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1 Introduction

Zadeh [25] introduced fuzzy sets in 1965 by
assigning to each element a membership degree in [0,1].
Atanassov [1, 2] extended this idea to intuitionistic fuzzy
sets, in which each element has a membership degree and
a non-membership degree whose sum does not exceed (i)
Chang [4] introduced fuzzy topological spaces, and Coker
[5] extended topological notions to intuitionistic fuzzy

sets.
The condition on the two degrees was relaxed by
Yager [22, 23, 24], who introduced Pythagorean fuzzy
sets, where the sum of the squares of the membership and
non-membership degrees does not exceed 1; Olgun et al.
[10] studied the corresponding topological spaces.
Senapati and Yager [17] further relaxed it to the sum of
the cubes, obtaining Fermatean fuzzy sets. Smarandache
[18, 19] introduced neutrosophic sets, in which truth,
indeterminacy and falsity degrees are assigned
independently, so that incomplete and inconsistent
information can be handled. Neutrosophic topological
spaces were introduced by Salama and Alblowi [14], and
fuzzy neutrosophic topological spaces were studied in [3,
21]. Combining these ideas, Saranya Kumari et al. [15, 16]
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introduced n-Cylindrical fuzzy neutrosophic sets and
topological spaces, in which the positive and negative
membership degrees satisfy a™ + y™ < 1 for a fixed n,
while the indeterminacy degree S is independent. For n =
2 and n = 3, this condition is the Pythagorean and
Fermatean condition, respectively.

Pawlak [13] introduced rough sets, in which a set
is described by its lower and upper approximations with
respect to an equivalence relation. Based on these
approximations, Lellis Thivagar and Richard [7]
introduced nano topology, in which the open sets are
generated by the lower and upper approximations and the
boundary of a set, so that a nano topology has at most five
open sets. Lellis Thivagar et al. [8] introduced
neutrosophic nano topology. Pankajam and Kavitha [12]
studied §-open sets in nano topological spaces, Padma et
al. [11] studied nano M-open sets, and further
neutrosophic nano open sets were investigated in [20].
Mahalakshmi et al. [9] introduced n-Cylindrical
neutrosophic nano topological spaces, and Kayalvizhi and
Alagesan [6] studied M-open sets in these spaces.

Regularity is one of the basic separation
properties of a topological space, and in general topology
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it has been studied with many classes of generalized open
sets. In an n-Cylindrical neutrosophic setting, however,
the classical definition cannot be transferred directly: the
intersection of an n-Cylindrical neutrosophic set and its
complement need not be the empty set, and "x € A"
carries little information, since a set and its complement
may both contain a point. Hence suitable notions of points
and of separated sets are needed.

Nano topology is also a practical tool, since its
lower and upper approximations describe what is certainly
and what is possibly true of the objects that cannot be
distinguished by the available attributes, and the attributes
that change the nano topology are the decisive ones [7, 8].
A field in which such a tool is useful is drug delivery
technology, where a drug is loaded into a nanocarrier, such
as a liposome, a polymeric nanoparticle, a solid lipid
nanoparticle or a dendrimer, so that it reaches the target
tissue in the required amount. The suitability of a
formulation depends on attributes such as particle size,
surface charge, release profile and biocompatibility, and
its preclinical evaluation is uncertain: evidence for and
against a therapeutic risk is often strong at the same time,
so that the two degrees may violate the intuitionistic and
even the Pythagorean condition, while inconclusive test
results form an independent source of indeterminacy.
These are exactly the features of n-Cylindrical
neutrosophic sets.

Research Gap: To the best of our knowledge,
regular spaces defined by &-type open sets, such as n-
Cylindrical neutrosophic nano J§f-regular spaces and
strongly n-Cylindrical neutrosophic nano J§f-regular
spaces, have not yet been studied in n-Cylindrical
neutrosophic nano topological spaces, and n-Cylindrical
neutrosophic nano topology has not yet been applied to the
identification of decisive attributes in drug delivery.

In this paper, we introduce n-Cylindrical
neutrosophic nano regular spaces and their &, § pre, §
semi, da and §f variants, together with their strongly and
strongly * versions, in n-Cylindrical neutrosophic nano
topological spaces (nCyN9its’s), and we apply n-
Cylindrical neutrosophic nano topology to the selection of
nanocarriers in drug delivery. The main contributions are
as follows.

(i) We define n-Cylindrical neutrosophic
points, separated sets and nCy NIt (resp. 6, 6 pre, § semi,
da and 8B) regular spaces, characterize nCyNJt6f-
regular  spaces through §f-closures and Jf-
neighbourhoods, and study their behaviour under
irresolute, open, closed and continuous mappings.

(i) We introduce strongly and strongly *
regular spaces, characterize strongly nCyNJtéS-regular
spaces, and establish the relations among strongly,
strongly * and ordinary regular spaces, with examples
showing that the converses of some of these relations fail;
we also give a non-trivial example of a §5-regular space
and show that strong §f-regularity is a very restrictive
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condition.

(iii) We propose an algorithm, based on the
lower and upper approximations and the boundary of an
n-Cylindrical neutrosophic evaluation, that identifies the
core attributes of nanocarrier formulations and ranks the
formulations, we give a condition under which these sets
form an n-Cylindrical neutrosophic nano topology, and
we show that the resulting space is §f-regular but not
regular.

The paper is organized as follows. Section 2
recalls the basic definitions and results. In Section 3, we
define n-Cylindrical neutrosophic points, separated sets
and the regular spaces, and study their properties. In
Section 4, we introduce and study strongly and strongly *
regular spaces. In Section 5, we give the application to the
selection of nanocarriers in drug delivery technology, with
a numerical example. The paper ends with a conclusion.

2 Preliminaries

This section recalls the basic definitions and
results that will be used in the subsequent sections.

Definition 2.1 [25] A fuzzy set (briefly, fs) A in
U is defined by a membership function a,:U — [0,1],
where the membership value a4 (x) indicates the degree to
which x € U belongs to the fuzzy set A, for all x € U.

Definition 2.2 [4] A fuzzy topological space
(briefly, fts) is a pair (U, T), where U is a non-empty set
and T is a family of fuzzy sets in U satisfying the following
axioms:

(1) Oy, 1y € T, where Oy and 1y denote the
constant fuzzy sets with membership values 0 and 1,
respectively,

(i) ifA,BEet,thenANB € T,

(iii) if A; € Tforeachi € I, then Uje; A E T.

Definition 2.3 [2] An intuitionistic fuzzy set

(briefly, ifs) A on U is an object of the form

A = {{x, 0 (x), Ya(9): X € U},
where a, (x) € [0,1] is the degree of positive membership
and ya(x) € [0,1] is the degree of negative membership
of x in A, satisfying as (x) + ya(x) < 1 forallx € U.

Definition 2.4 [18] A neutrosophic set (briefly,

N's) A on U is an object of the form

A = {(x,an(x), Ba(), Ya(0)): x € U},
where a, (X), Ba(x) and Y5 (x) € [0,1] are the degrees of
positive, neutral and negative membership of x in A,
respectively. The three components are independent of
each other, so that 0 < oy (x) + Ba(x) + ya(x) < 3forall
x € U.

Definition 2.5 [14] A neutrosophic topology
(briefly, NV't) on a non-empty set U is a family Ty of
neutrosophic subsets of U satisfying:

() Oy, Iy € Ty,

(i1)) G; N G, € 1y for any G4, G, € Ty,

(i) Ui G € Ty for any sub-collection
{Gili € ]} c TN-

The pair (U,ty) is called a neutrosophic

Page: 561



Regular Spaces via n-Cylindrical Neutrosophic Nano df-open Sets with an Application to Nanocarrier Selection in Drug Delivery

topological space (briefly, N'ts). Any neutrosophic set in
Ty 1s called a neutrosophic open set (briefly, Nos). A
neutrosophic set F is neutrosophic closed (briefly, N'c) if
and only if its complement C(F) is neutrosophic open.

Definition 2.6 [15] An n-Cylindrical
neutrosophic set (briefly, nCyN's) A on U is an object of
the form

A = {{%, a4 (x), BA (), YA()): x € U},
where a, (%), fa(x) and Y5 (x) € [0,1] are the degrees of
positive, neutral and negative membership of x in A,
respectively, satisfying

0<ap(x)+Vvi(x) <1 forallx €U,
where n > 1 is a fixed integer. Here a, and y, are called
dependent components, because they are jointly restricted
by the condition aj(x) +ya(x) <1 (a larger positive
membership forces a smaller negative membership),
whereas 3, is called an independent component, because
it may take any value in [0,1] irrespective of a, and y,.

For convenience, the triple {04 (x), Ba(X), Ya (X))
is called an n-Cylindrical neutrosophic number (briefly,
nCy/N'N), and the set is written as A = {(aa, Ba, Ya)-

Definition 2.7 [15] Let {A;:i € I} be an arbitrary
family of nCyN's’s in U. Then

Mier As = {{x, inflan (9), inf(Ba, (),
sup(y4,(9)):x € U},
Uier A = {{x sup(aas, 09), sup(Ba, (9),

inf(y, (x))> X € U}.

Definition 2.8 [15] The n-Cylindrical
neutrosophic empty and whole sets are defined by
Oncyn = {(x,0,0,1):x € U},
{(x,1,1,0):x € U}.

1nCy]\f =

Definition 2.9 [15] Let CyN(U) denote the
family of all nCyNs’s on U. The following basic
connectives are defined for any A, B € CyN(U).

(1) Inclusion. A C B if and only if ay(x) <

ag(x), Ba(x) < Bp(x) and v, (x) = yg(x) for all x € U.
Equality A = B holds when both A€ Band B € A,

(i1)) Union.
AU B = {(x, max(ay(x),ag(x)), max

(Ba(®), B (x)), min(ya(x),yg(x))):x € U},

(ii1) Intersection.
AN B = {{x, min(a,(x),ag(x)), min

(Ba(®), Bs(x)), max(ya(x),ys(x))):x € U},

(iv) Complement.
A° = {{(x, ya(®), 1 Ba(®), aa(x)):x € U},
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Remark 2.1 [15] For any nCyN's’s A, B, C €
CyN(U) and any family {A;:i € I} € CyN(U):
(i) ifAS Band B C C,then A C C,
(i1) AUB=BUA and ANB=BnA
(commutativity),
(i) (AUB)UC=AU(BUC) and (AN
B)NnC=An(BnC) (associativity),
ivy (AuB)NC=(ANCUBNC) and
(ANB)UC=(AUC)Nn(BUC) (distributivity),
(v) AnA=Aand AU A = A (idempotency),
(vi) De Morgan’s laws: (AU B)¢ = A°n B¢
and (AN B)¢ = A°UB¢ more generally, (Uier A€ =
Nier A and (Nier A)° = Ujer AT,
(vii) (A)€ = A (involution),
(viii) if A € B, then B€ € A°,
Items (vi)—(viii) follow directly from Definitions
(i1)7 and (ii)9, since y and a are interchanged and 3 is
replaced by 1 — 3 under complementation.

Remark 2.2 For nCyN's’s Aand Bin U,
(i) AN A° need not be Opcyay,
(i) AU A® need not be 1,¢yy,
(ii1) the difference of A and B is defined by A —
B = A N B¢, that is,
A —B = {(x, min(as(x),yp(x)),
min(Ba (x),1 — Bp(x)), max(ya(x), ap(x))):x € U}

Example 2.1 Let U = {a,b} and n = 3 Define
the nCyN's’s
A ={(a 09,04,0.6), (b,050.7,08)}, B=
{(a,0.7,0.2,0.8), (b,0.4,0.5,0.9)}.
These are 3-cylindrical neutrosophic sets, since all
components lie in [0,1] and
(0.9)3 + (0.6)®> = 0.945 < 1,(0.5)3 +
(0.8)3 =0.637 <1,
(0.7)3 4+ (0.8)® = 0.855 < 1,(0.4)3 +
(0.9)3=0.793 < 1.
Note that (0.9)? + (0.6)? = (i)17 > 1, so A is not a 2-
cylindrical neutrosophic set.
By Definition 2.9 (iv),
A® = {(a,0.6,0.6,0.9), (b,0.8,0.3,0.5)},
{(a,0.8,0.8,0.7), (b,0.9,0.5,0.4)}.
(i) By Definition (ii)9 (iii),
ANAC=
{{a,min{0.9,0.6}, min{0.4,0.6}, max{0.6,0.9}),

BC =

(b, min{0.5,0.8}, min{0.7,0.3}, max{0.8,0.5})}
= {(a,0.6,0.4,0.9), (b,0.5,0.3,0.8)}.
Since, for instance, apnpc(a) = 0.6 0, we get AN
A€ # Opcyp
(i) By Definition 2.9 (ii),
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AUA°® =
{(a,max{0.9,0.6}, max{0.4,0.6}, min{0.6,0.9}),

(b, max{0.5,0.8}, max{0.7,0.3}, min{0.8,0.5})}
= {(a,0.9,0.6,0.6), (b,0.8,0.7,0.5)}.
Since, for instance, apjac(a) =0.9 #1, we get AU
AC # Lncyw-
(iii) By Remark 2.2 (iii),
A—-B=ANB°=
{(a, min{0.9,0.8}, min{0.4,0.8}, max{0.6,0.7}),

(b, min{0.5,0.9}, min{0.7,0.5}, max{0.8,0.4})}
= {(a,0.8,0.4,0.7), (b,0.5,0.5,0.8)}.

This is again a 3-cylindrical neutrosophic set, since
(0.8)3+(0.7)*=0.855<1 and (0.5)+ (0.8)*=
0.637<1,andA—B c A

To illustrate the role of the parameter n, suppose
a decision-maker states that an alternative s; satisfies a
criterion C; to degree 0.85, is undecided about it to degree
0.5, and dissatisfies it to degree 0.6(v) Since 0.85 +
0.65 = (i)5>1 and 0.852% + 0.65% = (i)145 > 1, the
pair (0.85,0.65) is neither an intuitionistic nor a
Pythagorean (n = 2) evaluation. However, 0.85% +
0.653=10.88875<1, so (0.85,0.50.65) is a 3-
cylindrical neutrosophic number. Thus larger values of n
allow more general evaluations to be modelled.

