RESEARCH PAPER

Application Of Decomposition Of Cartesian Product And Corona Product Of
Sunlet And Cycle In Drug Deliverance.

Vimala Roshni. S!, Chithra Devi. P*

!Research Scholar Reg. No. 22211202092004 Department of Mathematics Sri Parasakthi College for Women,
Courtallam. Affiliated to Manonmaniam Sundaranar University. Tirunelveli — 627 012, Tamil Nadu, India.
Email: roshniqueen333@gmail.com
2Assistant Professor Department of Mathematics Sri Parasakthi College for Women, Courtallam. Affiliated to
Manonmaniam Sundaranar University. Tirunelveli — 627 012, Tamil Nadu, India.

Email: chithradevip@sriparasakthicollege.edu.in

ABSTRACT

For any positive integer k>3, we define the sunlet graph of order 2k, denoted by L 2k, as the graph consisting of a cycle
of length k together with k pendant vertices such that each pendant vertex is adjacent to exactly one vertex of the cycle so
that the degree of each vertex in the cycle is 3. In this paper, we show the necessary and sufficient condition for the
decomposition of cartesian product and corona product of sunlet and cycle into paws, stars, cycles, claws and paths.
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INTRODUCTION
All graphs considered here are finite and undirected unless
otherwise stated. Let C,. be the cycle on r vertices. For a
graph G, if E(G) can be partitioned into E;, E,, ...., E,,, such
that the subgraph of G induced by E; is H; forall 1 <i <
m, then Hy, Hy,....,H, decompose G and is written as
E(G)=E(H,)UE(H,)VU ...UE(H,).Iffor1 <i <m,
H; = H, we say that G has a H-decomposition. Numerous
studies have addressed the decomposition of graphs in
various contexts. In [4], S. Arumugam, I. Sahul Hamid and
V. M. Abraham gave the decomposition of a graph G on n
vertices (not necessarily connected) into |[n/2]| paths and
cycles. For any two graphs G and H, their cartesian product,
denoted by G 0O H has vertex set V(G O H) = V(G) X V(H)
and edge set E(GOH)={(g,h)(g h):g=g, hh'€e
E(H), or gg' € E(G), h = h'}. R. Frucht and F. Harary in
their paper [3], introduced a new and simple operation on
two graphs G; and G, called their corona product. For any
two graphs G, and G, of orders m and n respectively, their
corona product G, @ G, is the graph obtained by taking one
copy of G; and m copies of G, such that the i*" vertex of G,
is connected to every vertex in the i*" copy of G,. A.
Muthusamy and K. Sowndhariya [1], studied the cartesian
product of complete graphs into sunlet graphs of order eight.
Here in this paper, we focus on the decomposition of
cartesian product and corona product of sunlet and cycle.

Remark 1.1.

Consider a graph H, with V(H;) = {xi_]-: 1<i<6;,1<
Jj=< 3} and

E(Hy) = {X; jX; j+1) Xk Xn41,0 X1,g%X3,g0 Xr sXr43,50 L S 1S
61<j<2;1<k<s5;

1<1,q,7,s < 3}. H, is decomposed into 4 copies of K 3
and 6 copies of K , as follows:

{X1,2x1,1' X1,2%X2,2 x1_2x3_2}, {x1,3x1,2' X1,3%2,3) x1_3x3_3}, {xz,zxz,y X2,2X3,2, xz,zstz}r

{x2,3x2,2' X2,3X3,3, x2,3x5,3}» {x3,2x3,1' x3,2x6,2}a
{x3,3x3,2' x3,3x6,3}: {x4,2x4,1' x4,2x1,2}'

{x4,3x4,2' X43%1,3 }' {xs,zxs,lﬂ xs,zxs,s} and

{x6,2x6,1' x6,2x6,3}'

Theorem 1.2. For any two positive integers m,n with m =
3,n>3andnis odd,

L,,0C, is decomposed into p copies of K, 3 and q copies
of Ky , if and only if

p+§q =@—(n+1).
Proof:

Let G = L,,,OC,, where V(G) = {x;;: 1 < i <
2m; ISan}and

E(G)
= {xi,jxi,j+1l xk,lxk,1+n' xp,qxp+1,q' xl,sxm,Sl xu,vxu+m,v: 1
<i<2m

1<j<n-11<k<2m1<p<m-1;,1<gq,sv
<n 1<u<m}

Suppose that L,,,0C,, is decomposed into p copies of
K, 5 and q copies of K ,.

