definition 2.1: Fuzzy set

We consider X be the universal set. Then a fuzzy set A = {(x, u,(x))/ x €
X} is defined by its membership function p4: X — [0,1].

Definition 2.2: a — cut of a fuzzy set
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For each 0 < a < 1, the @ — cut of a fuzzy set 4 is denoted by A, =
{xeX; uz(x) = a}
Definition 2.3: Fuzzy random variable (FRV)

X(w) is a fuzzy random variable if and only if X, (w) = [f(z (w), XY (w)]

where 7(1; (w) and XY (w) are both random variables for each a € [0,/] and X =
Uae[(),]] aX a(w)~
Definition 2.4: Uniform FRV

X () is a uniform [0,1] FRV if and only if Ky (@) = [Xy o (@), Ky, ()]
where f(uz(w) and XUZ (w) are both random variables for each a € [0,/] and X =
Uae[(),]] a Xua((ﬂ)-
Definition 2.5: a — cut of the distribution function F of Fuzzy random variable

The a — cut of the distribution function F of Fuzzy random variable X is

defined by
D, =
i i max max

[Min (amsmﬁF(xé)' amslnﬁF(xg))'Max (a < ﬁF(xé),a < BF(x,‘;’))]
Definition 2.6: Convex transform order (CTO)

Suppose that the support of X is an interval. We can tell that X is lesser
than or equal to Y in the CT order represented as, X <., Y, if G~/F (x) is convex
in x on the support of F.

Definition 2.7: Condition satisfying convex transform order (CT)
We can tell that X is lesser than or equal to Y in the CT order represented as,

(')

X <. Y ifand only if, W) is increasing in u € [0,1].
g(6~'aw)

Where f and g are the densities associated with F and G respectively.
Definition 2.8: Star shaped order (SSO)

A function ¢: [0,0) » (0,0] which satisfies ¢(0) =0, is called
starshaped if @ is increasing in x on (0,0).1i.e., g = 0 for b > 0. It can be noted
that such type of function is increasing. Also note that every increasing convex
function ¢ on [0,00), such that ¢(0) = 0, is starshaped.

Let X and Y be two random variables. We can tell that X is lesser than or equal to
Y in the SS order as represented as X <, Y, then E[¢p(x)] < E[$ ()], for all
starshaped functions ¢: R — R.
Definition 2.9: Star order (*)
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Suppose that the support of X is an interval. We can tell that X is lesser
than or equal to Y in the Star order represented as, X <, Y, if G~/ F (x) is starshaped
inx.

. . GIF (x) . .
ie., if & @ jincreases in x > 0.
X

Definition 2.10: Super additive order (SUQO)

Suppose that the support of X is an interval. We can tell that X is lesser
than or equal to Y in the SU order as represented as, X <, Y, if G~'F (x) is super
additive in x.
ie,if GT'F(x+vy)=G'F(x)+G'F(y) forallx >0andy = 0.
Definition 2.11: TTT (Total Time on Test) transform

Let X and Y be considered as positive random variables which has the
distribution functions F and G, suppose 0 is the left endpoint of the support of F.
The (TTT) Total time on test, transform can be defined for F and G as

-7 _
Her@) = [ “F@) dx0<us<]

-1 6! W =
Hz'(w) = |, Gx)dx,0<u<lI

where F =1—F, G = 1 — G the survival functions connected with F and G. The
inverse, H, and H; of the TTT transform is a distribution function.
Definition 2.12: TTT (Total Time on Test) Random variable

Let X and Y be considered as positive random variables which has the
distribution functions F and G, suppose 0 is the left endpoint of the support of F.

If X and Y has the distribution function F and G, then X, and Y;;; is called
the observed total time on test random variable that has the distributions H; and H,;
respectively
The density function %y of the inverse of the TTT transform Hj that is connected
with F satisfies

he (H7' (W)
where f is the density function associated with F. Similarly, then the density 4, of
the inverse of the TTT transform H,; that is associated with G satisfies

g(67'w)
—,0<5u<s]

hG (HG_I (U)) = 1-u
where g is the density function associated with G.
Definition 2.13: DMRL (Decreasing Mean Residual Life) order
We can tell that X is lesser than or equal to Y in the NBUE order as
represented as, X < . Y if
1(6'w)

m is increasing in u € [0,7].