Definition 2.10 [16] An n-Cylindrical
neutrosophic topology (briefly, nCyN't) on a non-empty
set U is a family t¢yn of nCyN's’s in U satisfying:

(i) OnCy]\ff 1nCyJ\f € TeyNs

(i) A1 N A, € teyy forany Aq, A, € Teyn,

(ii))  Uier Aj € Teyn for any arbitrary sub-
collection {A;:i € I} S T¢yn.

The pair (U, tcyn) is called an n-Cylindrical
neutrosophic topological space (briefly, nCyN'ts). Any
nCyN's belonging to Tcyy is called an n-Cylindrical
neutrosophic open set (briefly, nCyMNos), and its
complement is called an n-Cylindrical neutrosophic
closed set (briefly, nCyN'cs). The family {Oycyns Lncya}
is the indiscrete nCyV't, and the family of all nCyV's’s on
U is the discrete nCyNV't.

Remark 2.3 [16] Every fuzzy topological space,
intuitionistic fuzzy topological space and Pythagorean
fuzzy topological space can be regarded as an nCyN'ts,
since the fuzzy, intuitionistic fuzzy and Pythagorean fuzzy
sets of those spaces can be viewed as nCyN's’s.

Definition 2.11 [16] Let A and B be two
nCyN's’s in an nCyNts (U, tcyn). Then B is called a
neighbourhood of A if there exists an nCyNos O such that
AcC 0OCB.
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Proposition 2.1 [16] An nCyN's A is an
nCyNos in (U, Tcyn) if and only if A is a neighbourhood

of every nCyV's contained in it.

Definition 2.12 [16] Let (U ,tcyn) be an
nCyN'ts and let A = {(x, a5 (X), Ba(X),Ya(X)): X € U} be
an nCyN's in U. The n-Cylindrical neutrosophic interior
(briefly, nCyNint) of A is the union of all nCyNos’s
contained in A:

nCyNint(A) = U {G: G € t¢ynandG S A}
Clearly, nCyNVint(A) is the largest nCy/Nos contained in
A.

Definition 2.13 [16] Let (U,tcyn) be an
nCyN'ts and let A = {(x, a4 (%), Ba(X),Ya(x)):x € U} be
an nCyN's in U. The n-Cylindrical neutrosophic closure
(briefly, nCyNcl) of A is the intersection of all nCyNcs’s
containing A:

nCyNcl(A) = N {K:K® € t¢cynandA < K}
Clearly, nCyN'cl(A) is the smallest nCy/NVcs that contains
A.

Definition 2.14 [9] Let U be a non-empty set, R
an equivalence relation on U, and A an nCyN's in U with
positive membership oy, neutral membership B4 and
negative membership y,. The n-Cylindrical neutrosophic
lower approximation, n-Cylindrical neutrosophic upper
approximation and n-Cylindrical neutrosophic boundary

of A in (U,R), denoted by nCyN'(A), nCyV'(A) and
Bncyar(A), respectively, are defined as follows:
(1) nCy N (A) = {(x, areay(®), Breay®),
YR(A) (X)): X E U},
() O (A) = {{x aguy (. Bray (9,
YR(a) (X)> X € U}:
(iii) Bncyn(A) =nCyN(A) —nCyN(A) =
nCyV(A) N (nCy V' (A))S,
where the component functions are given by
area)(X) =ye@(]k A (y), Breay®) =
yE/[§<]R Ba(¥), Yra)®) =ye\[§<]R Ya®y),
e (9 =, Y, @A), Broay () =
yeliln Ba(Y) Yra)(X) = e, YA ).

Here [x]g denotes the equivalence class of x under R.

Definition 2.15 [9] Let U be a universe, R an
equivalence relation on U, and F an nCyN's in U. If the
collection

CynN
Tr[; Y F) = {OnCyJ\/" 1nCyJ\/‘J nCynN (F),

nCyV (F), BnCyN(F) }
forms an nCyN't on U, then it is called the n-Cylindrical
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neutrosophic nano topology on U with respect to F. The
pair (U, TECYN(F)) is called an n-Cylindrical neutrosophic
nano topological space (briefly, nCyN'Jtts). The elements
of ‘EECYN(F) are called n-Cylindrical neutrosophic nano
open sets (briefly, nCy/N'Jtos), and their complements are
called n-Cylindrical neutrosophic nano closed sets
(briefly, nCyNJics).

Definition 2.16  [9] Let (U, Th” (F)) be an
nCyNJtts with respect to F, where F is an nCyN's in U,
and let S be an nCyN's in U. Then the n-Cylindrical
neutrosophic nano

(i) interior of S (briefly, nCyNJtint(S)) is
defined by
nCyNNint(S) = U {Il:1 S
S & lisannCyN'JtosetinU},
(i1) closure of S (briefly, nCyNIcl(S)) is
defined by
nCyNJicl(S) = N {K:S €
K & KisannCyN9JtcsetinU}.

3 n-Cylindrical neutrosophic nano (resp. 8, &
pre, 8 semi, 8 and §f) regular spaces

In this section, we extend the study of n-
Cylindrical neutrosophic nano topological spaces by
introducing n-Cylindrical neutrosophic nano regular
spaces, along with their variantsa€”namely &, & pre, &
semi, Sa and 8B-regular spaces. These spaces are defined
using the corresponding types of n-Cylindrical
neutrosophic nano open and closed sets.

Definition 3.1 Let (U, rECyN(F)) be an
nCyNJits and let S be an nCyN's in U. Then S is called an
n-Cylindrical neutrosophic nano

(i) regular open set (briefly, nCy/N9Jtro set) if
S = nCyNNint(nCyNJcl(S)),

(i1) regular closed set (briefly, nCyN9Jtrc set)
if S = nCyNNcl(nCyNNint(S)).

Since (nCyNFint(S))¢ = nCyNJicl(S€) and
(nCyNIcl(S))€ = nCyNTint(S€) (by Remark 2.1 (vi)—
(viii)), S is an nCyNJtro set if and only if S€ is an
nCyN9Jirc set.

Definition 3.2 Let (U,Th””(F)) be an
nCyNJits and let S be an nCyN's in U. Then the n-
Cylindrical neutrosophic nano

(i) &-interior of S (briefly, nCyN9tdint(S)) is
defined by
nCyNNsint(S) = U {I:1 <
S & lisannCyNJtrosetinU},
(i) 6-closure of S (briefly, nCynNI&cl(S)) is
defined by
nCyNNscl(S) =N {K:S S
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K & KisannCyN9trcsetinU}.

Definition 3.3 Let (U, rgCyN(F)) be an
nCyNJits. Then an nCyN's S in U is said to be an n-
Cylindrical neutrosophic nano

(i) open set (briefly, nCyNJtos) if S =
nCyNRint(S), i.e., S € 1o (),

(ii) &-open set (briefly, nCyNJtdos) if S =
nCyNJtsint(S),

(iii) 6-pre open set (briefly, nCyNJtdPos) if
S € nCyNNint(nCyNNécl(S)),

(iv) &-semi open set (briefly, nCyNJt8Sos) if
S € nCyNcl(nCyNNédint(S)),

(v) da-open set (briefly, nCyNJSaos) if

S € nCyNNint(nCy N Ncl(nCyNINdint(S))),

(vi) 6B-open set (briefly, nCyN9t5Bos) if

S € nCyNNcl(nCyNNint(nCyNNécl(S))).

The complement of an nCyN9Jtos (resp.
nCyNJtdos, nCyNIdPos, nCyNItéSos, nCyNItdaos
and nCyNJt6Bos) is called an n-Cylindrical neutrosophic
nano (resp. 8-, 8-pre, 6-semi, Sa- and 6f-) closed set
(briefly, nCyNJtcs (resp. nCyNJitdcs, nCyNINdPcs,
nCyNJt6Scs, nCyNItdacs and nCyNItdfBcs)) in U. For
convenience, we also say that S is an nCyNJtdo (resp.
nCyNJtdc) set if it is an nCyNJtdos (resp. nCyNIdcs),
and similarly for 8P, 8S, 6a and 8.

Definition 3.4 Let (U, TECYN(F)) be an
nCyNJits and let S be an nCyN's in U. Then the n-
Cylindrical neutrosophic nano

(1) O0-pre interior of S
nCyNJt6Pint(S)) is defined by
nCyNNSPint(S) = U {l:1 €
S & lisannCyN9JtéPosetinU},
(i1) O-semi  interior
nCyNJ9t6Sint(S)) is defined by
nCyNIs8Sint(S) = U {I:.1 <
S & lisannCyNJt6SosetinU},
(iii) Sda-interior of S
nCyNJtdaint(S)) is defined by
nCyNJsaint(S) = U {I:1 &
S & lisannCyNJtdaosetinU},
(iv) OfB-interior of S
nCyNJt6Bint(S)) is defined by
nCyNI6Bint(S) = U {I:1 S
S & lisannCyN9JtdfosetinU},
) O0-pre closure of S
nCyNJN6Pcl(S)) is defined by
nCyNNS8Pcl(S) = N {K:S &
K & KisannCyN9t8PcsetinU},
(vi) O-semi  closure
nCyNJ6Scl(S)) is defined by
nCyNI8Scl(S) = N {K:S <
K & KisannCyN9t8ScsetinU},
(vii) Sa-closure of S (briefly, nCyN9tdacl(S))

(briefly,

of S

(briefly,

(briefly,

(briefly,

(briefly,

of S (briefly,
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is defined by
nCyNNdacl(S) = N {K:S <
K & KisannCyNJtSacsetinU},
(viii) OB-closure  of S
nCyN9t6f3cl(S)) is defined by
nCyNNsPcl(S) = N {K:S <
K & KisannCyN9t6fBcsetinU}.

(briefly,

Definition 3.5 Let he: U; = U, be a function.
(1) For an nCyN's T=
{(v, ar(¥), Br(¥), yr(¥)):y € Uz} in Uy, the inverse image
of T is the nCyV's
he'(T) = {(x, ap(he(x)), Br(he(x)),
yr(he(x))):x € Us}.

(i1) For an nCyN's S=
{(x, ag(x), Bs(%), Ys(x)):x € U} in Uy, the image of S is
the nCyN's he(S) =

(Y, Otho () (7)) Bres) (V) Yies) ()2 y € Uy}, where
(O‘hc(S) ), th(S) ), Yhe(S) W) =
(supas(), supps(o), nfys(9),  ifX, * 6,

XXy X€Xy
(0,0, 1), otherwise.
where Xy, = hz'(y) = {x € U;:he(x) = y}.
Clearly hz(T) is an nCyN's.
he(S) is also an nCyNs. Let y € U, with
hz1(y) # @, let € >0, and choose x, € hgz'(y) with
as(Xg) > ap(s) () — € Since Y5y (¥) < vs(Xo),
(Ohes)(Y) = )" + Vo) D" < as(x)" +
Ys(xo)" < 1.
Letting € — 0 gives oy, (5)(¥)" + Yhosy(D" = 1.
Let (Ul,TECyN(Al)) and
ncyN(AZ)) be two nCyN9its’s. Then a function

(UZ' TR

he: (U, Th2Y (A1) = (Ua, e (A,)) is said to be a n-
Cylindrical neutrosophic nano (resp. 6, § pre, § semi,
and OB) continuous (briefly, nCyNJiCts (resp.
nCyNJtoCts, nCyNJt6PCts, nCyNJt8SCts,
nCyNNSaCts and nCyN'NSPCts)) function if hz1(G) is
nCyNJto (resp. nCyNJtdo, nCyNIdPo, nCyNItdSo,
nCyNJtéao & nCyNIt5Bo) set in U, for all nCyNJo set
Gin U,.

Definition 3.6

Definition 3.7 Let (U, tp > (A)) and
nCyN(AZ)) be two nCyNJits’s. A function

(UZ'TR

he: (U, e (A1) = Uz, tp 7 (A2)) is said to be n-
Cylindrical neutrosophic nano (resp. 8, 6 pre, & semi, a
and &B) open (briefly, nCyNJNO (resp. nCyNIts0,
nCyNINSsPO, nCyNI8S0, nCyNJtsa0 and
nCyN9t6B0)) if he(G) is an nCyNJtos (resp.
nCyNJtos, nCyNIdPos, nCyNIt6Sos, nCyNJtbaos
and nCyNJt5Bos) in U, for every nCyNJtos G in Uy,

where h(G) is the image of G in the sense of Definition
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3.5

Definition 3.8
nCyNJits.
(i) For x€ U and p =(a,b,c) with a,b,c €
[0,1] and a™ 4+ c™ < 1, the n-Cylindrical neutrosophic
point Xp is the nCyV's in U whose value at X is (a, b, ¢) and
whose value at every other point of U is (0,0,1). For an
nCyN's A in U, we write X, € A if X, S A, that is, a <
aa(x), b < Ba(x) and ¢ = y,(x). For an nCyN's S in U
and x €U, we write Xgy for the n-Cylindrical
neutrosophic point with S(x) = {(ag(x), Bs(X), Ys(X))-
Then xg(x) € S for every x € U, and S = Uyey Xs(x)-
(i1)) Two nCyN's’s L and M in U are said to be
separated if L € M€ (equivalently, M € LF).
(iii) An nCyNs N in U is called an n-
Cylindrical neutrosophic nano §3-neighbourhood (briefly,
nCyN9t6Bnbhd) of an nCyN's K if there exists an

nCyNJt6Bos V such that KS V € N.
(iv) (U, Ta" (F)) is said to be n-Cylindrical

neutrosophic nano (resp. 8, & pre, 6 semi, Sa and 6f3)

Let (U,TECYN(F)) be an

regular (briefly, nCyN9tReg (resp. nCyNJtSReg,
nCyNJt6PReg, nCyNIidSReg, nCyNIdaReg and
nCyNJt6BReg)) if for every nCyNJics (resp.

nCyNJtdcs, nCyNIt6Pcs, nCyNItdScs, nCyNItdacs
and nCyN9t6Bcs) A in U and every n-Cylindrical
neutrosophic point x, € A, there exist separated
nCyNJtos’s (resp. nCyNJtdos’s, nCyNIidPos’s,
nCyNJt6Sos’s, nCyNNdaos’s and nCyNIidpos’s) L
and M in U such that A € L and x,, € M.