Since |E(G)| = 3p + 2q, we have
3p+2q =3[(m—1)(n+ 1]+ 2[mn-1)].
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=>3p+2q=5mn+m-—3n-3.

Therefore, p + %q = @ —(n+1).

m(5n+1)
3

Conversely, suppose that p + gq = —(n+1).

For n = 3, the set of edges

{x1,1x1,2' X1,1%2,1, X1,1%1,3 }' {xz,z X1,2:X2,2X2,1, X232 xs,z}'

Consider a graph H; with V(H;) = {xi_j: 1<i<3,1<
Jj=< 3} and

E(Hs) = {x;jX; jy1, X1, %21 X1 ,gX34: L = 1,3; 1 < j <
2; 2 < 1,q < 3}. Hy is decomposed into 2 copies of K 5
and 1 copy of K, , as follows: {xlyle_l,xlyzxz_z,x1'2x3_2},

{x1,3x1,2' X1,3%2,3, x1,3x3,3} and {x3,2x3,1' x3,2x3,3}-

{X2,3%2,20 X23%2,1, X2,3%3 3}, {¥3,3%1,3, X3,3%3,20 X3,3%3,1 ), {3,121 1 PheOREIMA Sack 0}, any two positive integers m, n with m =

{xa,zxz,z' X3,2%1,2 x3,2x6,2}: {x5,3x5,2' X5,3X5,1, x5,3x1,3} and
{x6‘1x6'2, X61%X31) x6’1x6,3} forms 8 copies of K; 3. Also, the

set of edges {x4'1x1'1, x4,1x4'3}, {x1,3x1,2' x1_3x2_3},
{x5,1x2,1' x5,1x5,2}: {x4,2x4,1' x4,2x1,2}' {x4,3x4,2' x4,3x1,3} an
d {x6'3x6_2, x6,3x3'3} forms 6 copies of K; ,. Therefore

L¢O P; is decomposed into 8 copies of K; 3 and 6 copies of
K.

For n = 5, we prove this theorem by induction on n.

For n = 5, the induced subgraph < {xl-A, xl-'s} > together
with the edge x; 3x; , forms H;

forall 1 <i < 2m. Thus E(L,,,0Cs) = E(L,,,0C5) U
E(H,).

Assume that the theorem is true for n — 2.

The induced subgraph < {x; , x; j,1} > together with the
edge x; j_1x; ; where

j=6,8, .., n—1forms H; V1 < i < 2m. Thus
E(LZmDCn) = E(LZmDCn—Z) U E(Hl)

Therefore by induction hypothesis, L,,,0C,_, is
decomposed into 2(n — 1) copies of K;;and 3(n —3)
copies of K; ,. Also by Remark 1.1., H; is decomposed into
4 copies of K; 3 and 6 copies of K;,.Hence L,,0C, is
decomposed into p copies of K; 3 and g copies of K, ,.

Remark 1.3.

Consider a graph H, with V(H,) = {xi_j: 1<i<4 1<
Jj=< 3} and

E(H,) = {xi,jxi,j+1'x1,2x2,2'xz,qx3,qﬁx1,sx3,s' Xu,1%Xqy,30 1
=2,41<j,q<2;

1 <5 <3; u=2,4}. H, is decomposed into 2 copies of
K, 5 and 3 copies of K, , as follows:

{xz,le,z: X2,2%X2,1, x2,2x4,2}:

3,n=>3andnis odd,

L,,0C, is decomposed into p copies of K, 3 and q copies
of Ky , if and only if

p+ %q = 4mn.

