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Abstract 
 In this paper we have discussed some properties of convex transform order with other related partial orders 
using fuzzy random variables. We have introduced some new definitions, proposed the relation between the partial 
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application of fuzzy convex transform order in Poisson process.   
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1.Introduction:  
          Stochastic orders pays a way to relate the location or magnitude of 

random variables to check if one tends to take bigger values than the other. They 
also compare vectors, probability distributions rather than just comparing values 
like mean and variance (Stoyan [11]). They have been useful in reliability theory, 
economics, insurance etc. For good review, refer Shaked and Shanthikumar [10]. A 
Fuzzy Mathematics which was introduced by Zadeh [14] which is a concept of 
fuzzy sets, offers a mathematical framework for modeling and analyzing systems 
characterized by vagueness and uncertainity in a way that crisp mathematics fails.  

         Here we are going to study about convex transform order of fuzzy 
random variables. Van Zwet [12] introduced the convex transform order between 
two distribution functions F and G.  Among the various stochastic orders, convex 
transform order (CTO) is widely used for analyzing variability and aging 
phenomena or tail behaviorism by analyzing whether one distribution’s can be 
showed as convex transformation of other’s. This partial order is useful in the 
reliability engineering, risk management and actuarial science. Along with CTO, 
we study some related orders like star, super additive, TTT transform, decreasing 
mean residual life order using FRVs. We have shown how they are related to CTO 
other using fuzzy logic.  

X7 ≤$%& Y7           ⇒				X7 ≤$∗ Y7 									⇒ 		X7 ≤$'( Y7 
      ⇓ 
X7 ≤$)*+,- Y7  ⇒				X7 ≤$)./(0 Y7 

  The concept of fuzzy random variable (FRV) was introduced by 
Kwakernaak and Puri [4], [5] and Ralscue [7]. A fuzzy random variable is a 
measurable function from a probability space to a collection of fuzzy sets. It is 
viewed as the imprecise observation of the outcomes in a random experiment. In 
some practical problems, data is often incomplete. To solve this, we have the 
extention concept as fuzzy framework. This is more applicable in imprecise 
conditions. 

 In section 2 we have given some preliminaries related to this paper, in 
section 3, we discussed the relation of the fuzzy convex transform orderings to the 
other partial orders and given a counter example and in section 4 we have discussed 
application of CTO using FRVs in Poisson process through an example. 
2. Preliminaries: 
Definition 2.1: Fuzzy set  
 We consider X be the universal set. Then a fuzzy set 𝐴< = {(𝑥, 𝜇1(𝑥))/	𝑥 ∈
𝑋} is defined by its membership function 𝜇1: 𝑋 → [0,1].   
Definition 2.2: 𝜶 −	cut of a fuzzy set  

 For each 0 ≤ 𝛼 ≤ 1, the 𝛼 −	cut of a fuzzy set 𝐴< is denoted by 𝐴<2 =
{	𝑥 ∈ 𝑋;	𝜇13(𝑥) ≥ 𝛼} 
Definition 2.3: Fuzzy random variable (FRV) 
 X7(𝜔) is a fuzzy random variable if and only if X72(𝜔) = PX72

4 (𝜔), 𝑋25(𝜔)Q 

where X72
4 (𝜔)	and	𝑋25(𝜔) are both random variables for each 𝛼 ∈ [0,1] and 𝑋 =

⋃ 𝛼2∈[0,1] X7	2(𝜔).  
Definition 2.4: Uniform FRV 
  X7 (𝜔) is a uniform [0,1] FRV if and only if X752(𝜔) = PX752

4 (𝜔),X752
5(𝜔)Q 

where X752
4 (𝜔)	and	X752

5(𝜔) are both random variables for each 𝛼 ∈ [0,1] and X7 =
⋃ 𝛼2∈[0,1] X75!(𝜔). 
Definition 2.5:	𝜶 −	cut of the distribution function F of Fuzzy random variable 
 The 𝛼 −	cut of the distribution function F of Fuzzy random variable 𝑋S is 
defined by  

𝐷2 = 

U𝑀𝑖𝑛	 X 𝑚𝑖𝑛𝛼 ≤ 𝛽𝐹(𝑥:
4), 𝑚𝑖𝑛𝛼 ≤ 𝛽𝐹(𝑥:

5)[ ,𝑀𝑎𝑥	 \
𝑚𝑎𝑥
𝛼 ≤ 𝛽𝐹(𝑥:

4),
𝑚𝑎𝑥
𝛼 ≤ 𝛽𝐹(𝑥:

5)]Q 
Definition 2.6: Convex transform order (CTO) 
 Suppose that the support of X is an interval. We can tell that X is lesser 
than or equal to Y in the CT order represented as, 𝑋 ≤%& 𝑌, if 𝐺)1𝐹	(𝑥) is convex 
in x on the support of F. 
Definition 2.7: Condition satisfying convex transform order (CT) 
We can tell that X is lesser than or equal to Y in the CT order represented as, 

𝑋 ≤%& 𝑌 if and only if,  
$	<="1(()@

A	<B"1(()@
 is increasing in u	∈ [0,1]. 