If LN M = Opcyp, then L and M are separated
(see the proof of Theorem 3.1); the converse need not
hold, since S N S need not be Op ¢y

Theorem 3.1 In an nCyN9its (U, TECYN(F)),
the following statements are equivalent:

(i) Uis nCyNISPReg;

(i1) for every nCy/N'JtdBos G in U and every n-
Cylindrical neutrosophic point xj, € G, there exists an
nCyN9tdBos L such that x, € L © nCyNI6Bcl(L) < G;

(iii) for every nCyNJtdfcs K in U and every
n-Cylindrical neutrosophic point x, € K¢, there exists an
nCyNJt6Bcs N which is an nCyNJt6Bnbhd of K such
that x, € N°.

Proof. We use the following facts. For
nCyNs’sSand T, (S)¢ =S, and S € T implies T¢ < S€.
An nCyNs S is an nCyN98Pos if and only if S€ is an
nCyNJt6Bcs, and nCyNNSPcl(S) is the smallest
nCyNJt6Bcs containing S (any intersection of
nCyNJt6fBcs’s is an nCyNItd8Bcs, because any union of
nCyNJt6Bos’s is an nCyNI§Bos). Moreover, if LN
M = Opcya, then M C LE: at each x € U, one of vy (x),
ym(X) equals 1, and y(x) = 1 forces a(x) = 0 by a" +
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y" <1, while one of B;(X), Bm(X) equals 0; hence
am (%) < yL(x), Bm(x) <1 = BL(x) and ym(x) = ag,(x).

(i) = (ii): Suppose that U is nCyN'ISPReg. Let G
be an nCyN'It8Bos in U and let x, € G. Then A = G is an
nCyN9tdBcs and x, € G = A°. Since U is nCy N It5BReg,
there exist separated nCy/N'Jt6Bos’s M and L such that
ACM and x, €L Since LEM® and M® is an
nCyN9t8Bcs, we get nCyNIt5Bcl(L) € MEC. Since G¢ =
AcSM, we have M°<SG. Hence xp,€LC
nCyNJsBcl(L) € G.

(ii) = (iii): Let K be an nCyN9t5fcs in U and let
Xp € K. Since K€ is an nCyV'9t8fos, by (ii) there exists
an nCyN'NéPos L such that x, € L < nCyNNdPcl(L) <
K€ PutN = L€ and V = (nCyNIEPcl(L))€. Then N is an
nCyNJt6Bcs, V is an nCyNJiSBos, and taking
complements in L € nCyNJtdfcl(L) € K€ gives K S
V < N. Hence N is an nCyN'9t8Bnbhd of K, and x, € L =
NE€.

(iii) = (i): Let A be an nCyN'Jt5fcs in U and let
X, € A®. By (iii), there exist an nCy/N9t5Bcs N and an
nCyN9t5Bos V such that ASV S N and x, € N°. Put
L=V and M = N€ Then L and M are nCyNJt5f0s’s,
Ac L and x, € M. Since VE N, we have L=V E N =
(N9 =M€, so L and M are separated. Hence U is
nCyNJt63Reg.

Corollary 3.1 In an nCyN9Jits (U, TgCy N(F)),
the following statements are equivalent:

(i) Uis nCyNJReg;

(i1) for every nCyNJtos G in U and every n-
Cylindrical neutrosophic point x;, € G, there exists an
nCyNJtos L such that x, € L € nCyNJtcl(L) < G;

(iii) for every nCyN9ics K in U and every n-
Cylindrical neutrosophic point x, € K€, there exist an
nCyNJics N and an nCyNJtos V such that KEVCEN
and x, € N€.

Moreover, if U is nCyNJiReg, then for every
nCyNJtos G in U and every n-Cylindrical neutrosophic
point x, € G, there exists an nCyNV9t6Bos L such that
Xp € L © nCyNNSPcl(L) < G.

Proof. The equivalence of (i), (ii) and (iii) is
proved exactly as in Theorem 3.1, with nCyNJt8Bos’s,
nCyNJt6Bcs’s and nCyNIt6Bcl replaced by
nCyNJtos’s, nCyNJcs’s and nCyNJicl, respectively;
note that nCyNJcl(S) is the smallest nCyNJics
containing S.

For the last statement, let U be nCy N JtReg, let G
be an nCyNJos and let x,, € G. By (ii), there exists an
nCyNMos L such that x, € L. © nCyNJtcl(L) < G. Since
L = nCyNNint(L) € nCyNJtint(nCyNItdcl(L)) <
nCyNJtcl(nCyN Nint(nCyNNScl(L))), L is an
nCyN9t6Bos. Taking complements in the same argument,
every nCyNJtcs is an nCyNNSPcs; in particular,
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nCyNJtcl(L) is an nCyNIidPcs containing L, and so
nCyN98Bcl(L) & nCyNMcl(L). Hence x,€LC
nCyNSPcl(L) € G.

Theorem 3.2  An nCyN9its (U, TECYN(F)) is
nCyN9t6BReg if and only if for every n-Cylindrical
neutrosophic point x;, in U and every nCyN9t6fnbhd N
of xp, there exists an nCyN9t6Bos M such thatx, € M <
nCyNJSsBcl(M) € N.

Proof. Necessity. Let U be nCyNJt53Reg, let
Xp be an n-Cylindrical neutrosophic point in U and let N
be an nCyN9t6pnbhd of x,. Then there exists an
nCyN9tdBos G such that x, & G S N, that is, x, € G S
N. Now G is an nCyV'9tdfBcs and x,, € G = (G°)°. Since
U is nCyN'Ii5pReg, there exist separated nCyN'ISPos’s
L and M such that G € L and x, € M. Since M < L° and
L€ is an nCyN'9t5Bcs, we get nCyNNSPcl(M) € LE. Also,
G°cL implies L°SGEN.  Hence x,€EMC
nCyNJt6Bcl(M) € N.

Sufficiency. Suppose that the condition holds. Let
A be an nCyV9t6Bcs in U and let x, € A®. Since A® is an
nCyNJt6pos and x, & A° € A°, A®is an nCy N 9t5Bnbhd
of x,. By hypothesis, there exists an nCyN'9t8B0s M such
that  x, € M € nCyNNSPcI(M) € A°.  Put L=
(nCyNJ6Bcl(M))C.  Since nCyNNSPcI(M) is an
nCyNJt6Bcs, L is an nCyNISPos, and taking
complements in nCyNIsBcl(M) € A® gives AC L.
Moreover, M € nCyNsBcl(M) =L, so L and M are
separated. Thus L and M are separated nCy/NJt5fos’s
with A € L and x,, € M. Hence U is nCyNIJt5BReg.

The proofs for nCyNJtReg, nCyNJtéReg,
nCyN9t6PReg, nCyNJi6SReg and nCyNItdaReg
spaces are similar.

Theorem 3.3 An nCyNits (U, TECYN(F)) is
nCyNJt6Reg if and only if for every nCyNJt6fcs A in
U and every n-Cylindrical neutrosophic point x, € AS,
there exist nCy N9dPos’s L and M in U such that x, € L,
ACM and nCyN9t6Bcl(L) and nCyNIt6Bcl(M) are
separated, that is, nCy N MSBcl(L) S (nCyNNSBcl(M))C.

Proof. Necessity. Let U be nCyNJt5BReg, let
Abe an nCyN98Bcs in U and let x,, € A®. Then there exist
separated nCyN9t6Bos’s M and L, such that A € M and
Xp € Ly. Since M € L] and LS is an nCyNV'9t5fcs, we get
nCyNNsBcl(M) <€ L, and ) X, €Ly €
(nCyNI6Bcl(M))¢. Now nCyNI5Bcl(M) is an
nCyN9tdBcs and x, € (nCyNNSPcl(M))°. Since U is
nCyNJt63Reg, there exist separated nCyNJi5Bos’s H
and G such that nCyNV9t5Bcl(M) S H and x, € G. Since
GS H® and H¢ is an nCyNNSPcs, we get
nCynNNSPcl(G) € HE.  Also, nCyNNSPcl(M) € H
implies H® € (nCyN9t5Bcl(M))€. Take L = G. Then L
and M are nCyN'9t5Bos’s such that x, € L, A & M and
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nCyNS6Pcl(L) € HE © (nCyNNSPcl(M))E,
that is, nCyNJt8Bcl(L) and nCyNNSPcl(M) are
separated.
Sufficiency. Suppose that the condition holds. Let
Abean nCyN98Bcsin U and let x,, € A°. Then there exist
nCyN9tdBos’s L and M such that x, €L, ASM and
nCyNIt6Bcl(L) S (nCyNNsPcl(M))¢. Since M S
nCyNsBcl(M), we have (nCyNISBcl(M))€ € M€, and
hence
L € nCyNNSBcl(L) S (nCyNItsBcl(M))€ <
ME.
Thus L and M are separated nCyNJt6Bos’s with A S M
and x,, € L. Hence U is nCyV'9t5Reg.
The proofs for nCyN9tReg, nCyNItSReg,
nCyNJt6PReg, nCyNIéSReg and nCyNJibaReg
spaces are similar.

Definition 3.9 Let (Ul,rgcy N(Al)) and
(UZ,TECYN(AZ)) be two nCyNJits’s. A function
he: (U, TR (A1) = (Ug, T (A,)) is said to be n-
Cylindrical neutrosophic nano 6 (resp. § pre, 6 semi, da
and O8B) irresolute (briefly, nCyNJslrr (resp.
nCyNJ6PIrr, nCyNISSIrr, nCyNJdalrr  and

nCyNNSPIrr)) if hz'(G) is an nCyN9idos (resp.

nCyNJt6Pos, nCyNJidSos, nCyNJitdaos and
nCyNJt6Bos) in U; for every nCyN9Jtdos (resp.
nCyNJt6Pos, nCyNJidSos, nCyNJidaos and

nCyN9t8Bos) G in U,. Since hz(T¢) = (hz1(T))¢ for
every nCyN's T in U,, he is nCyNNSPIrr if and only if
hz1(A) is an nCyN'ISPcs in U, for every nCyNNSPcs A
in U,; similarly for the other cases.

Theorem 3.4 Let (Ul,‘rﬁcyN(Fl)) and
(U, T (F,)) be two nCy NV its’s and let he: Uy — U,
be a bijection. If he is nCyNItSBIrr (resp. nCyNIiCts,

nCyN9télrr, nCyNIOPIrr, nCyNNSSIrr  and
nCyNJtbalrr) and nCyNNSBO (resp. nCyNNO,
nCyNIt60, nCyNJNsPO, nCynNJt8S0 and
nCyNJt6a0), and U; is nCyNISPReg (resp.
nCyNJiReg, nCyNJt6Reg, nCyNJt8PReg,
nCyNJt6SReg and nCyNJtdaReg), then U, is
nCyNJt6BReg (resp. nCyNJReg, nCyNJiSReg,

nCyNJt6PReg, nCyNIt6SReg and nCyNJtdaReg).
Proof. We use the following facts, which
follow from Definition 3.5 since he is a bijection. For
nCyNs’s S, T in U; and A in U,, the value of he(S) at
he(x) equals the value of S at x for every x € U;; hence
S ST implies he(S) € he(T), he(S€) = (he(S))€ and
he(hz1(A)) = A. Moreover, if Xp 1s an n-Cylindrical
neutrosophic point in Uy, then he(xp) = (he(x)),.
Suppose that U; is nCyN'It§BReg. Let A be an
nCyN9tdfBcs in U, and let y, € A°, where p = (a, b, c).
Since he is nCy N RNSPIrr, hz*(A) is an nCyNISBcs in
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U;. Since h¢ is a surjection, there exists x € U; such that
he(x) =y. Since y, € A, we have a <y,(y), b<1-—
Ba(y) and ¢ = a,(y); that is, a < ya(he(x)), b<1 -
Ba(he(x)) and ¢ = ay(he(x)). Hence x, € (hzt(A))e.
Since U; is nCyN9i8BReg, there exist separated
nCyN9SBos’s L and M in Uy such that hz1(A) € L and
X, € M, where M € L€. Since he is nCyN9t8B0, he(L)
and he (M) are nCyNItdBos’s in U,. Now

A =he(hz'(A) She(l) and y, =
he(x,) € he(M),
that is, y, € he(M). Also, M < L° implies he(M) <
he (L) = (he(L))S, so he(L) and he(M) are separated.
Hence U, is nCyNJt5pReg.

The proofs of the other cases are similar.

Let (U, rgcyN

Theorem 3.5
nCyNJt6Reg space. Then:
(i) every nCyNJt6Pos in U is a union of
nCyNJt6Bcs’s;
(i) every nCyN9It8fBcs in U is an intersection
of nCyNIt50s’s.

(F)) be an

Proof. (i) Let G be an nCyNJt5Bos in U. For
each x € U, the n-Cylindrical neutrosophic point Xgx)
satisfies Xg(x) € G. Since U is nCyVIt5BReg, by Theorem
3.1 ((i) = (ii)) there exists an nCyN'9t5fos Ly such that

XG(x) € Ly & nCyNNSPcl(Ly) < G.
Put Ky = nCyN9t6Bcl(Ly). Then Ky is an nCyNIt5Bcs
and Xg(x) € Ky < G forevery x € U. Hence, by Definition
3.8(i),
G = Uxeu Xox) & Uxeu Kx € G
and so G = Ugey Ky. Thus G is a union of nCyNJt6fcs’s.
(ii) Let A be an nCyNJt5Bcs in U. Then A€ is an
nCyNJt6fBos, and by (i) there exist nCyNItSBcs’s Ky
(x € U) such that A® = Uyey Ky. Since the complement
S¢={(x,Ys(x),1 — Bs(x),as(x)):x € U} satisfies
(89)€ =S and (Uyey Kx)€ = Nyey K5 (because inf{1 —
B} = 1 — sup{By_}), we get
A = (A9 = (Uxeu K = Nxeu Kk,
where each Kg is an nCyN9t6fos. Thus A is an
intersection of nCy N'ItSBos’s.
The proofs for nCyN9tReg, nCyNItSReg,
nCyNJt6PReg, nCyNISSReg and nCyNIJtdaReg
spaces are similar.