-1
) e
1-u
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Note:
It is same as the condition,
o [ GO0 dx

¢'w
EX fF_l(u)F(x) dx
Definition 2.14: NBUE (New Better than Used in Expectation) order

We can tell that X is lesser than or equal to Y in the NBUE order as
represented as, X <, Y if

m(F~! @)
—— 2<% forallue [0,11.

1(6='w) ~ EY
It is same as the condition,

f 1y )F(x) dx < — fG_l( )G(x) dx forallue€ [0,1].

Deﬁnitlon 2.15: Fuzzy stochastic order

If X and Y be FRV with fuzzy cumulative distribution functions ¥ and G
respectively
Then, X < Sfst Y if and only 1f

is increasing inu € [0,1].

Min (0<"”"<1 R, ) <1F”(t))2
Min (, Smozns 162 <m;n< /6L ®)
Max () Lo FE® g2 g < FE©) 2
Max (o £ < 16ED < g < 6L D)

foralltand V a € (0,1].
Definition 2.16: Fuzzy Convex transform order for uniform FRV
We can tell that X is lesser than or equal to Y in the FCT order
represented as, U < <fet X if,
. min min _
Min ( <ﬁ<1 “Fy (xp), <[),<]G IFU(x;;])) and
max
Max (a <3 < 16y g < g < 167 FU(xﬁ)) where B € [a, I).
is fuzzy convex on support of X.
Definition 2.17: Fuzzy convex transform order (FCT)
We can tell that X is lesser than or equal to Y in the FCT order represented
as, X <jo Yif
, min _J L min _
Min (asﬁ<16 F(xﬁ) <[),<I F(xﬁ)) and
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max L max i Us)
Max (a <B< 1GTF(xg), <B< ;G F(xﬁ)) is fuzzy convex on support of

X,

where B € [o, 1).

Definition 2.18: Condition satisfying Fuzzy convex transform order (FCT)
We can tell that X is lesser than or equal to Y in the FCT order represented

as, X <fet Y if and only if,

min 7/ <(F‘1)§(u>) min T ((F‘I)Z(m)
0<a<l g<(6-1)§(u))’0 <a<l g<(6_1)g(u))

max <(F_])Z(“)) max T <(F_1)g(u))
0<ale‘0<aSlW

is increasing inu € [0,1].
Where f and g are the fuzzy densities associated with F and G respectively.
Definition 2.19: Fuzzy Star order (Fx)
Suppose that the support of X is an interval. We can tell that X is
lesser than or equal to Y in the FS order as represented as, X <;, Y if,
min  6IFxp  min GTIF(xp) d
as<pf<Il &p 'asp<Il &P )an
max  G7F(xp) max  G7F(x)

asﬁ<1(x—g,)'asﬁ<1(x—g))
increases in x = 0, where 8 € [a, 1).
Definition 2.20: Fuzzy Super additive order (FSUO)

We can tell that X is lesser than or equal to Y in the FSU order as
represented as, X <, Y if
Case (i)

Min

Max

Min (

Max (

Min (a Smﬁin< IG—IF((x,L;) + ) o Smﬁin< ]G‘IF((x;;’) + (y};’)))
> Min (o, 7" GFGH +6TFOR, , g (6T FG) + 6 FO)

and
Max (o, 2 < (67 F(CH) + OP) o < p < 167 F(h) + (yﬁ)))

max max
> Max (a <p < 1GFED +CTFOR, g < p < 16T FGH + G—IF(y;;))
Case (ii)
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Min (a Smﬁi" _ GTF(Gh) +0p), Smﬁm< e d(CHES (w?)))
> Min (a Smﬁi"< JGTIFGR) + GTIFOR), Smﬁi”< JGTIF (k) + G—IF(yg))

and
Max (o 2 p < 167 F(GR) + OP) o < p < 167 F(Geh) + (yé)))

max max
= Max (a <B< JGTF(xp) + GTF(vg), <B< JGTF(xp) + G‘IF(ylﬁ))
Case (i)
. min _ min _
in (o J'e 5+ 0. o Iy 6+ o)
; min _ _ min _ _
= Min (a <p< 10 FEDHCTFOD, o 2 p o 6T F) +G IF(y;;))

and
max max
Max (a <p< JGTF() + D), ¢ < 5 < JGTIF((x) + (y,;J))>
>Max (20 GG + GIFGY), L L GIF(xY) +
= a<p<lI B YVpha<p<l B