Where f and g are the densities associated with F and G respectively. 
Definition 2.8: Star shaped order (𝐒𝐒O) 

A function 𝜙a : [0,∞) → (0,∞] which satisfies 𝜙a (0) = 0, is called 
starshaped if C

D (E)
E

 is increasing in 𝑥 on (0,∞).i.e., /
∞
= 0	𝑓𝑜𝑟	𝑏 > 0. It can be noted 

that such type of function is increasing. Also note that every increasing convex 
function 𝜙a  on [0,∞), such that 𝜙a (0) = 0, is starshaped. 
Let X and Y be two random variables. We can tell that X is lesser than or equal to 
Y in the SS order as represented as 𝑋 ≤'' 𝑌, then 𝐸[𝜙a (𝑥)] ≤ 𝐸[𝜙a (𝑦)], for all 
starshaped functions 𝜙a : 𝑅 → 𝑅. 
Definition 2.9: Star order (∗) 
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 Suppose that the support of X is an interval. We can tell that X is lesser 
than or equal to Y in the Star order represented as, 𝑋 ≤∗ 𝑌, if 𝐺)1𝐹	(𝑥) is starshaped 
in 𝑥. 
i.e., if			B

"1=	(E)
E

	increases in 𝑥 ≥ 0. 
Definition 2.10: Super additive order (SUO) 
 Suppose that the support of X is an interval. We can tell that X is lesser 
than or equal to Y in the SU order as represented as,  𝑋 ≤'( 𝑌, if 𝐺)1𝐹	(𝑥) is super 
additive in  𝑥. 
i.e., if		𝐺)1𝐹	(𝑥 + 𝑦) ≥ 𝐺)1𝐹	(𝑥) + 𝐺)1𝐹	(𝑦)   for all 𝑥 ≥ 0 and 𝑦 ≥ 0. 
Definition 2.11: TTT (Total Time on Test) transform  
 Let X and Y be considered as positive random variables which has the 
distribution functions F and G, suppose 0 is the left endpoint of the support of F. 
The (TTT) Total time on test, transform can be defined for F and G as 
       𝐻="1(𝑢) = ∫ 𝐹o(𝑥)	𝑑𝑥, 0 ≤ 𝑢 ≤ 1="1(()

0   

    𝐻B)1(𝑢) = ∫ 𝐺̅(𝑥)	𝑑𝑥, 0 ≤ 𝑢 ≤ 1B"1(()
0       

where  𝐹o = 1− 𝐹, 𝐺̅ = 1− 𝐺 the survival functions connected with F and G. The 
inverse, 𝐻= and 𝐻B of the TTT transform is a distribution function. 
Definition 2.12: TTT (Total Time on Test) Random variable 

Let X and Y be considered as positive random variables which has the 
distribution functions F and G, suppose 0 is the left endpoint of the support of F. 

If X and Y has the distribution function F and G, then 𝑋&&& and 𝑌&&& is called 
the observed total time on test random variable that has the distributions 𝐻= 	𝑎𝑛𝑑	𝐻B 
respectively  
The density function ℎ= of the inverse of the TTT transform 𝐻= 	that is connected 
with F satisfies 

 ℎ= \𝐻=)1(𝑢)] =
f	<F"1(u)@

1)u
 , 0 ≤ 𝑢 ≤ 1                                                        

where f is the density function associated with F. Similarly, then the density ℎB, of 
the inverse of the TTT transform 𝐻B that is associated with G satisfies 

ℎB \𝐻B)1(𝑢)] =
g	<G"1(u)@

1)u
 , 0 ≤ 𝑢 ≤ 1                                                       

where g is the density function associated with G. 
Definition 2.13: DMRL (Decreasing Mean Residual Life) order 
 We can tell that X is lesser than or equal to Y in the NBUE order as 
represented as, 𝑋 ≤*+,- 𝑌	if 
-<B"1(()@

+<="1(()@
	 is increasing in u	∈ [0,1].       

Note: 
It is same as the condition, 
1
EY 	∫ GG(x)	dx∞

G"1(u)
1
EX 	∫ FH(x)	dx∞

F"1(u)

  is increasing in u	∈ [0,1].                                                   

Definition 2.14: NBUE (New Better than Used in Expectation) order 
We can tell that X is lesser than or equal to Y in the NBUE order as 

represented as, 𝑋 ≤./(0 𝑌	if 

 
+<="1(()@

-<B"1(()@
≤ IJ

IK
  for all u	∈ [0,1]. 

It is same as the condition,  
 1

EX
	∫ Fo(x)	dx∞
F"1(u)  ≤ 1

EY
	∫ Gr(x)	dx∞
G"1(u)    for all u	∈ [0,1].  

Definition 2.15: Fuzzy stochastic order 
 If 𝑋S and Y7  be FRV with fuzzy cumulative distribution functions 𝐹	7  and 𝐺S 
respectively. 
Then, X7 ≤$'& Y7 if and only if 

 𝑀𝑖𝑛	 \ 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1𝐹2

4(𝑡), 	 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1𝐹2

5(𝑡)] ≥

𝑀𝑖𝑛	 \ 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1𝐺2

4(𝑡), 	 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1𝐺2

5(𝑡)] 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1𝐹2
4(𝑡), 𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1𝐹2
5(𝑡)] ≥

𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛼 ≤ 1𝐺2
4(𝑡), 𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1𝐺2
5(𝑡)] 

for all t and ∀	𝛼 ∈ (0,1]. 
Definition 2.16: Fuzzy Convex transform order for uniform FRV 

 We can tell that X7 is lesser than or equal to Y7  in the FCT order 
represented as, 𝑈7 ≤$%& X7  if, 

 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹5(𝑥:4), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹5(𝑥:5)[ and 

		𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹5(𝑥:4),

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹5(𝑥:5)], where	𝛽 ∈ [𝛼, 1). 
is fuzzy convex on support of X7. 
Definition 2.17: Fuzzy convex transform order (FCT) 

We can tell that X7  is lesser than or equal to Y7 in the FCT order represented 
as, X7 ≤$%& Y7 if 

 	𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5)[ and 
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		𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4),

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)] is fuzzy convex on support of 
X,  
 where	β ∈ [α, 1). 
Definition 2.18: Condition satisfying Fuzzy convex transform order (FCT) 

We can tell that X7  is lesser than or equal to Y7 in the FCT order represented 
as, X7 ≤$%& Y7 if and only if, 

      𝑀𝑖𝑛w 𝑚𝑖𝑛
0 < 𝛼 ≤ 1 	

$	LM="1N!
%(()O

A	LMB"1N!
% (()O

, 𝑚𝑖𝑛
0 < 𝛼 ≤ 1

$		LM="1N!
&(()O

ALMB"1N!
&(()O

x 

        𝑀𝑎𝑥w
𝑚𝑎𝑥

0 < 𝛼 ≤ 1 	
$	LM="1N!