Definition 3.10 Let (Ul,rECyN(Al)) and
(UZ,TECYN(AZ)) be two nCyNJits’s. A function
he: (Uy, TRV (AD) = (U, TR (AR) s said to be n-
Cylindrical neutrosophic nano closed (briefly, nCy/N9tC)
if he(K) is an nCyN9ics in U, for every nCyNJics K in
U;, where he(K) is the image of K in the sense of
Definition 3.5
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Theorem 3.6 Let (Ul,TECyN(Fl)) and
(U, 1o (F,)) be two nCyNVaits’s and let he: Uy — U,
be an nCyNJt6BCts (resp. nCyNICts, nCyNItSCts,
nCyNIt6PCts, nCyNIN8SCts and nCyNItdaCts) and
nCyNJNC injection. If U, is nCyNItReg and every
nCyNJt6fcs (resp. nCyNJics, nCyNJNécs,
nCyNJt6Pcs, nCyNJtdScs and nCyNJtdacs) in U is an
nCyN9ics, then U; is nCyNJt§BReg (resp. nCyNJiReg,
nCyNJt6Reg, nCyNJt6PReg, nCyNIéSReg and
nCyNJtdaReg).

Proof. We use the following facts, which
follow from Definition 3.5 For nCyN's’s T, Ty, T, in Uy,
T, €T, implies hz'(T;) € hz'(T,) and hz!(TC) =
(hz1(T))C. Since he is an injection, hz* (he(x)) = {x} for
every x € Uy, so the value of he(S) at he(x) equals the
value of S at x for every nCyN's S in Uy ; consequently S €
he' (he(S)) and he (xp) = (he (X)),

Let A be an nCyN9t6Bcs in Uy and let x, € AS,
where p = (a, b, c). By hypothesis, A is an nCy/N9ics in
U;. Since he is nCyNNC, he(A) is an nCyNJics in U,.
Put y = he(x). Since xp, € AS, we have a <y, (x) =
Yhea) @) b=1-Bs(x)=1-Bh,@l) and c=
ap(x) = ap.a) (), so yp € (he(A))C. Since U, is
nCyN'9JiReg, there exist separated nCy/NJtos’s M; and
M, in U, such that y, € My, he(A) € M, and M; & M3.
Since he is nCyNINSPCts, hz1(M;) and hz1(M,) are
nCyN9t8Bos’s in U;. Now the value of hzt(M,) at x is
the value of M; aty, and y,, € My; hence x,, € hg'(M,).
Also,

AShz'(he(A)) Shz'(My) and hz'(M,) €
hz' (M$) = (hg'(My))".

Thus hz*(M,) and hz(M,) are separated nCyN'9t8f0s’s
with A € hg'(M;) and x, € hz*(M,;). Hence U; is
nCyN'9Jt8BReg.

The proofs of the other cases are similar.

Theorem 3.7 Let (Ul,TECyN(Fl)) and
(U, 1o (F,)) be two nCyNVits’s and let he: Uy — U,

be an nCyN9tCts and nCyNNSEPO (resp. nCyNNO,
nCyNJt60, nCyNNEPO, nCyNIt8S0 and nCy N Itda0)
bijection. If U; is nCyN9JtReg and every nCyNJtdBcs
(resp. nCyNJics, nCyN s, nCyNJt6Pcs,
nCyNJt6Scs and nCyNJtdacs) in U, is an nCyNJics,
then U, is nCyNJSBReg (resp. nCyNJiReg,
nCyNJt6Reg, nCyNJt6PReg, nCyNIéSReg and
nCyNJt6aReg).

Proof. As in the proof of Theorem 3.4, since he
is a bijection, for nCyN's’s S, T in U; and B in U, we have:
SCST implies he(S) € he(T), he(S) = (he(S))S,
he(hz1(B)) = B and he(xp) = (he(®))p for every n-
Cylindrical neutrosophic point X, in Uy.

Let B be an nCyN'INSPcs in U, and let y, € B,
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where p = (a, b, c). By hypothesis, B is an nCy/NJtcs in
U,. Since he is nCy NN Cts, hz1(B) is an nCyN'Jcs in Uj.
Since he is a surjection, there exists x € U; such that
he(x) =y. Since y, € B, we have a < yg(he(x)), b <
1-Bg(he(®) and c=ag(he(x)), that is, x, €
(hz1(B))C. Since U, is nCyN9tReg, there exist separated
nCyNFos’s L, and L, in U such that x,, € L, hz*(B) €
L, and L; € LS. Since he is nCyNNSEBO, he(L,) and
he (L) are nCyN9tdBos’s in U,. Now

Yp = he(xp) S he(L;) and B=
he(hz'(B)) € he(Ly),
that is, y, € he(L;) and B S he(L;). Also, Ly €L
implies he(L;) € he(LS) = (he(Ly))E, so he(L,) and
he(L;) are separated. Hence U, is nCy/N'Jt83Reg.

The proofs of the other cases are similar.

Remark 3.1 Theorems 3.1, 3.2, 3.3, 3.4, 3.5,

3.6 and 3.7 have been stated and proved for
nCyN9t6Bos’s. They also hold for nCyNFos’s,
nCyNJtdos’s, nCyNJtdPos’s, nCyNIdSos’s and
nCyNJtdaos’s, with nCyNIt6Bcs’s, nCyNItdBcl and
nCyNJt63Reg replaced by the corresponding closed sets,
closure operators and regular spaces (for nCy/N'Jtos’s, this
is Corollary 3.1 in the case of Theorem 3.1). Indeed, the
proofs use only the following properties of the class of
nCyN'9t8Bos’s, which each of these classes also has:

(1) annCyNV's S belongs to the class if and only
if S€ is a closed set of the corresponding type;

(i) any union of members of the class belongs
to the class, so the corresponding closure of S is the
smallest closed set of that type containing S.

4 Strongly n-Cylindrical neutrosophic nano
(resp. 8, 8 pre, 8 semi, 8a and &) regular spaces

In this section, we introduce strongly n-
Cylindrical neutrosophic nano (resp. 8, 6 pre, § semi, da
and 8f3) regular spaces and study their properties.

Definition 4.1  An nCyNV9tts (U, T (F)) is
said to be strongly n-Cylindrical neutrosophic nano (resp.
6, 60 pre, 6 semi, da and O6fB) regular (briefly,
StnCyNJtReg (resp. StnCyNJt6Reg, StnCy N NEPReg,
StnCyNJt6SReg, StnCyNJtdaReg and
StnCyNIt6BReg)) if for every nCyNYics (resp.
nCyNJtdcs, nCyNItdPcs, nCyNItdScs, nCyNItdacs
and nCyN9t6Bcs) A in U and every n-Cylindrical
neutrosophic point x, € A, there exist separated
nCyNos’s L and M in U such that A € L and x, € M.

Let (U, TECYN

Proposition 4.1
nCyNJits.
6 If U is StnCyNJt6BReg (resp.
StnCyN9Jt6PReg), then U is nCyNIiSPReg (resp.
nCyNJt6PReg).

(F)) be an
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(ii) If U is StnCyN9ISpReg (resp.
StnCyNJt6PReg), then U is nCyNJtReg.

Proof. First we show that every nCy/NJtos is
an nCyNJt8Pos and an nCyNIdPos. Let S be an nCyN's
in U. Every nCyNJtrc set is an nCyN9Jics, so every
nCyNJirc set containing S contains nCyNJtcl(S); hence
nCyNJitcl(S) € nCyNJocl(S). Now let G be an
nCyN9Jtos. Then

G = nCyNJtint(G) <
nCyNJint(nCyNIécl(G)) €
nCyNJtcl(nCyN Nint(nCyNNécl(G))),
so G is an nCyNJtdPos and an nCyNIidPos. Taking
complements, every nCyN9Jics is an nCyNJtdPcs and an
nCyNJt6cs.

(i) Suppose that U is StnCyN'Jt5Reg. Let A be
an nCyNMsPcs in U and let x, € A°. Since U is
StnCyNVIt6Reg, there exist separated nCyNJtos’s L and
M such that A € L and x,, € M. Since every nCyNJtos is
an nCyNJt6Bos, L and M are separated nCyNIt5fos’s
with A € L and x, € M. Hence U is nCyNIt§BReg.

(ii) Suppose that U is StnCyNJt5Reg. Let A be
annCyNJics in U and let x, € A®. Since every nCyV'Jics
is an nCyNINSPcs, A is an nCyNIdBcs. Since U is
StnCy N Jt6Reg, there exist separated nCyN Jtos’s L and
M such that A € L and x;, € M. Hence U is nCyN'9tReg.

The proofs for the StnCyN9t6PReg case are
similar.

Definition 4.2 An nCyNV®tts (U, T (F)) is
said to be strongly * n-Cylindrical neutrosophic nano
(resp. 6, & pre, § semi, Sa and 6f) regular (briefly,
St*'nCyNJtReg (resp. St*'nCyN'JtSReg,
St*nCyNJtdPReg, St* nCyNIt8SReg, St* nCy N JtSaReg
and St* nCyNItSpReg)) if for every nCyNJics A in U and
every n-Cylindrical neutrosophic point x, € A, there
exist separated nCyNJtos’s (resp. nCyNJitdos’s,
nCyNJt6Pos’s, nCyNJidSos’s, nCyNJidaos’s and
nCyNMNéBos’s) L and M in U such that A € L and x,, €
M.

Proposition 4.2 Let (U, TECYN(F)) be an
nCyN9its.

(1) If U is nCyNJi5pReg (resp.
nCyNJt6PReg), then U is St*nCyNIi6BReg (resp.
St'nCyNIOPReg).

(i1) If U is nCyN9JiReg,
St* nCyNItS5PReg and St* nCyNINSPReg.

then U is

Proof. By the proof of Proposition 4.1, every
nCyNJtos is an nCyNItd6Bos and every nCyNJics is an
nCyN9t8Bcs; the same holds for nCyN9t6Pos’s and
nCyNNSPcs’s.

(i) Suppose that U is nCyNJt63Reg. Let A be an
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nCyNJtcs in U and let x;, € AC. Since every nCyN9ics is
an nCyN9sPcs, A is an nCyNISPcs. Since U is
nCyN9t6BReg, there exist separated nCyNJt6fBos’s L
and M such that ACL and x, € M. Hence U is
St* nCyNISPReg.

(ii) Suppose that U is nCyNJtReg. Let A be an
nCyNJtcs in U and let x, € A°. Since U is nCyN'JiReg,
there exist separated nCy/NJtos’s L and M such that A ©
L and x,, € M. Since every nCy/N'Jos is an nCyNIt5os,
L and M are separated nCy/N9Jit§Bos’s with A € L and
Xp € M. Hence U is St'nCy N'Jt5Reg.

The proofs for the nCyN'JtdP case are similar.

The following examples show that the converses
of Propositions 4.1 and 4.2 (ii) need not hold. In both
examples n = 3

Example 4.1 Let U = {a}, let R be the identity
relation on U and let F = 0,cyp. Then nCyN(F) =
nCyN (F) = Bucyn (F) = Opcyar. S0 T (F) =
{Oncyns Incyw}, and the nCyN9ics’s are Opcyp and
1ncya- Hence the only nCyNJtrc sets are Opcyp and
Incya, and nCyNNScl(S) = 1pcyp for every nCyN's
S # Opcya- Consequently,

S € 1y = nCyNRint(nCyNNécl(S)) =
nCyNJtcl(nCyN Nint(nCy N Nécl(S)))
for every S # Opcyy, that is, every nCyN's in U is an
nCyNJt6Pos and an nCyNJt§Bos, and hence also an
nCyNJt6Pcs and an nCy N INSBcs.

(1) Uis nCyNJt§BReg and nCyNIidPReg: if
Ais any nCyV's and x, € A, then L = Aand M = x, are
nCyN9t5Bos’s (and nCy N dPos’s) with A € L, x, € M
and M € A® = L°.

(i) U is nCyV9tReg: for A = Oy, the sets
L =0ycyn and M = 1,y are separated, since L &
Oncyw = M€ for A= 1,cyp, the only point in A® =
Oncyw 18 @(0,0,1) = Oncyav, and L= 1pcypn, M = Opeype
are separated.

(i) U is not StnCyNJi6BReg: let A =
{(a,0.5,0.5,0.5)}, which is an nCyN9Jt8fBcs, and p =
(0.4,0.4,0.6). Since A = {(a,0.5,0.5,0.5)}, we have a, €
A°. The only nCy/NJtos containing A is L = 1,¢y, and
then M € L€ = Opcyy cannot contain ay,. Similarly, U is
not StnCyNV'Jt6PReg.

Thus U is nCyNJt6BReg (resp. nCyNJt6PReg)
but not StnCyNIt8BReg (resp. StnCyNIt6PReg), and U
is nCyN9JtReg but not StnCyNItSfReg. Hence the
converses of Proposition 4.1(i) and (ii) need not hold.

Example 4.2 LetU = {a, b}, let R be the identity
relation on U (so that [a]g = {a} and [b]g = {b}) and let
F ={(a,1,1,0), (b,0,0,1)}.
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Then nCyN (F) = nCyN(F) =F and F¢ = {{a,0,0,1),
(b,1,1,0)}, so Bycyn(F) = FNF®=0,cy. Hence
TECYN(F) = {Oncyw> Incyn F}, and the nCyN'9ics’s are
Tncya» F€ and Opcypy.

Since F £ F¢, we have nCyNMNcl(F) = 1,cyn
and nCyNRNint(nCyNNcl(F)) = Lpcyn # F, so Fis not
an nCyNJtro set. Since F £ F€, also nCyNJtint(F¢) =
Opcyn and nCyNNcl(nCyNNint(FC)) = Opcyp # FS,
so F¢ is not an nCyNJtrc set. Hence the only nCyN Jtro
(resp. nCyNItrc) sets are Opcypr and lycyn, SO
nCyN9dint(S) = Opcyn for S # lycyw and
nCyNNScl(S) = 1,cyn for S # Opcyn-

(i) F is an nCyNJos, but it is not an
nCyNJtdos, an nCyNIdSos or an nCyNIdaos, since
nCyNNSint(F) = Oycyn # F,
nCyNNcl(nCyNNdint(F)) = Opcyn and
nCy N RNint(nCyN Ncl(nCyNNsint(F))) = Opcyn-

(i1)) As in Example 4.1, every nCyN's in U is
an nCyNJi6Bos and an nCyNJdPos, so U is
nCyNJt6BReg, nCyNIN8PReg, St*nCyNJi5BReg and
St'nCyN9t6PReg (take L = A and M = x).