Proof:

Let G = Ly,,0C,, where V(G) = {x; ;1 < i <
2m; ISan}and

E(G)
= {xi,jxi,j+1l xk,lxk,1+n' xp,qxp+1,q' xl,sxm,Sl xu,vxu+m,v: 1
<i<2m;

1<j<n-11<k<2m1<p<m-1;,1<gq,sv
<n 1<u<m}

Suppose that L,,,0C, is decomposed into p copies of K 3
and q copies of K ,.

Since |E(G)| = 3p + 2q, we have

3p+2q=3[n(m—-1) - (5—m)]
2[n(m +3)+3(m-— 5)]
5 .

Therefore, p + 2?(1 = 4mn.

Conversely, suppose that p + Z?q = 4mn.

For n = 3, the induced subgraph <

(X0 j— 10 X0 jo Xi j 10 Xiem—1,j—1 Xiem—1,j» Xiem—1,j+1} >
together with the edges

{Xi—1,j%ij Xi j+1Xi41,j+10 Xi jo1Xi41,j—1} Where j = 2
forms m — 3 copies of H, Vi =2,3,...,m — 2.

Thus, E(L,,,0C3) = E(LgOC3) U [E(H,) U ..U
E(H,) (m — 3) - times].

Therefore, by Theorem 1.2., LsOC; is decomposed into 8
copies of K;3and 6 copies of K;,. Also, by Remark
1.3.,,H,is decomposed into 2(m — 3)copies of

and 3(m — 3 ies of K; ,. For n = 5, we prove this
{x2,3x2,2'x2,3x2,1' x3,2x3,3}' {x2,1x3,1: x2,1x4,1}' {x4,1x4,2'x4,1x4,3)},1'3 d3( ) copies of K . Fo »Wep

and {x4,3x4,2' x4_3x2_3}.

Remark 1.4.

theorem by induction on n.

For n = 5, the induced subgraph <

{xi'4, Xi50 Xm—1,4r Xm-1,5 Xm,4» Xm,50 Xm+1,4»
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Xm+1,5 X2m—1,4 X2m—-1,5 X2m,4» Xam,5} > together with the
edges {xi_3xir4, Xi+1,4Xi 4

E(G)
= {xi,jxi,j+1l xk,lxk,1+n' xp,qxp+1,q' xl,sxm,Sl xu,vxu+m,v: 1
<i<2m;

Xi5Xi+1,5: Xm-1,3%m—-1,4» Xm,3%¥m,4» Xm+1,3%¥m+1,4» X2m-1,3X2m-1,4» x2m,3x2m,4-}

forms H;

forall 1 < i < 2m. Also, the induced subgraph <

{xm, Xi 5 Xiymar me_s} > together with the edges
{Xi3%i,40 X1, 4Xi 11,80 X0 5Xi4 1,5 Xitm3Xitm,a} forms (m — 3)
copies of H; for all

i=273..,m—-2.

Thus E(L,,,0Cs) = E(L,,,0C3) UE(H) U[E(H;) U ..U
E(H3) (m — 3) - times].

Assume that the theorem is true for n — 2.

The induced subgraph <

{xi,j' Xij+1 Xm—1,j Xm—-1,j+1 Xm,j» Xm,j+ 1 Xm+1,j» Xm+1,j+1r
Xom—1,j» X2m—1,j+1» X2m, j» Xam,j+1} > together with the

edges {xi,j—lxi,j' Xi+1,jXi,j

Xij+1%Xi+1,j+41 Xm-1,j-1%¥m—-1,j» Xm,j—1%m,j» Xm+1,j-1%m+1,j me{l,j—lem—l,j' Xom,j lfgczmij}
2,272,

where j = 6,8,...,n—1forms H; V1 <i < 2m.