% (()O

A	LMB"1N!
%(()O

, 𝑚𝑎𝑥
0 < 𝛼 ≤ 1

$		LM="1N!
&(()O

ALMB"1N!
&(()O

x 

 is increasing in u	∈ [0,1]. 
Where f and g are the fuzzy densities associated with F and G respectively. 
Definition 2.19: Fuzzy Star order (F∗) 

 Suppose that the support of X7  is an interval. We can tell that X7  is 
lesser than or equal to Y7  in the FS order as represented as, X7 ≤𝒇∗ Y7  if, 

𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
%)

(E'
%)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
&)

(E'
&)

[ and  

 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

%)

(E'
%)

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

&)

(E'
&)

[ 

increases in 𝑥 ≥ 0, 𝑤ℎ𝑒𝑟𝑒	𝛽 ∈ [𝛼, 1).  
Definition 2.20: Fuzzy Super additive order (FSUO) 

We can tell that X7 is lesser than or equal to Y7 in the FSU order as 
represented as, X7 ≤'( Y7 if  
Case (i)  

 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:4) + (𝑦:4)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5)[ 

and 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:4) + (𝑦:4)|, 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5)] 
Case (ii)  

 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:4) + (𝑦:4)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:4) + (𝑦:4)|} 

 ≥ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4)[ 

and 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:4) + (𝑦:4)|, 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:4) + (𝑦:4)|} 

 ≥ 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4)] 
Case (iii)  

 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:5) + (𝑦:5)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5)[ 

and 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:5) + (𝑦:5)|, 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5), 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5) +

𝐺)1𝐹(𝑦:5)] 
for	all 𝑥 ≥ 0 and 𝑦 ≥ 0, where 𝛽 ∈ (0,1]. 
Definition 2.21: Fuzzy TTT (Total Time on Test) transform  

The fuzzy Total time on test (TTT) transform connected with 𝐹	7  is defined 
by 
     𝐻="12~ (𝑢) =

𝑀𝑖𝑛	 U 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1∫ 𝐹o(𝑥:4)	𝑑𝑥

="1(()
0 , 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1∫ 𝐹o(𝑥:5)	𝑑𝑥
="1(()
0 	�and 

           
𝑀𝑎𝑥	 P

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1∫ 𝐹o(𝑥:4)	𝑑𝑥

="1(()
0 ,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1∫ 𝐹o(𝑥:5)		𝑑𝑥

="1(()
0 	Q  

where	0 ≤ 𝑢 ≤ 1, 𝛽 ∈ [𝛼, 1]. 
where  𝐹o = 1− 𝐹, the fuzzy survival function associated with 𝐹	7 . 
The fuzzy Total time on test (TTT) transform associated with G is defined y 
𝐻B"1:~ (𝑢) = 𝑀𝑖𝑛	 U 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1∫ 𝐺̅(𝑥:4)	𝑑𝑥
B"1(()
0 , 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1∫ 𝐺̅(𝑥:5)	𝑑𝑥
B"1(()
0 	� 

and      
       𝑀𝑎𝑥	 P

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1∫ 𝐺̅(𝑥:4)	𝑑𝑥

B"1(()
0 ,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1∫ 𝐺̅(𝑥:5)		𝑑𝑥

B"1(()
0 	Q 

 For all	0 ≤ 𝑢 ≤ 1, 𝛽 ∈ [𝛼, 1). 
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where  𝐺̅ = 1− 𝐺, the fuzzy survival function connected with 𝐺S, where 𝛽 ∈ (0,1]. 
Definition 2.22: F-TTT (Total Time on Test) Random variable 

Let X7&&&	and 𝑌&&&	be the fuzzy TTT RV, having fuzzy distribution functions 
𝐻=�	𝑎𝑛𝑑	𝐻B� . And ℎ=� and ℎB� be the fuzzy density functions respectively. The inverse 
of 𝐻=�	𝑎𝑛𝑑	𝐻B	� 	of TTT transforms are also fuzzy distribution functions. 
The density function ℎ=� and ℎB� of the inverse of the F-TTT transform 𝐻=�	𝑎𝑛𝑑	𝐻B�  
that is connected with F satisfies 

ℎ=�: X(𝐻=
)1)2~ (𝑢)[=𝑀𝑖𝑛w 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1 		
$'
%	LM=!%N

"1(()O

1)u
, 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

$'
&		LM=!&N

"1(()O

1)u
x 

                               𝑀𝑎𝑥w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1 	
$'
%	LM=!%N

"1(()O

1)u
,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1

$'
&		LM=!&N

"1(()O

1)u
x 

      

ℎB�: X(𝐻B
)1)2~ (𝑢)[=𝑀𝑖𝑛w 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1 		
A'
% 	LMB!%N

"1(()O

1)u
, 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

A'
&		LMB!&N

"1(()O

1)u
x 

          𝑀𝑎𝑥w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1 	
A'
% 	LMB!%N

"1(()O

1)u
,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1

A'
&		LMB!&N

"1(()O

1)u
x,where 𝛼, 𝛽 ∈

(0,1].      
Definition 2.23 Fuzzy DMRL (Decreasing Mean Residual Life) order 

We can tell that X7  is lesser than or equal to Y7  in the F-DMRL order as 
represented as,  X7 ≤$)*+,- Y7,	if 

    

Min	 w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

1
()Y!