(iii) U is not nCy/NJiReg: let A=F andp =
(0.5,0.5,0.5). Then a, € F = A°. Since the value of A atb
is (1,1,0), the only nCyV'Jtos containing A is L = ¢y,
and then M € L€ = 0p,¢y5 cannot contain a,. For the same
reason, U is not StnCyN'JtSReg.

Thus U is St*'nCyNJi6pReg and
St* nCyNItdPReg but not nCy N JtReg, so the converse of
Proposition 4.2(ii) need not hold, and U is nCyN'J9tSfReg
but not nCyNJiReg.

In Examples 4.1 and 4.2, every nCyN's is an
nCyNJt6Bos, so nCyNIdB-regularity holds for trivial
reasons. The next example gives a space in which some
nCyNs’s are not nCyNJtdPos’s, but which is still
nCyNJt63Reg.

Example 4.3 LetU={ab},letR=UXU (so
that U is a single equivalence class) and let
F={(a,0,1,1), (b,0.51,0)}.
For v € [0,1]® with admissible values, we write ¥ for the
constant nCyN's in U with value v at a and at b. By
Definition 2.14,

nCyN(F) =G, =
(0,1,1), nCyN (F) = G3 = (0.5,1,0),
BnCyN(F) =G3NGI =G, =
(0.5,0,0).

Since Gl U GZ = G3, Gl n Gz = OnCyJ\I' and Gl’ GZ c G3,
. Cyn .
the family Tﬁ YY(F) = {Oncyns Incyns G1, G2, G3} is an
nCyN't. Its nCyNRNcs’s are Opcya> Lncyws
GS = (1,0,0), GS =

(0,1,0.5) and  GS = (0,0,0.5).
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A direct check nCyNNint(GY) = G,
nCyN%cl(G,) = Gf, nCyN%int(GS) = G4,
nCyNJicl(G;) =G;  and  nCyNRint(G3) = Opcyn-
Hence the nCyNV9trc sets are Opcyn, Incya Gf and G,
and G§ = G{ N G§ is an intersection of nCyNJrc sets
which is not an nCyN'Jtrc set.

For an nCyV's S, nCyN'NScI(S) is one of 0,y

5, GI, G5 and 1,cy, and nCy N RNcl(nCyNRNint(K)) =
K for K = Oncyn GI, G3, Tncya while
nCyNJtcl(nCy N Fint(GS)) = Opcyn. Therefore
S is an nCyN'NSPos if and only if either S = Opcyp or
SZGS,

and, taking complements, A is an nCyNJt6fcs if
and only if either A = 1j,¢y5 or Gz £ A. In particular, G3
is not an nCy/NJt6fos.

Uis nCyN9It§BReg. Let A be an nCyN'ItdBcs and
let x, € A%, where p = (a,, by, ¢¢); let z be the other point
of U. Note that x, € A° means A € (x,)°“.

(i) If xp is an nCyNINSPos, take L = (xp)°
and M = Xp- Since L has the value (1,1,0) atz, L £ G$, so
L is an nCyN9t6Bos; moreover A S L, x, €M and M =
LE.

gives

(i) Otherwise x, # Opcyy and xp, S G3, that
is, p =(0,0,cy) with %S co < (i) If A(z) Z(0.5,1,0),
then A°(z) £ (0,0,0.5); take L with values (cy, 1,0) at x
and A(z) at z, and M with values p at x and A°(z) at z.
Then L £ G§ and M £ G, so both are nCyNIt5pos’s,
ACL,x,EMand M = L.

(iii) Finally, let p = (0,0,co) with > < ¢o < 1
and A(z) 2 (0.5,1,0). Since ax () < ¢g < 1, A # Lpcyws
s0 G3 Z A and therefore A(x) 2 (0.5,1,0). Let L have the
values A(x) at x and (1,1,0) at z, so that L is an
nCyN9t8Bos containing A, and let M have the value
(0,0,1) at z and the following value m at x: m = (0,0, )
with @ (%) < ¢ <2 if ap(x) < 23 m = (0,1 — Ba(x), ¢o)
if Ba(x)<1l; and m=(g0,cy) with 0<e<
min{y,(x), (1 — c)/"} if yo(x) > 0. In each case m 2
p, m £ (0,0,0.5) and A(x) € m€, so M is an nCyNIt5Pos
withx, € Mand L € M.

Hence U is nCyN'9t5Reg. On the other hand, U
is not nCyNJtReg: the only nCy/N'Jtos containing G =
(1,0,0) is 1pcyp, while the n-Cylindrical neutrosophic
point ag 1,1y # Oncya belongs to G; = (GY)°.

The following result shows that strong &f-
regularity is a very restrictive condition.

Proposition 4.3 Let (U, TECYN(F)) be an
nCyN9its, let x € U, and suppose that, for infinitely many
t € (0,271/7], the n-Cylindrical neutrosophic point
Xi1/2y 18 an  nCyN9tdBcs. Then U is not
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StnCyNJt6BReg. In particular, if every nCyN's in U is an
nCyN9t8Bcs and U # @, then U is not StnCyN'It53Reg.

Proof. Suppose that U is StnCyN'Jt5BReg. Let
t be as in the hypothesis and put A¢ = X(¢1/2); note that
t" 4+ t" < 1. The value of Af at x is (t, 1/2, t) and its value
at every other point is (1,1,0), so X 1/2r) € Af. Hence
there exist separated nCy/NJtos’s L; and M, such that
A¢ € Leand X 1/21) € M. Then oy, (%) = tand yy, () <
t, and Ly © M gives oy, (X) < ym,(%). Thus o, (x) = t.
Hence the sets L, are pairwise distinct for the infinitely
many values of t, which contradicts the fact that thyN(F)
has at most five members.

Remark 4.1 (i) In Examples 4.1, 4.2 and 4.3,
the points X121 are nCyNNdPcs’s (in Example 4.3,
because Gz £ X(1/21)), S0 by Proposition 4.3 none of
these spaces is StnCyNJt6fReg. We do not know an
example of an StnCyN9t6Reg space. Consequently,
Theorems (iv)l—(iv)4 and Corollary 4.1 are mainly of
interest for StnCy/NJtReg spaces, which coincide with
nCyN'9JtReg spaces (Example 4.1 is such a space), and
they describe what must hold in any StnCyN9JtSfReg
space, if one exists.

(i1) We do not know whether the converse of
Proposition 4.2(i) holds, that is, whether every
St*'nCyNItSPReg space is nCyN'IiSPReg.

Theorem 4.1 In an nCyN%its (U, tp > (F)),
the following statements are equivalent:

(i) Uis StnCyNJt6BReg;

(i1) for every nCyN9t5Bos G in U and every n-
Cylindrical neutrosophic point x, € G, there exists an
nCyNJtos L such that x, € L € nCyNJtcl(L) < G;

(iii) for every nCyNJt6Bcs B in U and every
n-Cylindrical neutrosophic point x;, € B, there exist an
nCyNJtcs N and an nCyNJtos V such that BE VEN
and x, € N€.

Moreover, if U is StnCyN'ItSReg, then: [(a)]

(i) for every nCyN's A and every nCyN'9t50s
B in U with AN B # Opcyyy, there exists an nCyN'Jtos L
such that AN L # 0,cyp and nCyNItcl(L) <€ B;

(if) for every nCyN's A # Opcyp and every
nCyN9tdBcs B in U with AN B = 0pcyyy, there exist
separated nCy N Ros’s L and M such that AN L # Oycypn
and B € M.

Proof. Recall that nCyNJicl(S) is the smallest
nCyNJics containing S, that an nCyN's is an nCyNJtos
if and only if its complement is an nCyN Jtcs, and that L N
M = 0,y implies M € L€ (see the proof of Theorem
3.1).

(i) = (ii): Suppose that U is StnCyN'ISPReg. Let
G be an nCy/NIt6Bos in U and let x;, € G. Then G€ is an
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nCyNM6Bcs and  x, € (G)°.  Since U s
StnCyNJt6Reg, there exist separated nCyNJtos’s M
and L such that G° € M and x, € L. Since L. € M and M°¢
is an nCyNJics, we get nCyNJicl(L) € MEC. Also, G¢ <
M implies M€ < G. Hence x, € L € nCyNJcl(L) < G.

(i1) = (iii): Let B be an nCyN'Jt5fcs in U and let
X, € BC. Since B¢ is an nCy N98Bos, by (ii) there exists
an nCyNJtos L such that x, € L € nCyNJicl(L) < BE.
Put N=1L1° and V= (nCyNJcl(L))°. Then N is an
nCyNJics, V is an nCyN'Jtos, and taking complements in
L € nCyNcl(L) € B¢ gives B<S VS N. Moreover,
Xp € L =N

(ii1) = (i): Let B be an nCyN'Jt5fcs in U and let
Xp € B€. By (iii), there exist an nCy/N9ics N and an
nCyNJtos V such that B< V € N and x;, € N©. Put L =
Vand M = N€. Then L and M are nCy/N'Jtos’s, B € L and
Xp € M. Since V € N, we have L € N = M€, so L and M
are separated. Hence U is StnCyN'Jt83Reg.

(a) Let A be an nCyN's and let B be an
nCyN9tdBos with A N B # 0,cyp - Then there exists x €
U such that (A N B)(x) # (0,0,1). Let p = X(anB)(x) be the
n-Cylindrical neutrosophic point of Definition 3.8(i).
Then p # Opcyy and p € AN B < B. By (i), there exists
an nCyNJtos L such that p € L € nCyNJicl(L) € B.
SincepSAandpCS L, wehavepS ANnL,soANL#
Oncyn- Also nCyNJtcl(L) < B.

(b) Let A # 0,cyp be an nCyV's and let B be an
nCyN96Bcs with AN B = Opcyp. Then A < B€. Since
A # Opcyy, there exists x € U such that A(x) # (0,0,1).
Let p = Xp(x). Then p # Opcyp and p € A < B€. Since U
is StnCyN'Jt§BReg, there exist separated nCyNJtos’s M
and L such that B € Mandp € L. Sincep € AN L, we get
AN L # Opcyp. Thus L and M are separated nCyNJtos’s
withANL=+# OnCyN and B € M.

The proofs for StnCyN9JtReg, StnCyNJi6Reg,
StnCyNJt6PReg, StnCyNJt6SReg and StnCyNJidaReg
spaces are similar.

Theorem 4.2  An nCyNYits (U, TECYN(F)) is
StnCyNIt6BReg if and only if for every nCyN9Jt8Bcs A
in U and every n-Cylindrical neutrosophic point x,, € AS,
there exist nCyN9tos’s L and M in U such that x,, € L,
AEM and nCyNJcl(L) and nCyNJicl(M) are
separated, that is, nCyNJtcl(L) S (nCyNJtcl(M))C.

Proof. Necessity. Let U be StnCy N Jt8pReg, let
Abean nCyN98Bcsin U and let x,, € A°. Then there exist
separated nCy/N9Jtos’s M and L; such that AS M and
Xp € L. Since M € L and L{ is an nCyV9ics, we get
nCyNJtcl(M) < L, and so x,, € L; & (nCyNJicl(M))°®.
Now nCyN9Jicl(M) is an nCyN9ics, and hence an
nCyN9t5fcs (see the proof of Proposition 4.1), and x;, €
(nCyNicl(M))€. Since U is StnCyNNSPReg, there exist
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separated nCyNJtos’s H and G such that nCyNJicl(M) <
H and x;, € G. Since G € H® and H® is an nCyV'Jics, we
get nCyNJtcl(G) € HE. Also, nCyNJtcl(M) € H implies
H¢ € (nCyNJtcl(M))€. Take L = G. Then L and M are
nCyNJos’s such that x, € L, A © M and
nCyN9Jicl(L) € H® € (nCyNJicl(M))€,
that is, nCyNJtcl(L) and nCyNJicl(M) are separated.
Sufficiency. Suppose that the condition holds. Let
Abean nCyN98Bcsin Uand let x,, € A°. Then there exist
nCyNJos’s L and M such that x, €L, AS M and
nCyNJicl(L) € (nCyNNcl(M))°. Since Mc
nCyNJicl(M), we have (nCyNJicl(M))€ S M€, and
hence
L € nCyNJtcl(L) € (nCyNJicl(M))€ € M.
Thus L and M are separated nCyNJtos’s with A € M and
Xp € L. Hence U is StnCyV'9t5Reg.
The proof for the StnCyN9IidPReg case is
similar.

Theorem 4.3  An nCyN9its (U, TﬁCyN(F)) is
StnCyNJt6BReg if and only if for every nCyNJt6Bcs B
in U and every nCyN's A in U with A € B€ (in particular,
with A N B = Opcyy), there exist separated nCyN9tos’s L
and Min U such that A€ Land B € M.

Proof. Necessity. Let U be StnCyNJ9tSpReg, let
B be an nCyN'Jt5Bcs in U and let A be an nCyN's in U
with A € B€. For each x €U, the n-Cylindrical
neutrosophic point Xpy) of Definition 3.8(i) satisfies
Xax) € A € BE. Since U is StnCy N It8BReg, there exist
separated nCyN9os’s Ly and My such that xp(y € Ly,

B € M, and Ly € M{. By Definition 2.15, TgCyN(F) has
at most five members, so the family {(Ly, My):x € U} of
pairs is finite. Let (Ly, Mq), (Ly, M), ..., (L, M) be its
distinct members, and put
L=U{; Li = Uxey Ly and M =Nk, M;

Then L and M are nCy/N'Jtos’s, since a finite intersection
of nCyNJtos’s is an nCyNMNos. Since A = Uyey Xax) S
Uxeu Lx = L, we have A C L, and since B € M; for every
i, we have B € M. Finally, M € M; gives M{ € M€, so
L; € M € M€ for every i, and hence L € M€. Thus L and
M are separated nCyNJtos’s with A S L and B € M. If
AN B = 0pcyy, then A € B€ (see the proof of Theorem
3.1), so the same conclusion holds.