GFO))
forall x = 0 and y = 0, where 8 € (0,1].
Definition 2.21: Fuzzy TTT (Total Time on Test) transform
The fuzzy Total time on test (TTT) transform connected with F is defined
by
s, () =

. min
Min [a <p<I

min

Flw = L
/) F(xﬁ)dx’asﬁ<1

.y _
YR dx ]and

max ~1(y) =

Max [a <p< IfoF (u)F(xé) dx, o
where 0 <u < 1,f € [a, I].

where F = I — F, the fuzzy survival function associated with F .

The fuzzy Total time on test (TTT) transform associated with G is defined y

max

Flw &
<g<ily VFGH dx |

— o min ¢lw 5, 1 min ¢ 'w) =, u
Hg-1,(u) = Min [asﬁ < ]fo G(xp) dx, , <p< ]fo G(xﬁ)dx]
and
max ¢l = max ¢l =
Max [a$ﬁ<1f0 G(xp) dx’as[)’<]f0 G(xp) dx]

Forall0<u < 1,B € [a, I).
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where G = I — G, the fuzzy survival function connected with G, where 5 € (0,1].
Definition 2.22: F-TTT (Total Time on Test) Random variable

Let X, and Y,,, be the fuzzy TTT RV, having fuzzy distribution functions
H and Hy. And 7, and h, be the fuzzy density functions respectively. The inverse
of Hy and H, of TTT transforms are also fuzzy distribution functions.
The density function %, and % of the inverse of the F-TTT transform Hy and Hj,
that is connected with F satisfies
o n E(E @) (@) w)
g (e ) Min| o T ) = S e

Ta < ﬁ </ 1-u

max <(F ) (“)) max <(F ) (”))

Max — SR W —
a < ﬁ </ 1—-u a < ﬁ </ 1-u

EEI; ((ﬁgﬁa(u))zmn . Snﬂz;n< ; 95 <(Gé)—1(u)) min

af (@)

1-u ‘a$ﬁ<] 1—-u

max 96 <(Gé)_1(“)) max 95 <(Gt¥)_1(“))
Max( g <pa1— o a<p<i™ 1o Where afE€
0,1].
Definition 2.23 Fuzzy DMRL (Decreasing Mean Residual Life) order

We can tell that X is lesser than or equal to Y in the F-DMRL order as
represented as, X < <f_damri Y,if

1 1

N
i min BB e @R Y i E—(Yv)fc-luc’("ﬁ)d" ]
in an
a<[)’<1E( )f L Fepa’ a<f <1 B )f 1 FOCR) dx
1 1 =..U
M max E(YL)'[G 1OER & oy E(YU)IG_I()G(xﬁ)dx
ax <B< <

a ﬁ 1 ( )f 1()F(xﬁ)dx ﬁ 1 ( )f 1()F(xﬁ)dx

is increasing in u € [0,1], where a, 8 € (0,1]

Definition 2.24: Fuzzy New Better than Used in Expectation (FNBUE) order
We can tell that X is lesser than or equal to Y in the F-NBUE order as

represented as, X <;_ppye Y, if
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. min L min v
Min |, < p < g oo FOR 4% o < g < raamy o PO dx]
<
. min L min v
Min a <ﬁ < ]E(YL)IG_I( )G(xﬁ) dx a <ﬁ < IE(YU)IG_I( )G(xﬁ)dx]and
max max
Max | < g < 1o FOR A o < g < IE(xv)f 1 FGD) dx]

max max
sMax |4 < p < IE(YL)fG—l(u) () dxg < p< IE(YU) J10 G () dx]
forallu € [0,I] and a, 8 € (0,1].
3. Properties of Fuzzy convex transform order with some related orders:
Theorem. 3.1:
Let X and Y be two FRVs with fuzzy distribution functions F and G

respectlvely Suppose that the support of X is an interval, we have

(a) IfX <tet Y, then X <t Y

(b) If X<p Y thenX <, Y
Proof:
Now let us assume X < Fet Y.