%*
∫ GG∞
G"1(u)

(E'
%)	*E

1
()X!

%*
∫ =H(E'

%)	*E∞
F"1(u)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

1
()Y!

&*
∫ GG∞
G"1(u)

(E'
&)	*E

1
()X!

&*
∫ =H(E'

&)	*E∞
F"1(u)

x			and  

Max w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1

1
()Y!

%*
∫ GG∞
G"1(u)

(E'
%)	*E

1
()X!

%*
∫ =H(E'

%)	*E∞
F"1(u)

, 	
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1

1
()Y!

&*
∫ GG∞
G"1(u)

(E'
&)	*E

1
()X!

&*
∫ =H(E'

&)	*E∞
F"1(u)

x  

is increasing in u	∈ [0,1], where	𝛼, 𝛽 ∈ (0,1]                                                                                                                                                                                                                                 
Definition 2.24: Fuzzy New Better than Used in Expectation (FNBUE) order 

We can tell that X7  is lesser than or equal to Y7 in the F-NBUE order as 
represented as, X7 ≤$)./(0 Y7,	if 

    𝑀𝑖𝑛	 U 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

1
IMX!%N

∫ 𝐹o(𝑥:4)	𝑑𝑥
∞
F"1(u) , 𝑚𝑖𝑛

𝛼 ≤ 𝛽 ≤ 1
1

IMX!&N
∫ 𝐹o(𝑥:5)	𝑑𝑥
∞
F"1(u) 	� 

≤
𝑀𝑖𝑛	 U 𝑚𝑖𝑛

𝛼 ≤ 𝛽 ≤ 1
1

IMY!%N
∫ Gr∞
G"1(u) (𝑥:4)	𝑑𝑥,

𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

1
IMY!&N

∫ Gr∞
G"1(u) (𝑥:5)	𝑑𝑥	�and      

 𝑀𝑎𝑥	 U
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1
1

IMX!% N
∫ 𝐹o(𝑥:4)	𝑑𝑥
∞
F"1(u) ,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 ≤ 1

1
IMX!&N

∫ 𝐹o(𝑥:5)	𝑑𝑥
∞
F"1(u) 	�      

 ≤ 𝑀𝑎𝑥	 U
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1
1

IMY!%N
∫ Gr∞
G"1(u) (𝑥:4)	𝑑𝑥,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 ≤ 1

1
IMY!&N

∫ Gr∞
G"1(u) (𝑥:5)	𝑑𝑥	� 

 for	all	u ∈ 	 [0,1]	𝑎𝑛𝑑	𝛼, 𝛽 ∈ (0,1]. 
3. Properties of Fuzzy convex transform order with some related orders:  
Theorem. 3.1: 
  Let X7 and Y7 be two FRVs with fuzzy distribution functions 𝐹	7  and 𝐺S  
respectively. Suppose that the support of X is an interval, we have 

(a) If X7 ≤$%& Y7 , then X7 ≤$∗ Y7  
(b) 𝐼𝑓	X7 ≤$∗ Y7, 𝑡ℎ𝑒𝑛	X7 ≤$'( Y7	 

Proof: 
Now let us assume X7 ≤$%& Y7 . 
Then by the definition of FCTO we have, 
𝜙a {𝑥:�| = 𝑀𝑖𝑛	 X 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4), 	

𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)[ and 

        𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4),

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)]         
is fuzzy convex on the support of F. 
Every increasing convex function 𝜙a  on 𝑅Qthat passes through the origin is 

starshaped. (𝜙a (0) = 0) 
So, if the fuzzy convex function, 𝐺)1𝐹(𝑥:4 , 𝑥:5) increases in 𝑥 ≥ 0,  
In FCTO condition, multiplying by 1

E
, for 𝑥 ≥ 0, 

⇒ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
%)

(E'
%)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
&)

(E'
&)

[ 	𝑎𝑛𝑑 

 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

%)

(E'
%)

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

&)

(E'
&)

[ increases in 𝑥 ≥ 0.  

Which implies, 𝐺)1𝐹(𝑥:4 , 𝑥:5) is fuzzy starshaped in 𝑥,where	𝛽 ∈ [𝛼, 1).  
Hence by the definition of FSO, 𝑋 ≤$∗ 𝑌. 
So, 𝑋 ≤$%& 𝑌 ⇒ 𝑋 ≤$∗ 𝑌  
 Every non-negative function that vanishes at 0, and which are increasing and 
convex on 𝑅Q, will also be starshaped on 𝑅Q.That is a fuzzy convex function that 
passes through the origin is fuzzy starshaped. 
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(b) Now let us assume X7 ≤$∗ Y7. 
Then by the definition of FSO we have, 𝐺)1𝐹(𝑥:4 , 𝑥:5) is fuzzy starshaped in 𝑥. 
That is,  

 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
%)

(E'
%)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
&)

(E'
&)

[ 	𝑎𝑛𝑑 

 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

%)

(E'
%)

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

&)

(E'
&)

[ increases in 𝑥 ≥ 0, 𝑤ℎ𝑒𝑟𝑒	𝛽 ∈

[𝛼, 1).  
Choosing any positive values 𝑥	and	𝑦 in the support 𝑆= of F, with 𝑥 < 𝑥 + 𝑦 and 
y	< 𝑥 + 𝑦	and for 0 < 𝑥 < 𝑥 + 𝑦 and since is increasing at 𝑥 and y,  

 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
%)

(E'
%)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(E'
&)

(E'
&)

[ 

≤ 	𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=((E'
%)Q(R'

%))

(E'
%)Q(R'

%)
, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=((E'
&)Q(R'

&))

(E'
&)Q(R'

&)
[ and 

 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

%)

(E'
%)

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(E'

&)

(E'
&)

[ 

≤ 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=((E'

%)Q(R'
%))

(E'
%)Q(R'

%)
,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1

B"1=((E'
&)Q(R'

&))

(E'
&)Q(R'

&)
[ for	all	𝑥 ≥ 0 and 

𝑦 ≥ 0. 