Sufficiency. Suppose that the condition holds. Let
B be an nCyN9t6Bcs in U and let x, € B. Then A = x,,
is an nCyN's with A € B€. By hypothesis, there exist
separated nCyN'Jtos’s L and M such that x, € L and B <
M. Hence U is StnCy N'JtSpReg.

The proofs for StnCyN9JtReg, StnCyNJt6Reg,
StnCyNJt6PReg, StnCyNIidSReg and StnCy N JtSaReg
spaces are similar.

Corollary 4.1 Let (U,TECYN(F)) be an
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StnCyNIt6Reg space, let B be an nCyN'It§Bos in U and
let A be an nCyN's in U with A € B. Then there exists an
nCyN9tro set M such that A € M € nCyNJicl(M) € B.
Proof. Since B is an nCyN9t6Bos, B€ is an
nCyN9t8fcs, and A € B = (B€). By Theorem 4.3, there
exist separated nCy/NJtos’s L; and L, such that A € L,
B€ C L, and L; € LS. Since LS is an nCyV Jics containing
L;, we get nCyNJicl(L,) € LS, and since B€ S L,, we
have L € B. Hence
nCyNtcl(L;) € LS € B. (1)
Put M = nCyNRint(nCyNJtcl(L,)). Since MC
nCyN9Jicl(L,), we have nCyNJcl(M) <
nCyNJtcl(nCyNJcl(L,)) = nCyNJicl(L,). Since L, is
an nCyNJtos and L; © nCyNJicl(L,), we have
L; = nCyNJtint(L,) S
nCyNNint(nCyNNcl(L,)) =M, (2)
and so  nCyNJicl(L;) € nCyNJicl(M).
nCyNJtcl(M) = nCyNJicl(L,), and therefore
nCyNNint(nCyNJtcl(M)) =
nCyNJint(nCyNJcl(L,)) =M,
that is, M is an nCyN'Jtro set. Finally, by (2) and (1),
ACL; €M C nCyNJNc(M) =

Hence

nCyNJicl(L,) € B.
The proofs for StnCyN9tReg, StnCyNJiSReg,
StnCyNIt6PReg, StnCyNItdSReg and StnCyNJtSaReg
spaces are similar.
Theorem 4.4 Let (Ul,TECyN(Fl)) and
(U, TR (F,)) be two nCyNVits’s and let he: Uy — U,
be a bijection. If he is nCyNIt8PIrr (resp. nCyNJiCts,
nCyN9tdlrr, nCyNIOSPIrr, nCyNNSSIrr  and
nCyNJtsalrr) and nCyNNO, and U; is StnCyNIiSBReg
(resp. StnCyNJtReg, StnCyN'JtdReg, StnCy N NSPReg,
StnCyNJt6SReg and StnCyNJidaReg), then U, is
StnCyNIt6BReg (resp. StnCyNJiReg, StnCyNJtSReg,
StnCyN'Jt6PReg, StnCyN'Ji6SReg and
StnCyNJtdaReg).

Proof. As in the proof of Theorem 3.4, since he
is a bijection, for nCyN's’s S, T in U; and A in U, we have:
SCT implies he(S) € he(T), he(S€) = (he(S))S,
he(hz1(A)) = A and he(xp) = (he(%))p for every n-
Cylindrical neutrosophic point X, in U;.

Suppose that U; is StnCyN'ItSPBReg. Let A be an
nCyN96Bcs in U, and let y, € A, where p = (a, b, c).
Since he is nCyNNSPIrr, hz1(A) is an nCyNNSPcs in
U; (Definition 3.9). Since h¢ is a surjection, there exists
x € Uy such that he(x) =y. Since y, € A, we have a <
Yalhe(x)), b <1 —Ba(he(x)) and ¢ = ap(he(x)), that
is, xp € (hz'(A))C. Since U; is StnCyN'NSPReg, there
exist separated nCyN'9tos’s L and M in Uy such that x, €
L,hz1(A) € M and L € M€. Since he is nCyN9t0, he (L)
and he(M) are nCyN'Jtos’s in U,. Now

¥p = he(xp) S he(L) and A=
he(hz'(A)) € he(M),
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that is, y, € he(L) and A € he(M). Also, L € M€ implies
he(L) € he (M) = (he(M))S, so he(M) and he(L) are
separated. Hence U, is StnCy N Jt83Reg.

The proofs of the other cases are similar.

Remark 4.2 Theorems 4.1, 4.3, 44 and
Corollary 4.1 have been proved for StnCyN9JiSfReg
spaces, and they also hold for StnCyN9JiReg,
StnCyNJt6Reg, StnCyNJt6PReg, StnCy N NSSReg and
StnCyN'Jt6aReg spaces, since their proofs use only the
definition of the space together with properties (i) and (ii)
of Remark 3.1 On the other hand, Propositions 4.1, 4.2 and
Theorem 4.2 have been stated only for the 6 and 6 pre
cases. Their proofs use the fact that every nCy/NJtos is an
nCyNJt6Bos and an nCyNIt6Pos (equivalently, every
nCyNJics is an nCyNItdBcs and an nCyNNdPcs), and
an nCyN9Jtos need not be an nCyNIdos, an
nCyNJt6Sos or an nCyNJtdaos (Example 4.2(i)).

5 An application to the selection of
nanocarriers in drug delivery

In nanotechnology based drug delivery, a drug is
loaded into a nanocarrier, such as a liposome, a polymeric
nanoparticle, a solid lipid nanoparticle or a dendrimer, so
that it reaches the target tissue in the required amount and
is released over the required period. The performance of a
formulation depends on several physicochemical
attributes, for example the particle size, the surface charge,
the release profile and the biocompatibility of the carrier
material, and the preclinical evaluation of a formulation is
usually uncertain. For each formulation X, a panel of
experts assesses the property “x carries a therapeutic risk”
(toxicity, adverse effects, premature release or rapid
clearance) by three degrees: the degree a(x) of evidence
for the risk, the degree y(x) of evidence against it (that is,
evidence that x is safe and effective), and the degree $(x)
of indeterminacy (inconclusive or inconsistent test
results). The degrees a and y are dependent, since strong
evidence for a risk limits the evidence against it, whereas
B is independent of them. Moreover, experts often give
pairs (o, y) with a +y > 1 or even a? + y? > (i) Hence
such evaluations are naturally modelled by n-Cylindrical
neutrosophic sets. Following the approach of Lellis
Thivagar et al. [7, 8], which goes back to the rough sets of
Pawlak [13], we use the n-Cylindrical neutrosophic nano
topology of Definition 2.15 to find the attributes that are
decisive for the risk of a formulation, and then select the
most suitable formulation.

Algorithm. [Step (i)]

(i) Let U be the set of candidate formulations,
C the set of condition attributes, and F the nCyN's on U
that gives the expert evaluation {(ag(x), Br(X), Yr(x)) of
the risk of each formulation x. The integer n is fixed by
the evaluation scale used by the experts, before the data
are collected; if no scale is prescribed, the smallest integer
n > 2 such that ap(x) + Yp(x) < 1 for all x € U may be

IJDDT Volume 16 Issue 89s 2026

used as a default. Once chosen, n is kept fixed throughout
the procedure.

(ii)) For P<S C, let Rp be the equivalence
relation on U defined by xRpy if and only if a(x) = a(y)
for every a € P.

(iii)  Compute nCyN (F), nCyN(F) and
By (F) with respect to Re by Definition 2.14, and
check that

wc(F) =
{OnCyJV”t 1nCyJ\/'J nCyN(F)' nCyN(F)' BnCyJV' (F)}
is an nCyV't, so that (U, t¢(F)) is an nCyN9its.

(iv) For each a € C, compute T¢_g5(F) in the
same way, using Re_gay. If Te_(q3(F) = tc(F), then a is
not needed to describe F; otherwise a is called a core
attribute. Let

CORE(C) = {a € C: t¢_q)(F) # tc(F)}.

(v) Compute nCyN(F) with respect to
Reore(c)- For x € U, the triple nCy V' (F)(x) is the worst-
case evaluation (largest evidence for the risk, smallest
evidence against it) among the formulations that agree
with x on the core attributes. Rank the classes of Rcorg(c)
by the score
Sn ((O(, B' Y>) = Yn —a
of their worst-case evaluations, and, within the best class,
rank the formulations by the score s, (F(x)) of their own
evaluations. A larger score means a safer formulation; for
n = 3, s3({a, B,v)) is the score function of Senapati and
Yager [17] of the Fermatean pair (y, a), which belongs to
the complement (y, 1 — B, a), that is, to the property “x is
safe”.

Example 5.1 A pharmaceutical research team
compares  six  nanocarrier  formulations U=
{D{,D;,D3,D,4,D5,Dg} of an anticancer drug. The
condition attributes are C = {a;,a,,as, a,}, where a; is the
particle size (small, below 100 nm; medium, 100-200
nm; large, above 200 nm), a, is the surface charge
(neutral, negative or positive), a; is the drug release profile
(controlled or burst) and a, is the biocompatibility of the
carrier material (high or low). The attribute values and the
evaluations of the risk of each formulation by a panel of
experts, based on preclinical tests, are given in Table 5.1

Formulat| a; a, as a, |F

ion = (ag, Br. YF

D, small | neutral |controlle| high [(0.40,0.20,0
d

D, small | neutral | burst | high [(0.60,0.40,0

D, mediu | negative |controlle| high [(0.50,0.30,0
m d

D, |mediu|negative|controlle| low (0.70,0.45,0
m d

Ds large | positive | burst | low [0.75,0.50,0

D¢ small | neutral |controlle| high [(0.45,0.25,0
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Table 1: Attributes and expert evaluations of the risk of
the formulations.

Step (i) Since 0.402 + 0.952 = (i)0625,
0.702% + 0.75%2 = (i)0525, 0.752 + 0.80% = (i)2025 and
0.45%2 4+ 0.90% = (i)0125, the evaluations of D;, D,, Ds
and Dg are not Pythagorean, while

0.40% + 0.953 = 0.9214,0.603 +
0.75% = 0.6379,0.50% + 0.853 = 0.7391,

0.70% + 0.753 = 0.7649,0.753 +
0.80% = 0.9339,0.453 + 0.903 = 0.8201
are all at most (i) Hence the evaluations are given on a
Fermatean (n = 3) scale, which is also the smallest
admissible value, and F is a 3-Cylindrical neutrosophic set
on U.

Step (ii)) The equivalence classes of R are
{D1,D¢}, {D2}, {Ds}, {D,} and {Ds}.

Step (iii) By Definition 2.14, for the class
{D;,D¢} we obtain the lower approximation
(min{0.40,0.45}, min{0.20,0.25}, max{0.95,0.90}) =
(0.40,0.20,0.95) and the wupper approximation
(0.45,0.25,0.90), and the boundary is

(0.45,0.25,0.90) n (0.40,0.20,0.95)¢ =
(0.45,0.25,0.90) n (0.95,0.80,0.40) = (0.45,0.25,0.90).
For the other classes, which are singletons, the lower and
upper approximations coincide with F, and the same
computation shows that the boundary also coincides with
F. Thus

nCyN (F) =

{(D,,0.40,0.20,0.95), (D5, 0.60,0.40,0.75), (D5, 0.50,0.30,0.

(D,,0.70,0.45,0.75),(Ds, 0.75,0.50,0.80), (D¢, 0.40,0.20,0:95)},

nCyNV (F) = BnCyN(F) =

{(D,, 0.45,0.25,0.90), (D, 0.60,0.40,0.75), (D3, 0.50,0.30,0.8Fhble

Table 2: Partitions obtained by removing one attribute.

ForP = C —{a;}and P = C — {a,}, the partition,
and hence the topology, is unchanged. For P = C — {as},
the formulations D4, D, and Dy become indistinguishable,
and the upper approximation at D; becomes

(max{0.40,0.60,0.45}, max{0.20,0.40,0.25}, min{0.95,0.75,0.90})

= (0.60,0.40,0.75) #

(0.45,0.25,0.90),
SO0 Te_fay}(F) #1c(F). For P=C-{a,}, the
formulations D5 and D, become indistinguishable, and the
upper approximation at D; becomes (0.70,0.45,0.75) #
(0.50,0.30,0.85), 50 T¢_a,}(F) # Tc(F). Therefore

CORE(C) = {ag,a,},
that is, the release profile and the biocompatibility of the
carrier are the decisive attributes, while the particle size
and the surface charge are not needed to describe the risk
of these formulations.

Step (v) The classes of Reorg(c) are {D1, D3, Dg}
(controlled release, high biocompatibility), {D,} (burst
release, high biocompatibility), {D,} (controlled release,
low biocompatibility) and {Dg} (burst release, low
biocompatibility). Their worst-case evaluations and scores
are given in Table 5.1

Class nCyN (F) w.r.t. S3
Rcorec)
{D,,D3, D¢} (0.50,0.30,0.85) 0.4891
{D,} (0.60,0.40,0.75) 0.2059
°) (D} (0.70,0.45,0.75) 0.0789
__{Dg} (0.75,0.50,0.80) 0.0901

3: Worst-case evaluations of the classes of

Rcore(c)-
(D4,0.70,0.45,0.75),(Ds, 0.75,0.50,0.80), (D¢, 0.45,0.25,0.90)}. "The class of formulations with controlled release

Since  Opcyn S nCyN (F) € nCyN (F) € 1pcyp, the
family

Tc(F) = {Oncyns Incya, nCyN (F),nCyV (F)}
is a chain, hence closed under unions and intersections,
and (U, t1¢(F)) is an nCy N 9its.

Step (iv) Removing one attribute at a time, we
obtain the partitions in Table (v)1; in each case the lower
approximation, the upper approximation and the boundary
again form a chain, so each T¢_5(F) is an nCyN:t
topology.

P Classes of Rp p(F) =
tc(F)?
C—{a;} [{Dy,D6},{D2},{D3},{D4}, {Ds] yes
C—{a} [{D1,D6},{D2} {D3},{D4}, {Ds] yes
C—{az} |{D1,D3 D¢} {D3},{D4},{Ds} no
C—{as} [{D1,D6},{D2},{D3, D4}, {Ds} no
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and high biocompatibility has the highest worst-case
score. Within this class, the scores of the individual
evaluations are

s3(F(Dy)) = 0.953 — 0.403 = 0.7934,

s3(F(Dg)) = 0.903 — 0.453% = 0.6379,

s3(F(D3)) = 0.85% — 0.50% = 0.4891,
so the ranking is D; > Dg > D3 > D, > Dg > D,, and
the formulation D; (small, neutral, controlled release,
highly biocompatible carrier) is recommended for further
development.