Then by the definition of FCTO we have,

¢(%) = Min (a <mﬁm< [GTIFG, <mﬁln< )i _IF(xB)) and

max max
Max (4 B< 16 FOR g <p<iG” 'F(xf))
is fuzzy convex on the support of F.
Every increasing convex function ¢ on R*that passes through the origin is
starshaped. (¢(0) = 0)
So, if the fuzzy convex function, G ~/F (le;, x;;] ) increases in x = 0,
1

In FCTO condition, multiplying by o for x =0,
, min  ¢7Fxp  min ¢'FP
ﬁMm(asﬁ<] op Tasp<I =) )and

max G 'F(xp)  max  GTIFGxR)) . .
Max (a <B< ]—(Xé) a<B< 1—(96};]) )mcreases mnx = 0.
Which implies, G~/F (x/'§, x};’ ) is fuzzy starshaped in x, where 8 € [«, I).
Hence by the definition of FSO, X <f, Y.
SO,X Sfct Y=X Sf* Y
Every non-negative function that vanishes at 0, and which are increasing and
convex on R*, will also be starshaped on R*.That is a fuzzy convex function that
passes through the origin is fuzzy starshaped.
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(b) Now let us assume X < Fr Y.
Then by the definition of FSO we have, G~/F (x,’}, x;;] ) is fuzzy starshaped in x.
That is,
Min ( min G—IF(xé)‘ min c—fF(xg’)) d
as<f<li (x’[;,) as<f<l (xg)

max  G7F(xp) max  GIFxR) | .
Max (a <B< ](X—é),a <B< ](x—g)) increases in x = 0, where €
[a, ]).
Choosing any positive values x and y in the support S of F, with x < x + y and
y < x +yand for 0 < x < x + y and since is increasing at x and y,

Min ( min  G'FGp)  min c—fF(xg’))
as<f<li (x’[;,) Tas <1 (xg)
) min ¢ IF(5)+0k min ¢ IFD+of
< Min ( prop) () l(]y,;))) ond
as<p<Il p+oP a<p<Il ap+rop

max  G7F(xp) max  G7IF(xp)
Max (aSﬁ<1 o rasp<Il &) )
max  GTF(xp+p)  max  GTIF(G+E)

< - BB i Eid R
< Max (a <B<I ahioh a<B<I a0l forallx = 0 and
B B B B

y=0.
. , min  GTIFGEH  min  ¢Fop)
Similarly, for 0 <y < x + y, Min (a <B< 1—(xtL3) ra<B< 1—(xg) )
) min  GIF((S)+(vk min ¢ F(D+@ Y
< Min ( prop) () l(]y,;))) and
a<B<I ohoh Tasp<Il ahroh

max  GFp) max  G7Fyp)
Max (aSﬁ<] oh rasp<lI ) )
< Max ( max  GTF((xp+(vp)  max G—IF((xg)+(y;{)))
= asp<Il ahroh asB<I aDH+oh
Now adding both, we have,
() Min (, JG PR+ OP) o < g 6F(E + (y;;))>

. min ol L min Ip U I U
> Min (a’S[)’<1G F(xg) +G F(yﬁ)’asﬁ<]G F(xg)+G F(yﬁ))

and
Max (o, 2 < (67 F(CH) + OP) o < g < 167 F(h) + (yﬁ)))

max max
> Max (a <p < 1GFED +CTFOR, g < p < 16T FGH + G—IF(y;;))
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(ii) Min (a Smﬁi”< SGTF(h) + 0B), Smﬁi"< JGTF((ch) + (ylg))>
> Min (a Smﬁi"< SGIFGR) + GTFOR), Smﬁi”< GTIF () +G—1F(y§))

and
Max (o 2 p < 167 F(GR) + OP) o < p < 167 F(Geh) + (y;s)))

max _ B max _ B
> Max (a <p< 1GFED+GCTIFOR, g < p< G FGR+G fF(y,g))
. min _ min _