Similarly, for 0 < 𝑦 < 𝑥 + 𝑦, 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(R'
%)

(E'
%)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=(R'
&)

(E'
&)

[ 

≤ 	𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=((E'
%)Q(R'

%))

(E'
%)Q(R'

%)
, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

B"1=((E'
&)Q(R'

&))

(E'
&)Q(R'

&)
[ and 

 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(R'

%)

(E'
%)

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=(R'

&)

(E'
&)

[ 

 ≤ 𝑀𝑎𝑥	 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
B"1=((E'

%)Q(R'
%))

(E'
%)Q(R'

%)
,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1

B"1=((E'
&)Q(R'

&))

(E'
&)Q(R'

&)
[ 

Now adding both, we have, 

(i) 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:4) + (𝑦:4)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5)[ 

and 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:4) + (𝑦:4)|, 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5)] 

(ii) 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:4) + (𝑦:4)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:4) + (𝑦:4)|} 

 ≥ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4)[ 

and 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:4) + (𝑦:4)|, 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:4) + (𝑦:4)|} 

 ≥ 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4), 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:4) + 𝐺)1𝐹(𝑦:4)] 

(iii) 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:5) + (𝑦:5)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5), 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5)[ 

and 

 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹{(𝑥:5) + (𝑦:5)|, 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹{(𝑥:5) + (𝑦:5)|} 

 ≥ 𝑀𝑎𝑥	 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:5) + 𝐺)1𝐹(𝑦:5), 	

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5) +

𝐺)1𝐹(𝑦:5)] 
 for	all	𝑥 ≥ 0 and 𝑦 ≥ 0. 
Which implies that 𝐺)1𝐹(𝑥:4 , 𝑥:5) is fuzzy super additive in 𝑥,where	𝛽 ∈ (0,1]. 
Hence by the definition of FSU order, X7 ≤$'( Y7. 
So, X7 ≤$∗ Y7 ⇒ X7 ≤$'( Y7. 

Every non-negative function that vanishes at 0, and which are increasing 
and starshaped on 𝑅Q, will also be superadditive on 𝑅Q, 
Therefore, X7 ≤$%& Y7  ⇒ X7 ≤$∗ Y7 ⇒ X7 ≤$'( Y7. 
Theorem. 3.2:   

Let X7  and Y7 be two non-negative FRVs with absolutely continuous fuzzy 
distribution functions 𝐹	7  and 𝐺S  having 0 as the left endpoint of their supports. Then, 
X7 ≤$%& Y7 ⟺	X7&&& ≤$%& 𝑌&&& 
Proof:   
Note that, X7 ≤$%& Y7 if and only if, 

 𝑀𝑖𝑛w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1 		

$'
%	LM=!%N

"1(()O

A'
% 	LMB!%N

"1(()O
, 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

$'
&		LM=!&N

"1(()O

A'
&LMB!&N

"1
(()O

x 
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       𝑀𝑎𝑥w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1 	
$'
%	LM=!%N

"1(()O

A'
% 	LMB!%N

"1(()O
,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 ≤ 1

$'
&		LM=!&N

"1(()O

A'
&LMB!&N

"1
(()O

x 

 is increasing in u	∈ [0,1], 𝛼, 𝛽 ∈ (0,1].    ------------
------[3.1] 
Where 𝑓< and 𝑔� are the fuzzy densities associated with 𝐹	7  and 𝐺S	respectively. 
i.e., 𝑀𝑖𝑛	 X 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4), 	

𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)[ and 

       	𝑀𝑎𝑥 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4),

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)] 

 ⟺𝑀𝑖𝑛w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1 		

$'
%	LM=!%N

"1(()O

A'
% 	LMB!%N

"1(()O
, 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

$'
&		LM=!&N

"1(()O

A'
&LMB!&N

"1
(()O

x 

       𝑀𝑎𝑥w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1 	
$'
%	LM=!%N

"1(()O

A'
% 	LMB!%N

"1(()O
,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 ≤ 1

$'
&		LM=!&N

"1(()O

A'
&LMB!&N

"1
(()O

x  

is increasing in u	∈ [0,1], 𝛼, 𝛽 ∈ (0,1]. 
Now from the definition of F-TTT random variable, we know (3) & (4). 
Hence from [3.1] and using the definition of F-TTT random variable it is seen that, 

 ⟺𝑀𝑖𝑛w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1 	

(ℎ+)'
%LMS+

"1N!
%
(()O

(ℎ,)'
%LMS,

"1N!
%
(()O

, 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1 	

(ℎ+)'
&LMS+

"1N!
&
(()O

(ℎ,)'
&LMS,

"1N!
&
(()O

x 

       𝑀𝑎𝑥w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1 	
(ℎ+)'

%LMS+
"1N!

%
(()O

(ℎ,)'
%LMS,

"1N!
%
(()O

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1
(ℎ+)'

&LMS+
"1N!