Remark 5.1 (i) The core attributes are found
without any weights: an attribute is decisive exactly when
ignoring it changes the n-Cylindrical neutrosophic nano
topology generated by F. In practice, this tells the
formulation scientist which properties must be controlled

Page: 574



Regular Spaces via n-Cylindrical Neutrosophic Nano df-open Sets with an Application to Nanocarrier Selection in Drug Delivery

most carefully during development.

(i1) The evaluations of D;, D4, D5 and D4 are not
2-Cylindrical neutrosophic numbers, since o + y? > 1;
with n = 3, they are admissible without changing the
experts’ values, and the independent component [3 records
the inconclusive test results separately.

(iii) In general, the family
{O0ncyns Lncya, nCyN (F), nCy NV (F), By ey (F)} need not
be closed under unions and intersections, because, by
Remark (i1)2, nCyN (F) n (nCyN (F))¢ need not be
Oncyan; therefore Step 3 must be checked. It holds, for

instance, whenever agg)(X) < Yr(r) (%) and Brer) (%) < %
for all x €U, since then nCyN(F) < B,cyn(F) &

nCyNV (F); this is the case in Example (v)1 and for every
coarser partition.

(iv) Sensitivity. We changed each of the 18
degrees in Table (v)1 by +0.05, one at a time. In 32 of the
36 cases the evaluations remain admissible and satisfy the
condition in (iii). In all of these cases CORE(C) = {a3, a4},
the formulation D, is still selected, and the first four places
D; > Dg > D3 > D, of the ranking are unchanged; only
D, and D5 may exchange the last two places. Thus the
decision is stable under small changes of the experts’
evaluations.

Remark 5.2 We now relate Example (v)1 to the
regular spaces of Sections 3 and 4 Write L = nCyN (F)

and H = nCyNV (F), computed with respect to R, so that
Tc(F) = {Oncyns Incyn, L, H} with L€ H and L # H. At
every formulation, the values of H satisfy ay < yy and
By < %, soH € H, and hence Opcypy S LS HE HE <
L° € 1hcyn
The nCyNJcs’s are Opcyp, HE, L and 1,,cyp. Therefore
nCyN9icl(L) = nCyNJicl(H) = HC and
nCyNNint(H®) = nCyNNint(L) = H. It follows that
the nCyNItro sets are Opcyp, H and 1,cype, and the
nCyN9trc sets are Oy ey, HC and 1,,¢y5v; in particular, the
lower approximation L is an nCyNJtos but not an
nCyNJtdos.

(i) Every nCyNs S in U is an nCyN9t6fos: if
Oncyn # S S HS, then nCyNScl(S) =H® and S <
H¢ = nCyN9icl(H) = nCyNJtcl(nCy N Jint(HS));
otherwise nCyNScl(S) € {Oncyn Lncyn} and the
condition is clear. Consequently, as in Example 4.1,
(U,tc(F)) is nCyNJt6BReg and St*nCyNItSPReg,
while, by Proposition 4.3, it is not StnCyN'Jt53Reg.

(i) (U, tc(F)) is not nCyNJtReg: let A = HC
and let p be the n-Cylindrical neutrosophic point at D,
with  value  (0.50,0.30,0.80). Since H(D,) =
(0.60,0.40,0.75), we have p € H = A€. Since H°(D,) =
(0.75,0.60,0.60) £ H(D;), the only nCyNJtos
containing A is 1,cyy, and then no nCyN'Nos separated
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from it can contain p.

Thus the nano topology of the application is 63-
regular but not regular. In terms of the application, a group
of formulations described by an nCyN9Jt6pcs and the
evaluation of a single formulation outside it can always be
separated by nCyN9Jt6Pos’s, although the four
nCyNJtos’s, which are built only from the
approximations of F, are too coarse to separate them. This
illustrates why the &B-versions of regularity are the
appropriate ones for nano topologies arising from data.

6. Conclusion

In this paper, we have introduced and studied n-
Cylindrical neutrosophic nano (resp. 6, § pre, 6 semi, Sa
and &) regular spaces, together with their strongly and
strongly * versions, in the framework of nCyNJits’s.
Since the intersection of an nCy/N's and its complement
need not be Opcypv, these spaces have been defined by
means of n-Cylindrical neutrosophic points and separated
nCyV's’s rather than disjoint ones. We have characterized
nCyNJt63Reg spaces by means of nCyNJt8f closures
and nCyN98Bnbhd’s, shown that every nCyNJt8pos in
such a space is a union of nCyNJt6fcs’s, and shown that
this regularity is preserved by nCyNJto6pIrr and
nCyNJt6B0 bijections and by suitable continuous, closed
or open maps. For strongly regular spaces, we have
obtained analogous characterizations by means of
nCyN9t closures and closed neighbourhoods, shown that
an nCyN'9Jiro set can be inserted between an nCyN's and
an nCyNJtSBos containing it, and established the
relations among strongly, strongly * and ordinary regular
spaces; Examples (iv)1 and (iv)2 show that the converses
of Proposition 4.1 and of Proposition 4.2(ii) need not hold,
Example 4.3 gives a §B-regular space in which not every
set is 6f3-open, and Proposition 4.3 shows that strong 6f3-
regularity is a very restrictive condition.

As a real life application, we have used n-
Cylindrical neutrosophic nano topology in drug delivery
technology. The risk of each nanocarrier formulation was
evaluated as an n-Cylindrical neutrosophic number, which
allows the experts’ evidence for and against the risk to
exceed the intuitionistic and Pythagorean bounds and
records inconclusive test results separately. By comparing
the n-Cylindrical neutrosophic nano topologies generated
by the lower and upper approximations and the boundary,
the proposed algorithm identified the release profile and
the biocompatibility of the carrier as the core attributes,
without any weights, and the score function selected the
most suitable formulation; this decision is stable under
small changes of the data. We have also given a condition
under which the lower and upper approximations and the
boundary form an n-Cylindrical neutrosophic nano
topology, and we have shown that the nano topology of
the application is OSf-regular but not regular, which
illustrates the role of the §3-versions of regularity for nano
topologies arising from data.
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The numerical example uses illustrative data. In
future work, the application may be tested with real
experimental data and with more attributes and experts,
and the ideas of this paper may be extended to normal
spaces and other separation axioms in n-Cylindrical
neutrosophic nano topological spaces, and to other
problems of medical decision making.
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  nCy 𝒩 𝔑 δ c


  nCy 𝒩 𝔑 δ os


  nCy 𝒩 𝔑 δ cs


  δ 𝒫


  δ 𝒮


  δ α


  δ β


  ( U ,  τ R  nCy 𝒩 ( F ) )


  nCy 𝒩 𝔑 ts


  S


  nCy 𝒩 s


  U


  n


  δ


  S


  nCy 𝒩 𝔑 δ 𝒫 int ( S )


  nCy 𝒩 𝔑 δ 𝒫 int ( S ) =  ⋃ ‍ { I : I ⊆ S     &     IisannCy 𝒩 𝔑 δ 𝒫 osetinU } ,


  δ


  S


  nCy 𝒩 𝔑 δ 𝒮 int ( S )


  nCy 𝒩 𝔑 δ 𝒮 int ( S ) =  ⋃ ‍ { I : I ⊆ S     &     IisannCy 𝒩 𝔑 δ 𝒮 osetinU } ,


  δ α


  S


  nCy 𝒩 𝔑 δ α int ( S )


  nCy 𝒩 𝔑 δ α int ( S ) =  ⋃ ‍ { I : I ⊆ S     &     IisannCy 𝒩 𝔑 δ α osetinU } ,


  δ β


  S


  nCy 𝒩 𝔑 δ β int ( S )


  nCy 𝒩 𝔑 δ β int ( S ) =  ⋃ ‍ { I : I ⊆ S     &     IisannCy 𝒩 𝔑 δ β osetinU } ,


  δ


  S


  nCy 𝒩 𝔑 δ 𝒫 cl ( S )


  nCy 𝒩 𝔑 δ 𝒫 cl ( S ) =  ⋂ ‍ { K : S ⊆ K     &     KisannCy 𝒩 𝔑 δ 𝒫 csetinU } ,


  δ


  S


  nCy 𝒩 𝔑 δ 𝒮 cl ( S )


  nCy 𝒩 𝔑 δ 𝒮 cl ( S ) =  ⋂ ‍ { K : S ⊆ K     &     KisannCy 𝒩 𝔑 δ 𝒮 csetinU } ,


  δ α


  S


  nCy 𝒩 𝔑 δ α cl ( S )


  nCy 𝒩 𝔑 δ α cl ( S ) =  ⋂ ‍ { K : S ⊆ K     &     KisannCy 𝒩 𝔑 δ α csetinU } ,


  δ β


  S


  nCy 𝒩 𝔑 δ β cl ( S )


  nCy 𝒩 𝔑 δ β cl ( S ) =  ⋂ ‍ { K : S ⊆ K     &     KisannCy 𝒩 𝔑 δ β csetinU } .


   h  𝒞 :  U 1 →  U 2


  nCy 𝒩 s


  T = { 〈 y ,  α T ( y ) ,  β T ( y ) ,  γ T ( y ) 〉 : y ∈  U 2 }


   U 2


  T


  nCy 𝒩 s


   h  𝒞  − 1 ( T ) = { 〈 x ,      α T (  h  𝒞 ( x ) ) ,      β T (  h  𝒞 ( x ) ) ,      γ T (  h  𝒞 ( x ) ) 〉 : x ∈  U 1 } .


  nCy 𝒩 s


  S = { 〈 x ,  α S ( x ) ,  β S ( x ) ,  γ S ( x ) 〉 : x ∈  U 1 }


   U 1


  S


  nCy 𝒩 s


   h  𝒞 ( S ) = { 〈 y ,  α   h  𝒞 ( S ) ( y ) ,  β   h  𝒞 ( S ) ( y ) ,  γ   h  𝒞 ( S ) ( y ) 〉 : y ∈  U 2 }


  (  α   h  𝒞 ( S ) ( y ) ,  β   h  𝒞 ( S ) ( y ) ,  γ   h  𝒞 ( S ) ( y ) ) =  {    (  sup  x ∈  X y  α S ( x ) ,      sup  x ∈  X y  β S ( x ) ,      inf  x ∈  X y  γ S ( x ) ) ,  if  X y ≠ ∅ ,   ( 0 ,   0 ,   1 ) ,  otherwise .


   X y =  h  𝒞  − 1 ( y ) = { x ∈  U 1 :  h  𝒞 ( x ) = y }


   h  𝒞  − 1 ( T )


  nCy 𝒩 s


   h  𝒞 ( S )


  nCy 𝒩 s


  y ∈  U 2


   h  𝒞  − 1 ( y ) ≠ ∅


  ε > 0


   x 0 ∈  h  𝒞  − 1 ( y )


   α S (  x 0 ) >  α   h  𝒞 ( S ) ( y ) − ε


   γ   h  𝒞 ( S ) ( y ) ≤  γ S (  x 0 )


  (  α   h  𝒞 ( S ) ( y ) − ε  ) n +  γ   h  𝒞 ( S ) ( y  ) n ≤  α S (  x 0  ) n +  γ S (  x 0  ) n ≤ 1 .


  ε → 0


   α   h  𝒞 ( S ) ( y  ) n +  γ   h  𝒞 ( S ) ( y  ) n ≤ 1 .


  (  U 1 ,  τ R  nCy 𝒩 (  A 1 ) )


  (  U 2 ,  τ R  nCy 𝒩 (  A 2 ) )


  nCy 𝒩 𝔑 ts


   h  𝒞 : (  U 1 ,  τ R  nCy 𝒩


  (  A 1 ) ) → (  U 2 ,  τ R  nCy 𝒩 (  A 2 ) )


  n


  δ


  δ


  δ


  δ α


  δ β


  nCy 𝒩 𝔑 Cts


  nCy 𝒩 𝔑 δ Cts


  nCy 𝒩 𝔑 δ 𝒫 Cts


  nCy 𝒩 𝔑 δ 𝒮 Cts


  nCy 𝒩 𝔑 δ α Cts


  nCy 𝒩 𝔑 δ β Cts


   h  𝒞  − 1 ( G )


  nCy 𝒩 𝔑 o


  nCy 𝒩 𝔑 δ o


  nCy 𝒩 𝔑 δ 𝒫 o


  nCy 𝒩 𝔑 δ 𝒮 o


  nCy 𝒩 𝔑 δ α o


  &


  nCy 𝒩 𝔑 δ β o


   U 1


  nCy 𝒩 𝔑 o


  G


   U 2


  (  U 1 ,  τ R  nCy 𝒩 (  A 1 ) )


  (  U 2 ,  τ R  nCy 𝒩 (  A 2 ) )


  nCy 𝒩 𝔑 ts


   h  𝒞 : (  U 1 ,  τ R  nCy 𝒩 (  A 1 ) ) → (  U 2 ,  τ R  nCy 𝒩 (  A 2 ) )


  n


  δ


  δ


  δ


  δ α


  δ β


  nCy 𝒩 𝔑 O


  nCy 𝒩 𝔑 δ O


  nCy 𝒩 𝔑 δ 𝒫 O


  nCy 𝒩 𝔑 δ 𝒮 O


  nCy 𝒩 𝔑 δ α O


  nCy 𝒩 𝔑 δ β O


   h  𝒞 ( G )


  nCy 𝒩 𝔑 os


  nCy 𝒩 𝔑 δ os


  nCy 𝒩 𝔑 δ 𝒫 os


  nCy 𝒩 𝔑 δ 𝒮 os


  nCy 𝒩 𝔑 δ α os


  nCy 𝒩 𝔑 δ β os


   U 2


  nCy 𝒩 𝔑 os


  G


   U 1


   h  𝒞 ( G )