Also, the induced subgraph <
{xi']-, X j+1r Xivm,j» xl-+m'j+1} > together with the edges

(X0 j-1%0 ) X jXig1,jp Xi jr1Xir1,j4 1 Xivm,j—1Xi+m,j} Where
j=6,8,..,n—1forms 2 copiesof H; Vi =2,3,...,m —
2.

Thus E(L,,,0C,) = E(L,,,,0C,_,) UE(H,) U [E(H3) U
..U E(H;) (m — 3) -times].

Therefore, by induction hypothesis, L,,,0 C,,_, is
decomposed into

4n-2)(m-1D+(5—-m)

(n—2)(m+3)+3(m-5)

. copies of K ,. Also, by Remark 1.1., H;

is decomposed into 4 copies ofK;3; and 6 copies
of K; . And also, by Remark 1.4., H; is decomposed into
2(m — 3) copies of K; 5 and (m — 3) copies of K, ,. Hence
L,,0C, is decomposed into p copies of K; 3 and g copies
of K, ,.

copies of K;zand

Theorem 1.6. For any two positive integers m,n with m =
3, n =4 andn is even,

L,,0C, is decomposed into p copies of K 3, q copies of
K, , and 2 copies of P, if

m(5n-1) _
3

andonlyifp+§q= (n+1).

Proof:

Let G = Ly,,OC,, where V(G) = {x; 11 < i <
2m; ISan}and

1<j<n-11<k<2m1<p<m-1;,1<gq,sv
<n 1<u<m}

Suppose that L,,,,0C,, is decomposed into p copies
of K 3, q copies of K, , and 2 copies

of P,.

Since |E(G)| = 3p + 2q + 6, we have
3p+2q+6=3[(m—1)(n+1)]+2(mn—-2m) + 6.
=>3p+2¢g=5mn—-—m-—3n-3.

Therefore, p + %q = @ —(n+1).
m(5n—1)

3

Conversely, suppose that p + gq = —(n+1).

For n = 4, the set of edges
{X1,1x1,z'x1‘1x1,4'x1,1xz,1}: {x1,2x2,2'x1,zx1,3'x1,zx4,z}a
X2,1%3,1, X2,1X272) X2,1X5,1 ,1:xz,2x3,z'x2,2x2.3}: {x3,4xz,4r X3,4%X1,4) x3,4x3.3}'

{x3_1x2_1, X3,1%1,1, x3,1x3,4}n {x3,2x3,3: X3,2X1,2) x3,2x6,2}' {xs,sxz,s' X3,3%1,3) X3_3X6_3},

{Xs,lxz,p Xs5,1X5,2, x5_1x5_4}, {x4,4x4,3r X4,4%4,1) x4_4x1‘4}, {x1,2x2,2' X1,2%1,3 x1,zx4,z}
and

{x6‘4x6'3, X64Xe61) x6’4x3r4} forms 10 copies of K 5. Also,
the set of edges

{X1,4x1,3' x1‘4xz,4}r {x2,4xz,3' x2_4x2_1}, {x3.1x3,2r x3,1x6,1}' {xs.zxs,p x6,2x6,3}'

{x5‘4x5'3, x514x2,4} and {x1_3x2‘3, x1_3x4‘3} forms 6 copies of
K, ,. And also, the set of edges {x; 141, X4 1X4 2, X42%X43}
and {x, 3X5 3, X5 3X5 2, X5 2 X5 » } forms 2 copies of P,.

Therefore, LsOC, is decomposed into 10 copies of K 3,
6 copies of K; , and 2 copies of P,.

For n = 6, we prove this theorem by induction on n.

For n = 6, the induced subgraph < {x; 5, x; ¢} > together
with the edge x; 4x; s forms H; V1 < i < 2m. Thus
E(Lym0C6) = E(Ly,0C,) U E(H,).

Assume that the theorem is true for n — 2.