&
(()O

(ℎ,)'
&LMS,

"1N!
&
(()O

x, 𝛼, 𝛽 ∈ (0,1]. 

 is increasing in u	∈ [0,1], Where ℎ= and ℎB are the fuzzy density functions. 
Hence from the definition of TTT transform, substituting the values above equation 
becomes, 

⟺

Min	 w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

(ℎ+)'
%L∫ =H(E'

%)	*E+"1(-)
0 O

(ℎ,)'
% T∫ B̅(E'

%)	*E,"1(-)
0 V

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

(ℎ+)'
&L∫ =H(E'

&)	*E+"1(-)
0 O

(ℎ,)'
&T∫ B̅(E'

&)	*E,"1(-)
0 V

x	and  

Max w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
(ℎ+)'

%L∫ =H(E'
%)	*E+"1(-)

0 O

(ℎ,)'
% T∫ B̅(E'

%)	*E,"1(-)
0 V

, 	
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
(ℎ+)'

&L∫ =H(E'
&)	*E+"1(-)

0 O

(ℎ,)'
&T∫ B̅(E'

&)	*E,"1(-)
0 V

x, 	𝛽 ∈

[𝛼, 1). 
⇒ X7&&& ≤$%& Y7&&& 

We know that X7&&&	and 𝑌&&&	be the fuzzy TTT RV, having fuzzy 
distribution functions 𝐻=�	𝑎𝑛𝑑	𝐻B� . And ℎ=� and ℎB� be the fuzzy density functions 
respectively. The inverse of 𝐻=�	𝑎𝑛𝑑	𝐻B	� 	of TTT transforms are also fuzzy 
distribution functions. 
Hence, X7 ≤$%& Y7 ⟺	X7&&& ≤$%& Y7&&&.  
Counter example: 
 Let X7 be a non-negative FRVs with an absolutely continuous 
distribution function. Then X7 has a decreasing density if and only if 𝑈7 ≤$%& X7, 
where 𝑈7 is a uniform [0,1] FRV.  
Theorem.3.3: 
 Let X7  and Y be two FRVs. Then, 
(a) If X7 ≤$%& Y7, then X7 ≤$*+,- Y7. 
(b) If X7 ≤$)*+,- Y7, then	X7 ≤$)./(0 Y7. 
Proof:  
          (a)  Let X7  and Y7 be two FRVs, each with the support of the form [0, a).  
 The equilibrium fuzzy survival functions associated with 𝐹	7  and 𝐺S as is defined by, 
𝐹o0{𝑥:�| = 	𝑀𝑖𝑛	 X 𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1∫
=H(&)
IMX!% N

∞
E 𝑑𝑡	, 	 𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1∫
=H(&)
IMX!&N

∞
E 𝑑𝑡[ and 

  𝑀𝑎𝑥	 X 𝑚𝑎𝑥
0 ≤ 𝛼 ≤ 1∫

=H(&)
IMX!% N

∞
E 𝑑𝑡	, 	 𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1∫
=H(&)
IMX!&N

∞
E 𝑑𝑡[ 

𝐺̅0{𝑥:�| = 𝑀𝑖𝑛	 X 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1∫

B̅(&)
IMY!%N

∞
E 𝑑𝑡	, 	 𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1∫
B̅(&)
IMY!&N

∞
E 𝑑𝑡[ and    

                       𝑀𝑎𝑥	 X 𝑚𝑎𝑥
0 ≤ 𝛼 ≤ 1∫

B̅(&)
IMY!%N

∞
E 𝑑𝑡	, 	 𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1∫
B̅(&)
IMY!&N

∞
E 𝑑𝑡[ , 𝛼 ∈ (0,1]. 

Now assume X7 ≤$%& Y7, 

Hence,  𝛿{𝑥:�|=	𝑀𝑖𝑛 X
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4), 	

𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)[ and        

																																				𝑀𝑎𝑥 \
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺
)1𝐹(𝑥:4),

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1𝐹(𝑥:5)] 

        = 𝑀𝑖𝑛 X 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1𝐺̅

)1{𝐹o(𝑥:4)|, 	
𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1𝐺̅
)1{𝐹o(𝑥:5)|} 

and        

																																					𝑀𝑎𝑥 �
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1𝐺̅
)1{𝐹o(𝑥:4)|,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1𝐺

)1{𝐹o(𝑥:5)|} 

And let, 
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𝛾:�(𝑢) ≡

𝑀𝑖𝑛w 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1	(𝐹

o0)24 �	𝛿)1 �\𝐺̅0
)1]

2

4
(𝑢)}� , 𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1	(𝐹
o0)25 �	𝛿)1 �\𝐺̅0

)1]
2

5
(𝑢)}�x                                   

            

𝑀𝑎𝑥w
𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1	(𝐹o0)2
4 �	𝛿)1 �\𝐺̅0

)1]
2

4
(𝑢)}� ,

𝑚𝑎𝑥
0 ≤ 𝛼 ≤ 1	(𝐹o0)2

5 �	𝛿)1 �\𝐺̅0
)1]

2

5
(𝑢)}�x 

for	all 𝑢 ∈ [0,1]	𝑤ℎ𝑒𝑟𝑒	𝛼 ∈ (0,1]. 
Suppose if δ	and	γ are differentiable, then  
𝛾:,�(𝑢)

≡ 𝑀𝑖𝑛 � 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1 	

𝐸{X2
4 |

𝐸{Y2
4 |
U
𝑑
𝑑𝑥 	𝛿

)1{𝑥:4|�
EWB̅.

"1(()
, 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

𝐸{X2
5|

𝐸{Y2
5|
U
𝑑
𝑑𝑥 	𝛿

)1{𝑥:5|�
EWB̅.