  G


  ( U ,  τ R  nCy 𝒩 ( F ) )


  nCy 𝒩 𝔑 ts


  x ∈ U


  p = 〈 a , b , c 〉


  a , b , c ∈ [ 0 , 1 ]


   a n +  c n ≤ 1


  n


   x p


  nCy 𝒩 s


  U


  x


  〈 a , b , c 〉


  U


  〈 0 , 0 , 1 〉


  nCy 𝒩 s


  A


  U


   x p ∈ A


   x p ⊆ A


  a ≤  α A ( x )


  b ≤  β A ( x )


  c ≥  γ A ( x )


  nCy 𝒩 s


  S


  U


  x ∈ U


   x  S ( x )


  n


  S ( x ) = 〈  α S ( x ) ,  β S ( x ) ,  γ S ( x ) 〉


   x  S ( x ) ∈ S


  x ∈ U


  S =   ⋃  x ∈ U ‍  x  S ( x )


  nCy 𝒩 s


  L


  M


  U


  L ⊆  M c


  M ⊆  L c


  nCy 𝒩 s


  N


  U


  n


  δ β


  nCy 𝒩 𝔑 δ β nbhd


  nCy 𝒩 s


  K


  nCy 𝒩 𝔑 δ β os


  V


  K ⊆ V ⊆ N


  ( U ,  τ R  nCy 𝒩 ( F ) )


  n


  δ


  δ


  δ


  δ α


  δ β


  nCy 𝒩 𝔑 Reg


  nCy 𝒩 𝔑 δ Reg


  nCy 𝒩 𝔑 δ 𝒫 Reg


  nCy 𝒩 𝔑 δ 𝒮 Reg


  nCy 𝒩 𝔑 δ α Reg


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 cs


  nCy 𝒩 𝔑 δ cs


  nCy 𝒩 𝔑 δ 𝒫 cs


  nCy 𝒩 𝔑 δ 𝒮 cs


  nCy 𝒩 𝔑 δ α cs


  nCy 𝒩 𝔑 δ β cs


  A


  U


  n


   x p ∈  A c


  nCy 𝒩 𝔑 os


  nCy 𝒩 𝔑 δ os


  nCy 𝒩 𝔑 δ 𝒫 os


  nCy 𝒩 𝔑 δ 𝒮 os


  nCy 𝒩 𝔑 δ α os


  nCy 𝒩 𝔑 δ β os


  L


  M


  U


  A ⊆ L


   x p ∈ M


  L ∩ M =  0  nCy 𝒩


  L


  M


  S ∩  S c


   0  nCy 𝒩


  nCy 𝒩 𝔑 ts


  ( U ,  τ R  nCy 𝒩 ( F ) )


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 δ β os


  G


  U


  n


   x p ∈ G


  nCy 𝒩 𝔑 δ β os


  L


   x p ∈ L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆ G


  nCy 𝒩 𝔑 δ β cs


  K


  U


  n


   x p ∈  K c


  nCy 𝒩 𝔑 δ β cs


  N


  nCy 𝒩 𝔑 δ β nbhd


  K


   x p ∈  N c


  nCy 𝒩 s


  S


  T


  (  S c  ) c = S


  S ⊆ T


   T c ⊆  S c


  nCy 𝒩 s


  S


  nCy 𝒩 𝔑 δ β os


   S c


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cl ( S )


  nCy 𝒩 𝔑 δ β cs


  S


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β os


  nCy 𝒩 𝔑 δ β os


  L ∩ M =  0  nCy 𝒩


  M ⊆  L c


  x ∈ U


   γ L ( x )


   γ M ( x )


  1


  γ ( x ) = 1


  α ( x ) = 0


   α n +  γ n ≤ 1


   α n +  γ n ≤ 1


   β L ( x )


   β M ( x )


  0


   α M ( x ) ≤  γ L ( x )


   β M ( x ) ≤ 1 −  β L ( x )


   γ M ( x ) ≥  α L ( x )


  ⇒


  U


  nCy 𝒩 𝔑 δ β Reg


  G


  nCy 𝒩 𝔑 δ β os


  U


   x p ∈ G


  A =  G c


  nCy 𝒩 𝔑 δ β cs


   x p ∈ G =  A c


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 δ β os


  M


  L


  A ⊆ M


   x p ∈ L


  L ⊆  M c


   M c


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cl ( L ) ⊆  M c


   G c = A ⊆ M


   M c ⊆ G


   x p ∈ L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆ G


  ⇒


  K


  nCy 𝒩 𝔑 δ β cs


  U


   x p ∈  K c


   K c


  nCy 𝒩 𝔑 δ β os


  nCy 𝒩 𝔑 δ β os


  L


   x p ∈ L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆  K c


  N =  L c


  V = ( nCy 𝒩 𝔑 δ β cl ( L )  ) c


  N


  nCy 𝒩 𝔑 δ β cs


  V


  nCy 𝒩 𝔑 δ β os


  L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆  K c


  K ⊆ V ⊆ N


  N


  nCy 𝒩 𝔑 δ β nbhd


  K


   x p ∈ L =  N c


  ⇒


  A


  nCy 𝒩 𝔑 δ β cs


  U


   x p ∈  A c


  nCy 𝒩 𝔑 δ β cs


  N


  nCy 𝒩 𝔑 δ β os


  V


  A ⊆ V ⊆ N


   x p ∈  N c


  L = V


  M =  N c


  L


  M


  nCy 𝒩 𝔑 δ β os


  A ⊆ L


   x p ∈ M


  V ⊆ N


  L = V ⊆ N = (  N c  ) c =  M c


  L


  M


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 ts


  ( U ,  τ R  nCy 𝒩 ( F ) )


  U


  nCy 𝒩 𝔑 Reg


  nCy 𝒩 𝔑 os


  G


  U


  n


   x p ∈ G


  nCy 𝒩 𝔑 os


  L


   x p ∈ L ⊆ nCy 𝒩 𝔑 cl ( L ) ⊆ G


  nCy 𝒩 𝔑 cs


  K


  U


  n


   x p ∈  K c


  nCy 𝒩 𝔑 cs


  N


  nCy 𝒩 𝔑 os


  V


  K ⊆ V ⊆ N


   x p ∈  N c


  U


  nCy 𝒩 𝔑 Reg


  nCy 𝒩 𝔑 os


  G


  U


  n


   x p ∈ G


  nCy 𝒩 𝔑 δ β os


  L


   x p ∈ L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆ G


  nCy 𝒩 𝔑 δ β os


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cl


  nCy 𝒩 𝔑 os


  nCy 𝒩 𝔑 cs


  nCy 𝒩 𝔑 cl


  nCy 𝒩 𝔑 cl ( S )


  nCy 𝒩 𝔑 cs


  S


  U


  nCy 𝒩 𝔑 Reg


  G


  nCy 𝒩 𝔑 os


   x p ∈ G


  nCy 𝒩 𝔑 os


  L


   x p ∈ L ⊆ nCy 𝒩 𝔑 cl ( L ) ⊆ G


  L = nCy 𝒩 𝔑 int ( L ) ⊆ nCy 𝒩 𝔑 int ( nCy 𝒩 𝔑 δ cl ( L ) ) ⊆ nCy 𝒩 𝔑 cl ( nCy 𝒩 𝔑 int ( nCy 𝒩 𝔑 δ cl ( L ) ) )


  L


  nCy 𝒩 𝔑 δ β os


  nCy 𝒩 𝔑 cs


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 cl ( L )


  nCy 𝒩 𝔑 δ β cs


  L


  nCy 𝒩 𝔑 δ β cl ( L ) ⊆ nCy 𝒩 𝔑 cl ( L )


   x p ∈ L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆ G


  nCy 𝒩 𝔑 ts


  ( U ,  τ R  nCy 𝒩 ( F ) )


  nCy 𝒩 𝔑 δ β Reg


  n


   x p


  U


  nCy 𝒩 𝔑 δ β nbhd


  N


   x p


  nCy 𝒩 𝔑 δ β os


  M


   x p ∈ M ⊆ nCy 𝒩 𝔑 δ β cl ( M ) ⊆ N


  U


  nCy 𝒩 𝔑 δ β Reg


   x p


  n


  U


  N


  nCy 𝒩 𝔑 δ β nbhd


   x p


  nCy 𝒩 𝔑 δ β os


  G


   x p ⊆ G ⊆ N


   x p ∈ G ⊆ N


   G c


  nCy 𝒩 𝔑 δ β cs


   x p ∈ G = (  G c  ) c


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 δ β os


  L


  M


   G c ⊆ L


   x p ∈ M


  M ⊆  L c


   L c


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cl ( M ) ⊆  L c


   G c ⊆ L


   L c ⊆ G ⊆ N


   x p ∈ M ⊆ nCy 𝒩 𝔑 δ β cl ( M ) ⊆ N


  A


  nCy 𝒩 𝔑 δ β cs


  U


   x p ∈  A c


   A c


  nCy 𝒩 𝔑 δ β os


   x p ⊆  A c ⊆  A c


   A c


  nCy 𝒩 𝔑 δ β nbhd


   x p


  nCy 𝒩 𝔑 δ β os


  M


   x p ∈ M ⊆ nCy 𝒩 𝔑 δ β cl ( M ) ⊆  A c


  L = ( nCy 𝒩 𝔑 δ β cl ( M )  ) c


  nCy 𝒩 𝔑 δ β cl ( M )


  nCy 𝒩 𝔑 δ β cs


  L


  nCy 𝒩 𝔑 δ β os


  nCy 𝒩 𝔑 δ β cl ( M ) ⊆  A c


  A ⊆ L


  M ⊆ nCy 𝒩 𝔑 δ β cl ( M ) =  L c


  L


  M


  L


  M


  nCy 𝒩 𝔑 δ β os


  A ⊆ L


   x p ∈ M


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 Reg


  nCy 𝒩 𝔑 δ Reg


  nCy 𝒩 𝔑 δ 𝒫 Reg


  nCy 𝒩 𝔑 δ 𝒮 Reg


  nCy 𝒩 𝔑 δ α Reg


  nCy 𝒩 𝔑 ts


  ( U ,  τ R  nCy 𝒩 ( F ) )


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 δ β cs


  A


  U


  n


   x p ∈  A c


  nCy 𝒩 𝔑 δ β os


  L


  M


  U


   x p ∈ L


  A ⊆ M


  nCy 𝒩 𝔑 δ β cl ( L )


  nCy 𝒩 𝔑 δ β cl ( M )


  nCy 𝒩 𝔑 δ β cl ( L ) ⊆ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c


  U


  nCy 𝒩 𝔑 δ β Reg


  A


  nCy 𝒩 𝔑 δ β cs


  U


   x p ∈  A c


  nCy 𝒩 𝔑 δ β os


  M


   L 1


  A ⊆ M


   x p ∈  L 1


  M ⊆  L 1 c


   L 1 c


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cl ( M ) ⊆  L 1 c


   x p ∈  L 1 ⊆ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c


  nCy 𝒩 𝔑 δ β cl ( M )


  nCy 𝒩 𝔑 δ β cs


   x p ∈ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 δ β os


  H


  G


  nCy 𝒩 𝔑 δ β cl ( M ) ⊆ H


   x p ∈ G


  G ⊆  H c


   H c


  nCy 𝒩 𝔑 δ β cs


  nCy 𝒩 𝔑 δ β cl ( G ) ⊆  H c


  nCy 𝒩 𝔑 δ β cl ( M ) ⊆ H


   H c ⊆ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c


  L = G


  L


  M


  nCy 𝒩 𝔑 δ β os


   x p ∈ L


  A ⊆ M


  nCy 𝒩 𝔑 δ β cl ( L ) ⊆  H c ⊆ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c ,


  nCy 𝒩 𝔑 δ β cl ( L )


  nCy 𝒩 𝔑 δ β cl ( M )


  A


  nCy 𝒩 𝔑 δ β cs


  U


   x p ∈  A c


  nCy 𝒩 𝔑 δ β os


  L


  M


   x p ∈ L


  A ⊆ M


  nCy 𝒩 𝔑 δ β cl ( L ) ⊆ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c


  M ⊆ nCy 𝒩 𝔑 δ β cl ( M )


  ( nCy 𝒩 𝔑 δ β cl ( M )  ) c ⊆  M c


  L ⊆ nCy 𝒩 𝔑 δ β cl ( L ) ⊆ ( nCy 𝒩 𝔑 δ β cl ( M )  ) c ⊆  M c .


  L


  M


  nCy 𝒩 𝔑 δ β os


  A ⊆ M


   x p ∈ L


  U


  nCy 𝒩 𝔑 δ β Reg


  nCy 𝒩 𝔑 Reg


  nCy 𝒩 𝔑 δ Reg


  nCy 𝒩 𝔑 δ 𝒫 Reg


  nCy 𝒩 𝔑 δ 𝒮 Reg


  nCy 𝒩 𝔑 δ α Reg


  (  U 1 ,  τ R  nCy 𝒩 (  A 1 ) )


  (  U 2 ,  τ R  nCy 𝒩 (  A 2 ) )


  nCy 𝒩 𝔑 ts


   h  𝒞 : (  U 1 ,  τ R  nCy 𝒩 (  A 1 ) ) → (  U 2 ,  τ R  nCy 𝒩 (  A 2 ) )


  n


  δ


  δ


  δ


  δ α


  δ β


  nCy 𝒩 𝔑 δ Irr


  nCy 𝒩 𝔑 δ 𝒫 Irr


  nCy 𝒩 𝔑 δ 𝒮 Irr


  nCy 𝒩 𝔑 δ α Irr


  nCy 𝒩 𝔑 δ β Irr


   h  𝒞  − 1 ( G )


  nCy 𝒩 𝔑 δ os


  nCy 𝒩 𝔑 δ 𝒫 os


  nCy 𝒩 𝔑 δ 𝒮 os


  nCy 𝒩 𝔑 δ α os


  nCy 𝒩 𝔑 δ β os


   U 1


  nCy 𝒩 𝔑 δ os


  nCy 𝒩 𝔑 δ 𝒫 os


  nCy 𝒩 𝔑 δ 𝒮 os


  nCy 𝒩 𝔑 δ α os


  nCy 𝒩 𝔑 δ β os


  G


   U 2


   h  𝒞  − 1 (  T c ) = (  h  𝒞  − 1 ( T )  ) c


  nCy 𝒩 s


  T


   U 2


   h  𝒞
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