The induced subgraph < {xi
edge x; j_1x; ; where

J xi'j“} > together with the

j=79,..,n—1forms H; V1 <i < 2m. Thus
E(LZmDCn) = E(LZmDCn—Z) U E(Hl)

Therefore, by induction hypothesis, L,,,0C,_, 1is
decomposed into 2(n — 1) copies of K; 3, 3(n — 4) copies
of K; ;and 2 copies of P,. Also, by Remark 1.1., H; is
decomposed  into 4 copies ofK;3; and 6 copies
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of K, ,. Hence L,,,0C,, is decomposed into p copies of K 3,
q copies of K; , and 2 copies of P,.

Remark 1.7.

Consider a graph H, with V(H,) = {xi']-: 1<i<3 1<
Jj=< 4} and

E(H,) = {xi']-xi_jﬂ,xuxz'l,xp,3xp'6: Lp=131<j<
3;1<1< 4}. H, is decomposed into 2 copies of K; 3 and
5 copies of K; , as follows: {xmxl_l, X1,4%1 3, x1_4x2,4},

Therefore, by Theorem 1.6., L,OC, is decomposed into
10 copies of K; 3,6 copies of K ,

and 2 copies of P,. Also, by Remark 1.7., H,is
decomposed 2(m — 3) copies of K, , and

5(m — 3) copies of K, ,. For n = 6, we prove this theorem
by induction on n.

For n = 6, the induced subgraph <

{xi,St Xi6r Xm—-1,5 Xm-1,6: Xm,5 Xm,6) Xm+1,5 Xm+1,6

{x3,4x3,1' X3,4%3,3, x3,4x1,4}: {x1,1x1,2' x1,1x2,1}' {x1,2x2,2' xl,zxa,z}ﬂ?{r%tx,%?ézﬁ‘ii—,:;?éz§}m,5' x2m,6} > together with the edges

{x4,1x1,1: x4,1x4,2} and {x3,3x3,2: x3,3x1,3}~

Theorem 1.8. For any two positive integers m,n with m >
3, n =4 andn is even,

L,,0C, is decomposed into p copies of K 3, q copies of
K, , and 2 copies of P, if

and only if p + %q = %(Zmn -3).
Proof:

Let G = Ly,,0C,, where V(G) = {x; ;1 < i <
2m; ISan}and

E(G)
= {xi,jxi,j+1l xk,lxk,1+n' xp,qxp+1,q' xl,sxm,Sl xu,vxu+m,v: 1
<i<?2m;

1<j<n-11<k<2m1<p<m-1;,1<gq,sv
<n 1<u<m}

Suppose that L,,,0C;, is decomposed into p copies of K 3,
q copies of K; , and 2 copies

of P,.
Since |E(G)| = 3p + 2q + 6, we have

n(m+ 3)

3p+2q+6=3n(m—1)+2(m—4)] + 2| >

+3(m—5)] +6.
= 3p +2q = 4mn — 6.
Therefore, p + %q = %(Zmn -3).
Conversely, suppose that p + gq = §(2mn -3).

For n = 4, the induced subgraph <

{xi—l,j—lt Xi—1,jr Xi—1,j+1 Xi-1,j+2) Xi+m—-1,j-1»

Xitm—1,j» Xi+m—1,j+1 Xi+m—1,j+2) > together with the edges
{xi—l,j—lxi,j—lﬂ Xi—1,j%i,jy Xi—1,j+1 Xi,j+1 Xi-1,j+2» xi,j+2} wh
ere j = 2 forms m — 3 copiesof H,Vi=3,4,..,m— 1.

Thus, E (Lym0C,) = E(LgnC,) U [E(H,) U ...U
E(H,) (m — 3) -times].

{xi,4xi,5' Xi+1,5%i,5 Xi,6Xi+1,60

Xm-1,4%Xm-1,5 Xm,aXm,5 Xm+1,4X¥m+1,5 X2m-1,4%X2m-1,5 me,4x2m,5}

forms H; for all

1 <i < 2m. Also, the induced subgraph <

{xiys, Xi6r Xitmss xi+m_6} > together with the edges

{Xi,4%i 5, Xi 5Xi11,5 Xi6Xi+1,60 Xitm,aXi+m,s} forms (m — 3)
copies of H; for all

i=273,..,m-2.