"1(()
} 

              

𝑀𝑎𝑥 X
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1 	
IMX!%N
IMY!%N

P *
*E
	𝛿)1{𝑥:4|QEWB̅."1(()

,
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1
IMX!&N
IMY!&N

P *
*E
	𝛿)1{𝑥:5|QEWB̅."1(()

[ 

         --
----------------[3.2] 
We assume that 𝛾:� is convex. 
Then from [3.2], 𝛾:� is fuzzy convex, and hence 𝛾:� is fuzzy starshaped. 
That is, 
           

𝑀𝑖𝑛

⎝

⎜
⎛ 𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1 	
(=H.)!%XM="1N!

%
YB!%LMB."1N!

%
(()OZ[

(
, 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1

(=H.)!&XM="1N!
&
YB!&LMB."1N!

&
(()OZ[

(

⎠

⎟
⎞

 

 

𝑀𝑎𝑥

⎝

⎜
⎛ 𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1 	
(=H.)!%XM="1N!

%
YB!%LMB."1N!

%
(()OZ[

(
, 𝑚𝑎𝑥
0 ≤ 𝛼 ≤ 1 	

(=H.)!&XM="1N!
&
YB!&LMB."1N!

&
(()OZ[

(

⎠

⎟
⎞

 

     is increasing in 𝑢 ∈ [0,1], 𝑤ℎ𝑒𝑟𝑒	𝛼 ∈ (0,1].  

Similarly, 𝑀𝑖𝑛w 𝑚𝑖𝑛
0 < 𝛼 ≤ 1 	

(=H.)!%LM="1N!
% (()O

(B̅.)!%LMB"1N!
%(()O

, 𝑚𝑖𝑛
0 < 𝛼 ≤ 1

(=H.)!&LM="1N!
&(()O

(B̅.)!&LMB"1N!
&(()O

x 

                 𝑀𝑎𝑥w
𝑚𝑎𝑥

0 < 𝛼 ≤ 1
(=H.)!%LM="1N!

% (()O

(B̅.)!%LMB"1N!
% (()O

, 𝑚𝑎𝑥
0 < 𝛼 ≤ 1

(=H.)!&LM="1N!
&(()O

(B̅.)!&LMB"1N!
&(()O

x 

is decreasing in 𝑢 ∈ [0,1]. 𝑤ℎ𝑒𝑟𝑒	𝛼 ∈ (0,1]. 
Which implies 

    

Min	 w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

1
()Y!

%*
∫ GG∞
G"1(u)

(E'
%)	*E

1
()X!

%*
∫ =H(E'

%)	*E∞
F"1(u)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 ≤ 1

1
()Y!

&*
∫ GG∞
G"1(u)

(E'
&)	*E

1
()X!

&*
∫ =H(E'

&)	*E∞
F"1(u)

x			and  

Max w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1

1
()Y!

%*
∫ GG∞
G"1(u)

(E'
%)	*E

1
()X!

%*
∫ =H(E'

%)	*E∞
F"1(u)

, 	
𝑚𝑎𝑥

𝛼 ≤ 𝛽 ≤ 1

1
()Y!

&*
∫ GG∞
G"1(u)

(E'
&)	*E

1
()X!

&*
∫ =H(E'

&)	*E∞
F"1(u)

x  

is increasing in 𝑢 ∈ [0,1],where  𝛼, 𝛽 ∈ (0,1].                                                                                                                 
⇒ X7 ≤$)*+,- Y7.  

(b)   Assume, X7 ≤$)*+,- Y7  
Then by the definition of F-DMRL, 

       Min	 w 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

1
()Y!

%*
∫ GG∞
G"1(u)

(E'
%)	*E

1
()X!

%*
∫ =H(E'

%)	*E∞
F"1(u)

, 	 𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

1
()Y!

&*
∫ GG∞
G"1(u)

(E'
&)	*E

1
()X!

&*
∫ =H(E'

&)	*E∞
F"1(u)

x			and  

       Max w
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1

1
()Y!

%*
∫ GG∞
G"1(u)

(E'
%)	*E

1
()X!

%*
∫ =H(E'

%)	*E∞
F"1(u)

, 	
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1

1
()Y!

&*
∫ GG∞
G"1(u)

(E'
&)	*E

1
()X!

&*
∫ =H(E'

&)	*E∞
F"1(u)

x  

 is increasing in u	∈ [0,1], where  𝛼, 𝛽 ∈ (0,1].   
Which implies that, 
 𝑀𝑖𝑛	 U 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1
1

IMX!% N
∫ 𝐹o(𝑥:4)	𝑑𝑥
∞
F"1(u) , 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1
1

IMX!&N
∫ 𝐹o(𝑥:5)	𝑑𝑥
∞
F"1(u) 	� 

  ≤
𝑀𝑖𝑛	 U 𝑚𝑖𝑛

𝛼 ≤ 𝛽 < 1
1

IMY!%N
∫ Gr∞
G"1(u) (𝑥:4)	𝑑𝑥,

𝑚𝑖𝑛
𝛼 ≤ 𝛽 < 1

1
IMY!&N

∫ Gr∞
G"1(u) (𝑥:5)	𝑑𝑥	�and      

 𝑀𝑎𝑥	 U
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
1

IMX!% N
∫ 𝐹o(𝑥:4)	𝑑𝑥
∞
F"1(u) ,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1