(iii) Min (asﬁ < ;GTF() + ), e<p<iC IF((xg)+(y,§f))>
. min _ _ min _ _
> Min (a’S[)’<1G "F(xg) + G'F(yg), aSﬁ<]G "Flxg) +G IF(y/’;’))

and
max _ max _
Max (a <p<i6 "F((xg) + ), o <p<i6 TF((xeg) + (y,;J))>
>Max (20 GG + GIFGY), L e GIF(xY) +
= a<pB<I B Y8 a<p<l1 B

GTFi))

forallx = 0andy = 0.

Which implies that G~/ F (xf;, x;;’ ) is fuzzy super additive in x, where 8 € (0,1].
Hence by the definition of FSU order, X < Fsu Y.

So, X Sf* ? = X stu ?

Every non-negative function that vanishes at 0, and which are increasing
and starshaped on R*, will also be superadditive on R,

Therefore, X <tet Y=X <r. Y=X <fsu Y.
Theorem. 3.2:

Let X and Y be two non-negative FRVs with absolutely continuous fuzzy
distribution functions F and G having 0 as the left endpoint of their supports. Then,
X<t Y & Xigr Sger Ve
Proof:

Note that, X < Fet Y if and only if,

min fl§<(pfli)_1(“)) min '8 <(Fol/)_1(“))

Min as<p<lI M'asﬁszm
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# () w)

g}!((c}{)_ (u))

max J§ <(F ) (“)) max

< < — ra < <]
C=P=T (e w) =Pt

is increasing inu € [0,1], a, B € (0,1].

Max

Where f and § are the fuzzy densities associated with F and G respectively.
min min

ie., Min (a<ﬁ<] “IF(xp), a<[)’<l IF(xﬁ))and

Max(asﬁ<16 F(XB) a<ﬁ<]G_1F(x/3))

. min < (u)) min <(F ) (u))

© Min| B<1 <(Gé) (u)> <1 };’<(G,§{)_I(u))

u max JF <(Fo]Z) (u)> max 7 <(Folz] )_](u))
ax

a<p<lI ﬁ<(557) )a<ﬁ<1m

is increasing inu € [0,1], a, B € (0,1].
Now from the definition of F-TTT random variable, we know (3) & (4).
Hence from [3.1] and using the definition of F-TTT random variable it is seen that,

min (hp)f;<(HEI)§(u)) min (hmg(w;f)”(u))

< Min — T\ TSR\
asf=l (hG>L<(H51)L(u)) asp=t (”6)6<(H61) (“))
max (hF)ﬁ<(HF1) (u)> max U’F)ﬁ<(HF1) (“)>
Max —F ——— | @B €01]
<p< <p< g
asfpsl (ha)’[;<(HG_1)a(u)) esp=li (ha)§<(H51)a(u>)

is increasing in u € [0,1], Where A and A are the fuzzy density functions.
Hence from the definition of TTT transform, substituting the values above equation
becomes,

S

min (hp)ﬁ<F OnF(xé)dx) min (hp)ﬁ<F (")F(x‘ﬁ’)dx)

Min and
aspf<Ig, 5(Iy 100 Gy dx) @< B <1opy(if @eud) @)
M max (P fz< ;- (u)F(ng) dX) max @ )g< e (“)F(xg) dx) ]
ax , ,
@SB <1 opn(1S Wawh ax) =B <L upy(1F W awg) )
[a, ]).

= Xeer Sper Yeee
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We know that X, and Y be the fuzzy TTT RV, having fuzzy
distribution functions Hy and HG And 7y, I3 and h; be the fuzzy density functions
respectively. The inverse of Hp and H; of TTT transforms are also fuzzy
distribution functions.