Thus E(L,,,0C,) = E(L,,,0C,) UE(H) U[E(H;) U ...U
E(H3) (m — 3) - times].

Assume that the theorem is true for n — 2.

The induced subgraph <

{xi,j' Xij+1 Xm—1,j Xm—-1,j+1 Xm,j» Xm,j+ 1 Xm+1,j» Xm+1,j+1r
Xom—1,j X2m—1,j+1» X2m, j» Xam,j+1} > together with the

edges {xi,j—lxi,j' Xi+1,jXi,j

X j41%Xi41,j+1 Xm-1,j-1%m—1,j» Xm,j-1%m,j» Xm+1,j-1%m+1,j» X2m—1,j-1X2m-1,j» X2m,j—1%2m,j }

wherej =7,9,..,n—1forms H;V1 <i < 2m.

Also, the induced subgraph <
{xi']-, X j+1r Xivm,j» xl-+m'j+1} > together with the edges

(X0 j-1% ) X jXig1,jp Xi je1Xir1,j4 1 Xivm,j—1Xi+m,j} Where
j=79,..,n—1forms m — 3 copies of H; V i =
2,3,...,m—2.

Thus E(Lym0C,) = E(LypmOCy_y) U E(Hy) U [E(Hs) U
..U E(H3) (m — 3) -times].

Therefore, by induction hypothesis, L,,,,0C,,_, is
decomposed into

(n—2)(m—1) +2(m —4) copies of K3, +
3(m —5) copies of K;,and 2 copies of P,. Also, by
Remark 1.1., H; is decomposed into 4 copies of K; 3 and
6 copies ofK;,.And also, by Remark 14., H; is
decomposed into 2(m — 3) copies of K; 3 and (m — 3)

(m+3)(n-2)
2

copies of K, ,. Hence L,,,,0C, is decomposed into p copies
of K, 3, q copies of K , and 2 copies of P,.
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Theorem 1.9. For any two positive integers m,n with m >
3,n>3andnis odd,

Ly @ C,, is decomposed into p copies of K, 3 + e and q
copies of K, 3 if and only if

2p +§q =m(n+1).
Proof:
LetG = Ly, @C,,.

Let V(Ly,) = {u;, v;: 1 < i < m}, where y; is the pendant
vertex adjacent to v;.

Let V(G) = {u;, vy, u;, vj0 1 <0 <m, 1 < j < n}, where
Uip, Uipy -, Uy are the vertices in the copy of the cycle
corresponding to each u; and vy, V;y, ..., Uiy are the
vertices in the copy of the cycle corresponding to each v;.

Suppose that G is decomposed into p copies of K 3 +
e and q copies of K 3.

Since |E(G)| = 4p + 3q, we have

4p + 3q = 4(mn —m) + 3(2m).

= 4p +3q = 4mn + 2m.

Therefore, 2p + %q =m(n+1).

Conversely, suppose that 2p + %q =m(n+ 1).

Now, the induced subgraph < {u;q, U, u;, v;} > = Ky 5 +
evli<sism.

The induced subgraph < {ui( -1y Uijs ui} > together with
the edge ui(j_z)' ui(]'_l)V, Wherej = 4, 6, e, = 1 forms
Kig+tevVli<ism.

The induced subgraph < {ui(n_l).uin‘,uin.uil‘,uin.ui} > =
KizV1i<i<m

Also, the induced subgraph < {U(i—l)l" V(i-1)2» Vi-1, vi} >
= Kiz;tevV2<sism.

The induced subgraph < {vi( j—1)» Vijo vi} > together with
the edge Vi(j—z)‘ vi(j—l)" Wherej = 4', 6, e, — 1 forms
Kig+tevVli<ism.