1
IMX!&N

∫ 𝐹o(𝑥:5)	𝑑𝑥
∞
F"1(u) 	�      

 ≤ 𝑀𝑎𝑥	 U
𝑚𝑎𝑥

𝛼 ≤ 𝛽 < 1
1

IMY!%N
∫ Gr∞
G"1(u) (𝑥:4)	𝑑𝑥,

𝑚𝑎𝑥
𝛼 ≤ 𝛽 < 1

1
IMY!&N

∫ Gr∞
G"1(u) (𝑥:5)	𝑑𝑥	� 

 𝑓𝑜𝑟	𝑎𝑙𝑙	u ∈ 	 [0,1]	𝑎𝑛𝑑		𝛼, 𝛽 ∈ (0,1]. 
Hence by the definition of F-NBUE order, the above inequality satisfies the 
condition. 
     ⇒  X7 ≤$)./(0 Y7     



A STUDY ON THE PROPERTIES OF CONVEX TRANSFORM ORDER WITH SOME RELATED PARTIAL ORDERS USING FUZZY RANDOM VARIABLES AND 
ITS APPLICATION 

 IJDDT Volume 16 Issue 89s 2026 Page: 1196 

Therefore, X7 ≤$%& Y7 ⇒ X7 ≤$)*+,- Y7 ⇒	X7 ≤$)./(0 Y7 .                                                                                                                                                                                                                                                                    
4. Applications of Fuzzy convex Transform Order: 
 In this section, we have discussed an application related to fuzzy convex 
transform order in Poisson process through an example. Using FRVS enables to 
understand more uncertainness in the process. Poisson process is a widely used 
stochastic process, which is a kind of counting process. Here we considered two 
non-homogeneous Poisson process, 𝑀1 = {𝑀1(𝑡), 𝑡 ≥ 0} and 𝑀2 = {𝑀2(𝑡), 𝑡 ≥ 0} 
with mean functions Φ1 = −𝑙𝑜𝑔	𝐹o and Φ2 = −𝑙𝑜𝑔	𝐺̅ respectively. This example 
relates to the ordering of the FRVs X7  and Y7  to the ordering of their successive epoch 
times. It turns out that the FCT ordering of the first two epoch times implies the 
FCT ordering of all the corresponding later epoch times. 
Example 4.1: 
 Let X7 and Y7 be two absolutely continuous non-negative FRVs with 
fuzzy survival functions, Fo and Gr respectively. Denote Φ1� = −𝑙𝑜𝑔	𝐹o and Φ2� =
−𝑙𝑜𝑔	𝐺̅, j=1,2. Consider two non-homogeneous Poisson process, 𝑀1 =
{𝑀1(𝑡), 𝑡 ≥ 0} and 𝑀2 = {𝑀2(𝑡), 𝑡 ≥ 0} with fuzzy mean functions Φ1�  and Φ2� 
respectively. Let T\,1, T\,2,…be successive epoch times of process 𝑀\ , 𝑗 = 1,2. 
Note that 𝑋 =$'& T1,1 and 𝑋 =$'& T2,1. 
It turns out that the FCT ordering of the first two epoch times implies the FCT 
ordering of all the corresponding later epoch times. 
That is, if X7 ≤$%& Y7 then T1,. ≤$%& T2,., n≥ 1 and ∀	𝛼 ∈ (0,1]. 
 We know that {𝑀(𝑡), 𝑡 ≥ 0} is a non-homogeneous Poisson process 
with fuzzy mean function Φ7  (that is Φ7 = 𝐸[𝑀(𝑡)], let T1, T2,… be the successive 
epoch times. 
To check this, we first fix for n≥ 1. 
Let us denote FS1,. and FS2,. as the fuzzy distribution functions of T1,. and T2,. 
respectively. 
The survival 𝐹o1,.	of T1,. be, 

 𝐹o1,.(𝑡) = 𝑃{T1,. > 𝑡| = ∑ (Φ1(&))/

]!
.)1
]W0 𝑒)Φ1(&)	=	Γr.Φ1�(𝑡), 𝑡 ≥ 0. 

Then the fuzzy distribution function be 
          FS1,.(𝑡) = 𝜓.FS(𝑡) and 
          FS2,.(𝑡) = 𝜓.G7(𝑡)  
where 𝜓.(𝑣) ≡ Γ.(−𝑙𝑜𝑔(1− 𝑣)), 𝑣 ∈ [0,1]. 
Therefore, 
 FS2,.

)1{FS1,.(𝑡)| 
= 𝑀𝑖𝑛	 \ 𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1(𝜓.(𝐺2
4)))1(𝜓.𝐹24(𝑡)), 	

𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1(𝜓.(𝐺2

5)))1(𝜓.𝐹25(𝑡))]  

    𝑀𝑎𝑥 \
𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1(𝜓.(𝐺2
4)))1(𝜓.𝐹24(𝑡)),

𝑚𝑎𝑥
0 ≤ 𝛼 ≤ 1(𝜓.(𝐺2

5)))1(𝜓.𝐹25(𝑡))] 

= 𝑀𝑖𝑛	 \ 𝑚𝑖𝑛
0 ≤ 𝛼 ≤ 1(𝐺2

4))1𝐹24(𝑡), 	
𝑚𝑖𝑛

0 ≤ 𝛼 ≤ 1(𝐺2
5))1𝐹25(𝑡)]  

    𝑀𝑎𝑥 \
𝑚𝑎𝑥

0 ≤ 𝛼 ≤ 1(𝐺2
4))1𝐹24(𝑡),

𝑚𝑎𝑥
0 ≤ 𝛼 ≤ 1(𝐺2

5))1𝐹25(𝑡)] is fuzzy convex, 
where 𝑡 ≥ 0. 
Hence, X7 ≤$%& Y7 then T1,. ≤$%& T2,., n≥ 1 and ∀	𝛼 ∈ (0,1]. 
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