Hence, X </, Y © Xior <gor Yier
Counter example:

Let X be a non-negative FRVs with an absolutely continuous
distribution function. Then X has a decreasing density if and only if U < Fet X,
where U is a uniform [0,1] FRV.
Theorem.3.3:

Let X and Y be two FRVs. Then,
(@) IfX < <fet Y, then X <fdmrl Y.
b IfX < <f_damri Y, then X < <f-nbue Y-
Proof:
(a) Let X and Y be two FRVs, each with the support of the form [0, a).

The equilibrium fuzzy survival functions associated with F and G as is defined by,

E(5) = Min () M0 [P ae, ) M [0 Hdr) and

0§a<IXE(xL) 0<a<IXE(x”)
max o F(t) ma o F(t)
Max (0<a’<lfx E(XL)d ’ 0<a<1fx E(Xu)d )
= (= _ g min o c;(r) min o G(t)
Ge(xﬁ) = Min (0 <a< ]fx E(YL) "0<a< fo E(Yu)dt) and
max .« G max .o GG
Max (0< a< 15 E(YL)d " 0<a< 11 E(Yu)dt) a € (01].
Now assume X <fet Y,
o min _J L min _ U
Hence, 5(xﬁ)me(aSﬁ<]G F(xg), aS[)’<1G F(xﬁ)) and
u max o max- oy
ax(asﬁ<1 Clhg<p<i )
. min  s_;r=. | min  ~_; =y
Mln(asﬁ<]G (FCh), o <5< 16 (F(xﬁ))>
and
max
Max (a Sp < 16 (FC) g < g < 167 I(F(xﬁ))>
And let,
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vp(w) = y max (Fe)é<(F—1)’;(u)) max (ﬁe)3<(r1):(u))
ax _ ¢ —\
. min _ _N\U O0<a<l -f._nL "0<a<l,-uf._\U
Min| "7 (F)L< (( ) (u))) oeme e)a<5 1((68 )a (u))) | o (cm((c )a(u>) (ce>a<(c )am))
is decreasing in u € [0,1]. where a € (0,1].
Which implies

max _ _N\L max — _ = -n\Y 1 1
Max 0<a<] (Fo)a ( ((Ge )a (u)>>’0 <a<l (F)a ( 5! <(Ge )a (u))) Mi min E(YL)IG ()G(XB) “ min E(YU)IG_I( )G(xﬁ)dx
in

and
aSﬁS ( )f 1()F(xﬁ)dx a<ﬁ<] ( )f l()F(xﬁ)dx

for all u € [0,1] where a € (0,1].

. . . 1 ara U
;EIEZ(;SG if 6 and y are differentiable, then " max @ fG_1 W G(xB) dx max m fG_ 1y OCp) dx
B BN a<B<I"T_ = rik <p<I
_ i min E(X(Z . min E(X ) i B(x L)f—l( Nl dx’ B )f G )F(xﬁ)dx
= Min a<ﬁ<]E(YL)[dx ( /3)]x 6.l )'asﬁle(YU)[dx ( )] -—l%l)‘ﬂ reasmglnue[Ol]where a,B € (01].
X <f dmrl Y
Max( max  g(xk) [i ‘I(xL)] max E(xg)[ _1( u)] ) (b) Assume, X < <f—amri Y
a<f <1 EgKL)lax B 2w @SB < TEYY) lax ~!a»y/ Then by the definition ofF DMRL
L 1 U
. min ) G ()G(xﬁ) dx min E(Yg) G (u)G(xﬁ)dx
"""""""" [3.2] Min <pB < I a<B <] T and
We assume that ¥ is convex. asp " X,&)f S Fep) ax’ a < E(Xg)f 1 FOCR) dx
Then from [3.2], ¥5 is fuzzy convex, and hence ¥} is fuzzy starshaped. ! !
That b Y g Y P is M max  B(vE) [F1@Bepax 5(vY) Jom1 0y 0CB) ax
> ax < 7 < )]
“—ﬁ<15xg)f 1 FOch) ax (X_ﬁ<1E(Xg)f Lo FOrp) dx
(Fe)é<(F‘1)L<Gé<(Ge_1)L(u)))) (Fe)fx’<(F‘1)U<Gg<(Ge_I)U(u)))> is increasing in u € [0,7], where @, 8 € (0,1].
Min|  min “ “ min “ “ Which implies that,
0<a<l u "0<a<l u : min min U
Min |, < p < JE(xL)f - Fap) dx, o o B < JE(xU)f ~100 F ) dx]
<
min min
Min -1, G (x5) dx, -1,.G(x dx]and
"k (F—1)§<Gé<(ce‘1)';(u))) (FY (F—’)Z<G&’<(Ge");'(u>)) asp <l E(YL)IG WO &g < < IE(Y”) o1 G )
max max Max | 75X f F(x5) dx mex f F(xY) dx
Maxl p<a <1 " 0<a<l u “</3<15(XL) Tl A ‘“<ﬁ<IE(X”) Tlw A
max max
. . . < Max a< ﬁ < ]E(YL) fG—l(u)G(xﬁ) dx,a, < ﬁ < IE(YU) fG—l(u)G(xB) dx]
is increasing in u € [0,1], where a € (0,1]. forallu € [01] and a,p € (0,1].
. (ﬁe)1&<(F—1)L(u)) , (ﬁe)g<(p—1)”(u)) Hence by the definition of F-NBUE order, the above inequality satisfies the
. , min a min a ..
Similarly, Min 0 B T NI <l Tl TN condition.
<as (ée>a<(c—1)u<u>) <as (c'e>3<(c-1)a(u>) = X< pue ¥
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Therefore, X <tet Y=>X <f_amri Y= X< <f_nbue Y.
4. Applications of Fuzzy convex Transform Order:

In this section, we have discussed an application related to fuzzy convex
transform order in Poisson process through an example. Using FRVS enables to
understand more uncertainness in the process. Poisson process is a widely used
stochastic process, which is a kind of counting process. Here we considered two
non-homogeneous Poisson process, M; = {M,(t),t = 0} and M, = {M,(t),t = 0}
with mean functions ®; = —log F and (D2 = —log G respectively. This example
relates to the ordering of the FRVs X and Y to the ordering of their successive epoch
times. It turns out that the FCT ordering of the first two epoch times implies the
FCT ordering of all the corresponding later epoch times.

Example 4.1:
Let X and Y be two absolutely continuous non-negative FRVs with
fuzzy survival functions, F and G respectively. Denote ®;, = —log F and ®, =

—log G, j=12. Consider two non-homogeneous Poisson process, M, =
{M,(t),t = 0} and M, = {M,(t), t = 0} with fuzzy mean functions ®, and @,
respectively. Let T; ;, T; ,,...be successive epoch times of process M;,j = 1,2
Note that X =, T;; and X =4, T, ;.

It turns out that the FCT ordering of the first two epoch times implies the FCT
ordering of all the corresponding later epoch times.

That is, if X Stet Y then Tin <fct Ton,n= 1T andV a € (0,1].

We know that {M(t),t = 0} is a non-homogeneous Poisson process
with fuzzy mean function ® (that is ® = E[M(t)], let T;, T,,... be the successive
epoch times.

To check this, we first fix for n> 1.
Let us denote F 1n and FZ,n as the fuzzy distribution functions of T, ,, and T,
respectively.
The survival F; , of T, , be,
Fin(®) = P(T), > €) = 515 @ o010 =T, 5(0), ¢ > 0,
Then the fuzzy distribution functlon be

F:],n (t) = lan(t) and

FZ,n(t) = lpnG(t)
where Y, (v) =T, (—log(I —v)),v € [0,1].
Therefore,
F‘2n I(Fln(t))

min

= Min () 7 @G aFE©), ) T (G WY (1))
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max
Max () ' < GO R, g < ;@a(GED T WuEE ()
min L\-1fL UN-1 U
=Min (0<a<1(G A OF 0<a<1(G )T E (t))
Max (0 <moc(1x< ](GL) 'EL(D), 0 <m;1x< I(GU) IFU(t)) is fuzzy convex,
where t = 0.
Hence, X <7, Ythen T, <;o Typ,n= 1 and V a € (0,1].
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