The induced subgraph < {vi(n_l)‘vin., VinVit, vin-vi} > =
KizV1i<i<m

And also, the induced subgraph < {v,,,1,, Vo Uy, V11 > =
K3 t+e.

The induced subgraph < {vm( j=1)» Vmj» vm} > together
with the edge Vp,(j-2) Vm(j-1), Where j = 4,6,...,n— 1
forms K, 3 +e.

The induced subgraph <
{vm(n—l)'vmn'l Umn'Vm1» vmn'vm} > = K1,3'

Thus E(G) = [E(Ky 3 +e) UE(Ky 3 +e)U ..U
E(KL3 + e) (mn —m) - times]

U [E(Ky3) VE(Ky3) V..U
E(Km) 2m - times].

Hence L,,, @ C, is decomposed intopcopies of K; 5 + eand
q copies of K 5.

Corollary 1.10. For any two positive integers m, n with
m=3,n=3andnis odd,

H,, ®@C, is decomposed into p copies of K, 5 + e, q copies
of K, 3 and one copies of S,

_ (@m+1)(2n+1)
=

ifandonlyifp+%q

Theorem 1.11. For any two positive integers m,n with
m =3, n>=4andnis even,

Ly @ C,, is decomposed into p copies of K, 3 + eand q
copies of K, , if and only if

2p+q=m@2n+1).
Proof:
LetG = Ly, @C,,.

Let V(Ly,) = {u;, v;: 1 < i < m}, where y; is the pendant
vertex adjacent to v;.

Let V(G) = {u;, vy, u;, vj0 1 <0 <m, 1 < j < n}, where
Uip, Uipy -, Uy are the vertices in the copy of the cycle
corresponding to each u; and vy, V;y, ..., Uiy are the
vertices in the copy of the cycle corresponding to each v;.

Suppose that G is decomposed into p copies of K; 5 +
e and q copies of K ,.

Since |E(G)| = 4p + 2q, we have

4p + 2q = 4mn + 2m.

Therefore, 2p + g = m(2n + 1).

Conversely, suppose that 2p + g = m(2n + 1).

Now, the induced subgraph < {ui( -1y Uiji ui} > together
with the edge u;; u;(j;1y, where j = 2,4, ...,n — 2 forms
Kig+tevVli<ism.

The induced subgraph < {vi( j—1)» Vijo vi} > together with
the edge vij' vi(j+1)', Where

J=24..,n—2formsK;; +teV1<i<m.

Also, the induced subgraph < {u;v;, v;v;,,} > =
K,v1<i<m-1.
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And also, the induced subgraph < {u,, v, Vv, } > =
K.

Thus E(G) = [E(Ky 3+ e) UE(Ky 3 +e) U ..U
E(KL3 + e) mn - times]

U [E(Ky,) UE(Ky5) U ..U E(K,,) m-times].

Hence L,,, @ C, is decomposed into p copies of K; 3 + e
and q copies of K ,.

Corollary 1.12. For any two positive integers m, n with
m=3,n=4andnis even,

H,, ®@C, is decomposed into p copies of K, 5 + e, q copies
of K, , and one copy of S,

m2n+1)+n
5 X

ifandonlyifp+%=

Applications:

The cartesian product of graphs is an important
mathematical tool used to model drug delivery systems
involving interacting factors. Since several independent
biological ~or pharmaceutical  variables interact
simultaneously, cartesian product of graphs help to represent
these complex interactions in a structural mathematical
form. Hence this powerful mathematical framework can
improve drug design, therapeutic efficiency and
personalized medicine.

The corona product of graphs provide an effective
mathematical framework for modelling hierarchical and
multi-functional drug delivery systems where a central unit
interacts with multiple similar sub-units. It is particularly
useful in studying nanoparticle-based delivery, targeted
receptor interactions, layered drug release mechanisms and
combination therapies. In pharmaceutical and biomedical
systems, many drug delivery mechanisms follow this
hierarchical structure, making the corona product an
effective tool for analysis and design..
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